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Abstract We adopt the integral definition of the fractional Laplace operator
and analyze solution techniques for fractional, semilinear, and elliptic optimal
control problems posed on Lipschitz polytopes. We consider two strategies
of discretization: a semidiscrete scheme where the admissible control set is
not discretized and a fully discrete scheme where such a set is discretized
with piecewise constant functions. As an instrumental step, we derive error
estimates for finite element discretizations of fractional semilinear elliptic par-
tial differential equations (PDEs) on quasi-uniform and graded meshes. With
these estimates at hand, we derive error bounds for the semidiscrete scheme
and improve the ones that are available in the literature for the fully discrete
scheme.
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1 Introduction

In this work we are interested in the analysis of finite element discretization
techniques for a distributed optimal control problem involving a fractional,
semilinear, and elliptic PDE. To make the discussion precise, we let {2 C R",
with n > 2, be an open, bounded, and Lipschitz polytope. Given o > 0,
the so-called regularization parameter, and L : {2 x R — R, a Carathéodory
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function of class C? with respect to the second variable, we introduce the cost
functional

J(u, z) ZZ/QL(,T,U(ZC))d.T—I—%/Q|Z($)|2d$; (1.1)

further assumptions on L will be deferred until section 2.3] We are then inter-

ested in finding min J(u, 2) subject to the fractional, semilinear, and elliptic
PDE

(—A’u+a(,u)=2in2, w=0inN2° R°=R"\2, se€(0,1), (1.2)

and the control constraints a < z(z) < b for a.e. z € §2; a,b € R are such
that a < b. In ([L2), (—A)® corresponds to the integral fractional Laplacian
and a denotes a nonlinear function; see section 2.3] for assumptions on a. We
will refer to the previously introduced optimization problem as the fractional
semilinear optimal control problem.

The development and analysis of solution techniques for problems involv-
ing suitable definitions of fractional diffusion is a relatively new but rapidly
growing area of research. We refer the interested reader to [7l[12] for a com-
plete overview of the available results and limitations. In contrast to these
advances, the study of numerical methods for optimal control problems in-
volving fractional diffusion has not been as developed. Restricting ourselves
to problems that consider the spectral definition, we mention [3l[I529] within
the linear—quadratic scenario, [30l33] for sparse PDE-constrained optimiza-
tion, and [32] for bilinear optimal control. Concerning problems involving the
integral definition of fractional diffusion, we mention [I3}20] for the linear—
quadratic case, [6] for bilinear optimal control, and [31] for semilinear optimal
control. We conclude this paragraph by mentioning the advances in parameter
identification for nonlocal/fractional operators of [T4,23l[10] and the ones, at
the continuous level, in fractional semilinear optimal control [31l[5], external
optimal control for fractional diffusion [2], and fractional optimal control with
state constraints [4].

This paper extends the recent work [3I] in several directions. In what
follows, we briefly detail our main contributions and improvements on the
available theory:

1. Finite element discretizations of fractional semilinear PDEs: We discretize
fractional semilinear PDEs using continuous piecewise linear finite elements
and derive in Theorems [B.1] and error bounds on Lipschitz polytopes.
We improve upon [31] and extend the global estimates in [8] to a semilin-
ear setting. As an instrumental step, we derive regularity estimates. For
s > n/(4(n — 1)), the estimates of Theorems 5.1l and are improved in
Theorem (.3 by considering suitable graded meshes but at the expense
of requiring that (2 satisfies an exterior ball condition. The restriction
s >mn/(4(n — 1)) guarantees that we can utilize [8] estimate (3.17)].

2. Regularity estimates for optimal variables: We derive regularity estimates
for an optimal triplet (@, p, Z) in Holder and Sobolev spaces; see Theorems
43 24 and The results in Sobolev spaces hold under the assumption
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that (2 satisfies an exterior ball condition and improves upon [31], where
012 € C*.

3. Finite element discretizations for the optimal control problem. For the fully
discrete scheme of [31], we derive a nearly-optimal estimate for the error
commited within the approximation of an optimal control variable on Lips-
chitz polytopes. This improves upon [31], where 92 € C*°. In addition, we
propose a semidiscrete scheme based on the variational discretization ap-
proach [22] and perform an error analysis on conforming and shape regular
families of simplicial triangulations. Under the assumption that (2 satisfies
an exterior ball condition, in Theorem [[.8 we improve the aforementioned
error analysis by considering suitable graded meshes.

2 Notation and preliminaries

We begin this section by fixing notation and the setting in which we will
operate. Throughout this work n > 2 and {2 C R™ is an open, bounded, and
Lipschitz polytope. We will denote by 2¢ the complement of (2. If X and 3
are Banach function spaces, we write X < 3 to denote that X is continuously
embedded in 3. We denote by X’ and || - [|x the dual and the norm of X,
respectively. We denote by (-, -)x+ x the duality paring between X’ and X and
simply write (-,-) when the spaces X’ and X are clear from the context. Let
{xn}52, be a sequence in X. We denote by x,, — = and x,, — z the strong and
weak convergence, respectively, of {z,}52; to . The relation a < b indicates
that a < Cb, with a positive constant C' that does not depend on either a, b,
or the discretization parameters but that might depend on s, n, and 2. The
value of C' might change at each occurrence.

2.1 Function spaces
For any s > 0, we define H*(R™), the fractional Sobolev space of order s over
R™, by [35, Definition 15.7]

H(R") == {v e L*R") : (1 +[¢[})2F(v) € L*R™)},
endowed with the norm |[v]|gs®n) = [[(1 + [£*)2F (V)| r2rn). We define
H?#(£2) as the closure of C§°(£2) in H*(R™) and immediately notice that it can

be equivalently characterized as the following space of zero-extension functions
[27, Theorem 3.29]:

H*(2) = {v|o : v € H*(R™), supp v C 2}. (2.1)
We endow H*(£2) with the following inner product and norm [27, page 75]:

(= [ L) i),

|z —y|nt2e

and [[v]| g. () = (v, U)ES(Q). We denote by H~*(£2) the dual space of H*(12).

We conclude this section with the following Sobolev embedding results.
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Proposition 2.1 (embedding results) Let s € (0,1). Ifq € [1,2n/(n—2s)],
then H*(2) — LI(2). If q € [1,2n/(n — 29)), then H*(2) — LY(2) is
compact.

Proof A proof of H*(2) < L9({2) can be found in [T, Theorem 7.34] while the
compactness of the embedding for q < 2n/(n — 2s) follows from [I, Theorem
6.3]. O

2.2 The fractional Laplace operator

For s € (0,1) and smooth functions w : R® — R, there are several equivalent
definitions of (—A)® in R™. In fact, (—A)® can be naturally defined via Fourier
transform: F((—A)*w) (&) = |£]?* F(w)(€). Equivalently, (—A)® can be defined
by means of the following pointwise formula:

(=AY’ w(z) = C(n,s) p.v./ Mdy, (2.2)

ro |z —y[" 2

where C(n, s) = 2%%sI"(s+2)m~ 2 I'"}(1—s). Here, p.v. stands for the Cauchy
principal value and C(n, s) is a normalization constant that is introduced to
guarantee that definition ([2:2]) is equivalent to the one via Fourier transform;
see [20, Chapter 1, §1] for details. We notice that ([22]) clearly displays the
nonlocal structure of (—A)®: computing (—A)*w(zx) requires the values of w
at points arbitrarily far away from z. In addition to these two definitions, sev-
eral other equivalent definitions of (—A)® in R™ are available in the literature
[25]—for instance, the ones based on the Balakrishnan formula and a suitable
harmonic extension.

In bounded domains there are also several definitions of (—A)®. For func-
tions supported in {2, we may utilize the integral representation ([Z2)) to define
(—A)*. This gives rise to the so-called restricted or integral fractional Lapla-
cian, which, from now on, we shall simply refer to as the integral fractional
Laplacian. Notice that we have materialized a zero Dirichlet condition by re-
stricting (—A)*® to acting only on functions that are zero outside 2. We must
mention that in bounded domains, and in addition to the integral fractional
Laplacian, there are, at least, two other nonequivalent definitions of nonlo-
cal operators related to the fractional Laplacian: the regional and the spectral
fractional Laplacians; see the discussion in [21I] §6].

To present suitable weak formulations for problems involving (—A)*, we
introduce

A HY(Q) x H(Q2) =R, A@w,w) =G (0,0) . - (2.3)

We notice that A is just a multiple of the inner product in H*(£2). In particular,
A is bilinear and bounded. We denote by ||-||s the norm induced by A: ||v||s :=

VA, v) = &(n, s)|v] 7. o) with &(n, s) = /C(n,s)/2.
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2.3 Assumptions

The following set of assumptions allows us to perform an analysis for the
fractional semilinear optimal control problem including existence of solutions,
first order necessary optimality conditions, and necessary and sufficient second
order optimality conditions. We must immediately mention that depending on
the property under interest, the requirements differ and would have to be
specified anew. To avoid this, we list a set of assumptions to hold throughout
the article.

(A1) a: 2 xR — Ris a Carathéodory function of class C? with respect to the
second variable and a(-,0) € L"(§2) for r > n/2s.

(A.2) %(z, u) > 0 for a.e. z € £2 and for all u € R.

(A.3) For all m > 0, there exists a positive constant Cy, such that

2

>

i=1

dta 9%a 0%a
< — - — < _
< Chn, ’8’[1,2 (x,v) E (x,w)‘ < Calv — w)

Juit

x,u)

for a.e. z € 2 and u,v,w € [-m, m].

(B.1) L: 2 xR — R is a Carathéodory function of class C? with respect to the
second variable and L(-,0) € L1(2).

(B.2) For all m > 0, there exist ¥m, pm € L"(£2), with r > n/2s, such that

2

0°L
Swm(x)a ‘w(mau)

< (bm(x)a

oL
o)
for a.e. x € 2 and u € [-m, m].

We briefly comment on the set of assumptions (B.2)l Assumption
I(A.2)| allows us to apply the theory of monotone operators for ([L2)) while

the fact that a(-,0) € L"(£2) in guarantees that solutions to fractional
semilinear PDEs are bounded in L*°(§2). Assumptions on the first and second
derivatives of a, L are needed to perform first and second order optimality
conditions, respectively.

3 Fractional semilinear PDEs

In this section, we introduce a weak formulation for a fractional semilinear
PDE and review results regarding the well-posedness of such a formulation
and regularity estimates for its solution.

3.1 Weak formulation

Let s € (0,1), f € H%(£2), and a = a(x,u) : 2 x R = R be a Carathéodory
function that is monotone increasing in u. Assume that, for every m > 0, there
exits pm € L'(§2) such that

la(z,u)] < |om(z)| ae. z € 2, u € [-m,m], t=2n/(n+2s). (3.1)
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Within this setting, we introduce the following weak formulation:
ue H*(2):  A(u,v) + (a(-,u),v) = (f,v) Vv & H (). (3.2)

The following existence and uniqueness result follows from [31, Theorem
3.1].

Theorem 3.1 (well-posedness of fractional semilinear PDEs) Let n >
2,5€(0,1), andr >n/2s. If f € L"(12), a satisfies @), and a(-,0) € L™(12),
then problem B2) admits a unique solution u € H*(2)NL®(2). In addition,
we have the bound

[ul s ey + [ull o) S IIf = a(-,0)[|Lr (), (3.3)

with a hidden constant that is independent of u, a, and f.

3.2 Regularity estimates

In order to derive a priori error estimates for suitable finite element discretiza-
tions of problem [@B.2)), it is of fundamental importance to understand the
regularity properties of the solution to (3.2)).

3.2.1 The linear case

We begin our studies by providing some basic regularity results for the linear
case a = 0.

Proposition 3.1 (Hoélder regularity) Let s € (0,1), and let {2 be a bounded
Lipschitz domain satisfying an exterior ball condition. Let u be the solution to
(=AY u="fin 2 andu=0in 2° Iff € L>(02), then u € C*(R"™) and

”UHCS(]R") s Hf||L<>o(Q), (3.4)
with a hidden constant that only depends on {2 and s.
Proof See [34, Proposition 1.1]. O
The following remark presents an example that is essential.

Remark 3.1 (optimal regularity) Let 2 = B(0,1) C R™ and f = 1. Within
this setting, the solution to (—A)®u =f in 2 and u =0 in §2° is given by [I§]

I'(g)

u(w) = 92 [(232) (1 + s

) (1- |$|2)i : t4+ = max{¢,0}.

The solution u € C*(£2) but it does not belong to C*(£2) for any o > s. In
this sense, the C*(§2)-regularity result stated in PropositionBlis optimal [34]
page 276].
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We present a regularity result in Sobolev spaces; see [8, Theorem 2.1] and
[9].
Proposition 3.2 (Sobolev regularity) Let s € (0,1), and let 2 be a bounded
Lipschitz domain. Let u be the solution to (—A)*u=1f in 2 and u =0 in 2°.
If f € L?(£2), then there exist constants C,¢ > 0 such that u € H*0=<(£2),
where@z%for%<s<1and9:576>0f0r0<s§%;0<e<s. In
addition, we have

_1_
||UHH2572€(_(2) < Ce™ 2 <||fHL2(Q)a S € (O, %], VO <e< S,

(3.5)

||UHH5+%7<(Q) §C€_§”fHL2(Q), s € (%71)5 VO<€<S+%

The constant C' is independent of € but depends on {2, n, and s.

The following comments are in order with [§]. First, the Lipschitz assump-
tion on {2 is optimal in the sense that if {2 was a C* domain, then no further
regularity could be inferred. Thus, reentrant corners play no role in the global
regularity of solutions: the boundary behavior u(z) & dist(x, 9£2)%v(x), with
v being Holder continuous up to 92, dominates any point singularities that
could originate from them. We refer the interested reader to [19] for further
details. Second, in general the smoothness of the right-hand side cannot make
solutions any smoother than ﬂ€>0f~[s+1/2_6(9). These two comments are il-
lustrated within the setting of the example in Remark B.1]

For s € (0,1), the regularity properties of Proposition B2 can be improved
but at the expense of considering a smoother domain {2 and a smoother forcing
term f.

Proposition 3.3 (Sobolev regularity) Let s € (0, %), and let £2 be a bounded
Lipschitz domain satisfying an exterior ball condition. Let u solve (—A)*u = f
in 2 andu=0 in Q°¢. Iff € C2(§2), then u € H*t2~¢(2) and

||uHHS+%,€(Q) < 6_1Hf||0%75(m, s€(0,1), VO<e<s+3, (3.6)

with a hidden constant that is independent of € but depends on {2, n, and s.

Proof See [7, Theorem 3.3]. O
3.2.2 The semilinear case

We now derive a regularity result in Holder spaces for the solution to the
fractional semilinear PDE ([3.2]).

Theorem 3.2 (Holder regularity) Let n > 2 and s € (0,1). Let 2 be a
bounded Lipschitz domain satisfying an exterior ball condition. Let a be as in
the statement of Theorem [l Assume, in addition, that a = a(x,u) is locally
Lipschitz in u, uniformly for x € Q. If f,a(-,0) € L>®(£2), then u € C*(R"™).
In addition, we have the bound

llullcsmny S IIf —al-,0)|lLe (),

with a hidden constant that depends on {2 and s.
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Proof We begin the proof by noticing that, for every m > 0 and v € [—m, m],
we have |a(z,v)| < |a(z,0)|+]|a(z,v)—a(x,0)| < |a(x,0)|+Cc|v| for a.e. x € (2.
Here, C denotes the Lipschitz constant of a. This proves that a(-,u) € L>°(£2).
The fact that v € C*(R™) thus follows immediately from Proposition Bl In
addition, we have

llullcs@ny SIIf—al-0)|[ze(o) + lJullze@) SIIf —al-0)|| Lo (o)

To obtain the first estimate we have utilized again the fact that a = a(z,u)
is locally Lipschitz in w, uniformly for x € (2. The second estimate follows
directly from TheoremB.I} ||ul| (o) S || f —a(-,0)|| L (). This concludes the
proof. O

In view of the regularity requirements on the forcing term f stated in Propo-
sition [3.3] the following remark, which provides necessary and sufficient con-
ditions for the boundedness of a Nemitskii operator in Holder spaces, is of
particular importance.

Remark 3.2 (The Nemitskii operator in Holder spaces) Let g be a real-valued
function defined on {2 x R. We introduce the Nemitskii operator induced by
g as follows: G(z)(u) := g(x,u(x)) with € 2 and u varying in a suitable
space of real-valued functions defined on £2. G maps C%¢(£2), with ¢ € (0, 1],
into itself if g satisfies the following condition: For every m > 0, there exists
M = M(m) > 0 such that

lg(z,u) — g(y,v)] <M{ |z — y[®+m ™ u— o[} (3.7)

for all x,3y € 2 and for all u,v € R such that |u|,|v|] < m. In other words,
we demand that g = g(z,u) be Holder continuous in x, uniformly for u in
bounded intervals of R, and locally Lipschitz in u, uniformly for 2 € (2. This
condition is also necessary when 2 is a general open and bounded set of R”
[I1, Theorem 1.1].

Theorem 3.3 (Sobolev regularity) Let s € [1,1) and n > 2. Let 2 be a
bounded Lipschitz domain such that it satisfies an exterior ball condition for
s < % Let a be as in the statement of Theorem[3 1l Assume, in addition, that
a = a(x,u) is locally Lipschitz in u, uniformly for x € 2, a(-,0) € L*(2) for
s€[1,1), a(-,0) € L®(2) for s € [1.1), and that a satisfies B0) with

o=4%—sforse(],3). (3.8)
If f € L"(92), for r > n/2s and, in addition,
fect(@) forse[t,l),  felL?) forse(i1) (3.9)

then, we have that w € H*T27<(2) for every e € (0,¢,); the precise value of

€, 1s described in estimates BI0), BII), and BI2).
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Proof We consider three cases.

Case 1: s € (3,1). Since a = a(wx,u) is locally Lipschitz in u, uniformly
for z € 2, and a(-,0) € L?(£2), we deduce that a(-,u) € L?(£2) and thus that
f —a(-,u) € L*(£2). We can thus apply the regularity results of Proposition
to arrive at

1 < _% - : 0 2 2
|\U|\Hs+rf(g) Se 2 (If = al,0)llz20) + lullzz(a)) (3.10)

N

Se2|f—al,0)|r2 YO<e<s+3, se(3,1),

upon utilizing again that a = a(z,u) is locally Lipschitz in u, uniformly for
x € §2, and the stability estimate ||ul| gsgn) S [|.f —a(-,0)||£2(0), which follows
from Theorem 3.1l In both estimates the hidden constant is independent of e.

Case 2: s = 1. In this case, we have that u € H5t372¢((2). This follows
from the arguments elaborated in the previous case and Proposition In
addition, we have

l] o330 ) eI f —a(,0)| 2 YO<2e<s+i s=1 (3.11)
The hidden constant is independent of e.

Case 3: s € [+, 1). Within this setting, Theorem [32] guarantees that u €
C*(R™). We can thus invoke the fact that a satisfies [3.7) with o = 1-sto
arrive at f — a(-,u) € C?({2) (see Remark B:2). We are thus in position to
invoke the results of Proposition B.3lto deduce that u € H5+1/2_6(Q) together
with the bounds

el o g gy S € [1Fl gt o) + o)l g ]
S LISl e + Ilowa)] Yee (05 +3), sehd), (312)

with a hidden constant that is independent of e. a

We now present a regularity result for s € (0, 3). When s € [, 1) the result
is weaker than the one obtained in Theorem B3l Nevertheless, it holds under
weaker assumptions on the forcing term f, the nonlinear function a, and the
domain (2.
Theorem 3.4 (Sobolev regularity) Let s € (0,%) and n > 2. Let 2 be
a bounded Lipschitz domain. Let a be as in the statement of Theorem [31l.
Assume, in addition, that a = a(x,u) is locally Lipschitz in u, uniformly for
x € 2, and a(-,0) € L*(2). If f € L"(2) N L*(2), for r > n/2s, then
u € H?72¢(£2) for every e € (0,5) and

_1_
[ullze—2e2) S € 27U f = a(,0)[l L2y, s € (0,3), YO<e<s,
where  is as in the statement of Proposition [T.2.

Proof The proof follows similar arguments to those elaborated in the proof of
Theorem For brevity, we skip the details. O



10 Enrique Otéarola

4 Fractional semilinear PDE-constrained optimization

We consider the following weak version of the fractional semilinear optimal
control problem: Find

min{J (u, ) : (u,2) € H*(2) X Zaq} (4.1)
subject to the fractional, semilinear, and elliptic state equation
A(U,’U) + (a('a u)aU)LQ(Q) = (Za U)LZ(Q) \ORS gS(Q) (42)

Here, Zgq == {v € L*(2) : a < v(z) < b a.e. z € 2} and a,b € R are such
that a < b.

In view of the assumptions on a, Theorem Bl guarantees that (2] admits
a unique solution u € H*(£2) N L>(£2). We thus introduce the control to state
map S : L"(2) — H*(£2) N L>°(£2) which, given a control z, associates to it
the unique state u that solves (£2). We also introduce j : Z,q — R by the
relation j(z) = J(Sz, 2).

The existence of an optimal solution zZ € Z,4 follows from [31I, Theorem
41].

4.1 First order necessary optimality conditions

In this section, we state first order necessary optimality conditions for (ZI])—
(#£2). We must immediately mention that, since ([@I)-(Z2) is not convex, we
distinguish between local and global solutions and present optimality condi-
tions in the context of local solutions in L?($2).

To formulate first order optimality conditions, we introduce the adjoint
state p € H*(£2) N L>®(£2) as the solution to the adjoint equation

A(v,p) + (@(-,u)p, v) = (a—L(-,u),v) Yo e H*(2). (4.3)
ou L2(R2) Ou L2()
The well-posedness of the adjoint problem (£.3)) follows from assumptions
and which guarantee that da/du(x,u) > 0, for a.e. x € {2 and for all
u € R, and that OL/0u(-,u) € L"({2), for some r > n/2s.

First order optimality conditions for our optimal control problem read as
follows: If Z € Zqq denotes a locally optimal control for (@I)-(Z2), then [311
Theorem 4.4]

(P+az,z—2)120) 20 Vz € Zag, (4.4)

where p € H*(£2) N L>°(£2) denotes the solution to [3) with u replaced by
u=38z%.

Define IIjq ) : L'(£2) = Zaa by g p)(v) := min{b, max{v,a}} a.e. in £2.
The following projection formula is of fundamental importance to study reg-
ularity estimates. If Z € Z,4 denotes a locally optimal control for (@12,
then [36], page 217)

Z(x) := g 5 (—a 'p(z)) ae. z € 0. (4.5)



Error estimates for fractional semilinear optimal control on Lipschitz polytopes 11

Since 5 € H*(2) N L>=(2) and s € (0,1), it is immediate that Z € H*(£2) N
L*>(02).

4.2 Second order optimality conditions

In ([@4) we stated first order necessary optimality conditions. Since our optimal
control problem is not convex, sufficiency requires the use of second order
optimality conditions. To elaborate on these conditions, we introduce some
preliminary concepts. Let Z € Z,q satisfy (£4)). We define p := p+ oz and the
cone of critical directions:

C; = {v € L*(£2) : (@) holds and p(z) #0 = v(z) = 0}, (4.6)
where condition (£7) reads as follows:
v(z) > 0ae z € Nif Z2(z) = a, v(iz)<O0ae zeNifz(z)=b. (4.7)

Second order necessary optimality conditions for problem [@I)-(ZZ) can
be found in [31, Theorem 4.6]. Reference [31] also provides sufficient second
order conditions, which hold under the extra assumptions that n € {2,3}
and s > n/4. By exploiting the fact that Z,q C L°°({2), we remove these
assumptions and improve upon [31].

Theorem 4.1 (second order sufficient optimality conditions) Let n >
2 and s € (0,1). Let u € H*(2), p € H*(2), and Z € ZLaq satisfy @E2), @EI),
and @4). If 7"(2)v? > 0 for all v € C; \ {0}, then there exists k > 0 and
0 > 0 such that

J(2) 2§ () + §llz = Zll72 ) (4.8)

for every z € Zaa such that ||Z — z||L2(0) < 6.

Proof The proof basically follows the arguments elaborated in the proof of
[31, Theorem 4.7]. The only argument that needs to be modified is the one
that allows the convergence of the sequences {ux}reny and {pg}n to @ and
P, respectively, in H*(2) N L>(£2) as k 1 co. Observe that the convergence
2 — zin L*(£2) as k 1 oo combined with the fact that {2;}ren is uniformly
bounded in L*°(f2) allow us to conclude that 2y — z in L*(£2) as k 1 oo
for every ¢ € (2,00). With such a convergence result at hand, we rewrite the
problem that @ — Gy, solves as a linear problem [36, Theorem 4.16], invoke the
assumptions on a, and utilize the stability bound (B3] to deduce that @ — @
in H*(02) N L>*(£2) as k 1 oo without further assumptions on n and s. Let us

now observe that assumptions [(A.3)[and |(B.2)| guarantee that

oL oL
+ H—(,u)——(,ﬂk) — 0, k1 oo.
L () ou ou

da da
(" 7) - ('aak)
H du du L7(9)

As a result, pr — 7 in H*(2)NL>®(£2) as k 1 co. This concludes the proof. 0O
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The following result is the starting point to derive error estimates for suit-
able finite element discretizations of the optimal control problem (Z.I)—(Z.2]).

Theorem 4.2 (equivalent optimality conditions) Let n > 2 and s €
(0,1). Let w € H*(2), p € H*(R), and Z € ZLaq satisfy the first order opti-
mality conditions [@2), @3), and [@Q). Then, the following statements are
equivalent:

F(E7 >0 Yo eC:\{0} <= 3,7>0: j'(Z)0° 2v|vizg “49)

for all v € CI, where CT := {v € L*(2) : @7) holds and |p(z)| > 7 =
v(z) = 0}.

Proof The proof of the equivalence [@3) follows from a combination of the
arguments elaborated in the proofs of [31, Theorem 4.8] and Theorem 1l O

4.3 Regularity estimates

In this section, we derive regularity estimates for an optimal triplet (@, p, Z).

To accomplish this task, we will assume that, in addition to |(A.1)H(A.3)[ and
(B.1)H(B.2)| @ and L satisfy the following assumptions:

(C.1) For s € [+, 1) and for all m > 0, there exists a positive constant C such
that |a(z,u)| < Cn and |0L/0u(z,u)| < Cy fora.e.z € 2and u € [—m, m].

With assumption|(C.1)|at hand, we derive a first regularity result in Hélder
spaces.

Theorem 4.3 (Hélder regularity) Let n > 2 and s € [1,3). Let 2 be a
bounded Lipschitz domain satisfying an exterior ball condition. Let (4,p,z) be
an optimal triplet. Then, @ € C*(R™), p € C*(R™), and z € C*(12).

Proof Since z — a(-,u) € L*°({2), we are in position to utilize the regularity
results of Proposition Bl to obtain that @ € C*(R"™) together with
lallcs@ny S 12— al @)llL=(2) S ||Z —a(-,0)[[z=(2) + |l L=(2) (4.10)
SNz =a(,0)[[L=(2), €1, 3)
In all three estimates the hidden constant is independent of @ and Z but
it depends on (2 and s. To obtain the second estimate in ([@I0), we have
used that a = a(z,u) is locally Lipschitz in w, uniformly for z € 2. The
third estimate in (£I0) follows from (B.3]). To derive a regularity result for
P, we observe that p € L°({2). This is a consequence of the existence of
r > n/2s such that OL/Ou(-,u) € L"(f2) (see assumption |(B.2)) and the
fact that 0 < da/du(-,u) € L°°(£2) (see assumption [(A.3))). Consequently,
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assumption [(C.1)| guarantees that OL/0u(-,a) — Oa/Ou(-,u)p € L>(£2). We
can thus invoke Proposition Bl to conclude that p € C*(R™) together with

oL da oL
com < 12— 2% S =
Cs(R )NHau(ﬂu) a’u,(,u)p Lao(Q)NHaU(,U)

Pl Lo () -

(4.11)
upon utilizing the first estimate in|(A.3)] Finally, the projection formula (.3
and [24, Theorem A.1] allow us to conclude that z € C*(f2) with a similar
estimate. O

12l

L>(2)

To present regularity results in Sobolev spaces we will assume, in addition,
that a, da/0u, and OL/Ou satisfy the following assumptions:

(D.1) Let s > 1. For all m > 0 and u € [-m, m], a(-,u), 0L/Ou(-,u) € L*(12).

(D.2) For s € [1,1), a, da/Ou, and OL/du satisfy BT) with o= 1 — s.
Theorem 4.4 (Sobolev regularity) Let n > 2, s € [%, 1), and let 2 be a
bounded Lipschitz domain such that it satisfies an exterior ball condition for
s < 1. If (4,p,z) denotes an optimal triplet, then

u,p,z € H 27¢(0) (4.12)
for every € € (0,¢€4); €. > 0 being described in estimates (L13)-@IS).

Proof We consider three cases.

Case 1: s € (3,1). Since z — a(-, @) € L*(£2), we can invoke the regularity
results of Proposition B2 to deduce u € H*+1/27¢(12) for every 0 < e < s+ 1.
In addition,

_ _1 _ _
||U||Hs+%75(m Sez (| z = a('aO)HL?(Q) + ||u||L2(Q))

(4.13)

€

=

A

12 = a,0) 2y Vee (05 +5) s € (51),

upon utilizing that a = a(x, u) is locally Lipschitz in u, uniformly for = € (2,
and the stability bound |@|gs®ny S ||f —a(-,0)||L2(0). Similarly, the regularity
results of Proposition applied now to the adjoint equation (3] allow us
to conclude that p € H*T1/27¢(12), for every 0 < € < s + %, together with the
estimates

1oL
p < 122 5
lees-ciy S || 00) 17 "
_1||0L, _ 1 1 -
Se 2 ||=—(a) Vee (0,s+3), se(z,1).
Ou” )

On the basis of the projection formula ([@3)), an application of [28, Theorem 1]

reveals that z € H*+1/27¢((2), for every 0 < € < s+, with a similar estimate.
Case 2: s = % An immediate application of Proposition reveals that

S Yz —a(0)| 2 V2ee€(0,5+ 1), s=1. (4.15)

Ha”HS*%*%(Q) %
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We now notice that[(A.3)L|(D.1)} and the well-posedness of the adjoint equation
([@3) reveal that OL/OL(-, 1) — da/Ou(-,u)p € L*(£2). Invoke Proposition [3.2]
to obtain

< 6_%+<

1PN ot g2 ) S V2e € (0,s+1), s=1. (4.16)

oL, _

L2(2)

The projection formula ([@H]) combined with an application of |28, Theorem 1]
reveal that z € H*+1/272¢(02), for every 2¢ € (0, s+ 1), with a similar estimate.

Case 3: 5 € [L, 1), Since z € C'/27%(12), which follows from 1/2—s < s and
Theorem [£.3] we can invoke assumption and Proposition 3.3 to conclude
that

Il g gy S € M+ 1Zles@ + Eles@) s €7 3), (4.17)

for every 0 < € < s+ %; compare with estimate (BI2]). We now notice that

OL/Ou(-, @) — da/Ou(-,w)p € CY273(). In fact, by assumption we
have that OL/du(-, @) € C'/?7%(£2). On the other hand, Theorem guar-
antees that p € C*(R™). This combined with allow us to conclude that
da/Ou(-,w)p € CY/?275(£2); observe that 1/2 — s < 5. We thus invoke Proposi-
tion B3] to arrive at p € H*+1/27¢(12), for every 0 < e < s+ 3, together with
the bound

+ a3

OL
Wl < <H—<u>H
H275(0) Ju o (@)

(£2)
+ 1Bl Loe (22 [1 + ||1_L||C%,S(QJ ) Vo<e<s+g3, seli3). (4.18)

The projection formula ([@H) and [28, Theorem 1] reveal that z € H*+1/2=¢(2),
for every 0 < € < s+ %, with a similar estimate. This concludes the proof. 0O

We conclude with a regularity result for s € (0,3). When s € [4,1) the
result is weaker than the one obtained in Theorem [4.4l However, it holds under
weaker assumptions on the control problem data. In fact, in what follows, we

do not operate under assumptions |(C.1)} |(D.1)and |[(D.2)]

Theorem 4.5 (Sobolev regularity) Let n > 2, s € (0,%), and let §2 be
a bounded Lipschitz domain. Assume that, for all m > 0 and u € [—m,m]|,
a(-,u),0L/du(-,u) € L2(2). If (@,p,2) € H*(2) x H*(2) X Lqaq denotes an
optimal triplet, then

u,p, Z2 € H*72(0) (4.19)
for every e € (0, s).

Proof The proof follows similar arguments to those elaborated in the proof of
Theorem .4l For brevity, we skip the details. O
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5 Finite element approximation of fractional semilinear PDEs

Let us begin by describing the finite element framework that we will adopt. To
avoid technical difficulties, we assume that §2 is a Lipschitz polytope so that it
can be triangulated exactly; when needed, we shall additionally assume that
it satisfies an exterior ball condition. Let T be a collection of conforming and
simplicial triangulations .7 = {T'} of {2, which are obtained by subsequent
refinements of an initial mesh. We assume that T is shape regular. Finally, we
define hz = max{hy : T € T}, where hy := diam(T).

Given a mesh 7 € T, we introduce the basic finite element space V(.7) =
{vy € C°Q) :vg|r € PI(T) VT € T, vy = 0 on d2}. The following com-
ments are now in order. First, for every s € (0,1), V(.7) ¢ H*(£2). Second, we
enforce a classical homogeneous Dirichlet boundary condition at 0(2. Observe
that discrete functions are trivially extended by zero to (2¢.

5.1 The discrete problem

We introduce the following finite element approximation of the semilinear el-
liptic PDE B.2)): Find uz € V(.7) such that

A(uy,vy)+/(2a($,uy($))vy($)d$Z/Qf(.%')’vy(l')dx (5.1)

forallvgy € V(). Let r, f, and a be as in the statement of Theorem 3.1l Since
the bilinear form A is coercive and a is monotone increasing in u, an application
of Brouwer’s fixed point theorem yields the existence of a unique solution for
problem (5.I). In addition, we have the stability bound [luz|ls < [|f]lg-+(0)-

5.2 Error estimates

In what follows, we derive error estimates for the proposed finite element
scheme. To accomplish this task, we will assume that

(E.1) The nonlinear function a satisfies |a(z,u) — a(z,v)| < |¢p(x)|lu — v| for
a.e. v € 2 and u,v € R, where ¢ € L*(§2) and v = 3-.

To simplify the presentation of the derived error bounds, we define
A0 = 1 1]l gy + 1 = 0l 0) (o,
X(f,a) = |If —a(-,0)|z2(0)-

Theorem 5.1 (error estimates) Let n > 2 and s € (0,1). Let 2 C R"
be a bounded Lipschitz domain. Let a be as in the statement of Theorem [31l
Assume, in addition, that a satisfies [[E.1)} Let u € H*(2) and uzy € V(T)
be the solutions to B2) and (B.II), respectively. Then, we have the quasi-best
approrimation result

lu —ugz|s Sllu—vzls Yoz e V(T). (5.3)

(5.2)
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If, in addition, s € [%,1), 2 satisfies an exterior ball condition for s < %,
a = a(z,u) is locally Lipschitz in u, uniformly for x € 2, a(-,0) € L*(2) for

€[1,1), a(-,0) € L>(£2) for s € [4, 1), a satisfies BA) with o as in (B3),
and f € L™(£2) (r > n/2s) satisfies B9), then we have the quasi-optimal a
priori error estimates

1
lu—uz|s S h%lloghg|A(f,a), s€[i,1), (5.4)
lu—uzle < hS|logha |3 S(f,a), s =1, (5.5)
lu—uzle <hS|logha P 2(f,a), s€ (1), (5.6)

Here, ¢ is as in the statement of Proposition [3.3. Let 9 := min{s,% )
addition, [(E.1) holds with v replaced by v := n/s, then we have the L*(2)-error
estimates:

||’LL - uﬁHLZ(Q) ~ hﬂ 2|10gh§| +<A(fa )a s € [ia %)a (57)

lu—uzlliz) S hS Hloghs EIS(fa), s=5,  (53)
9+ 1

||u - u9||L2(Q) S h9+2 | 1Ogh9|2(fa a)v s € (%7 1) (59)

In all estimates the hidden constant is independent of u, ug, and ho.

Proof The proof of (53) follows from the monotonicity of @ = a(x,u) in the
second variable, Galerkin orthogonality, assumption and the Sobolev
embedding of Proposition 21 H*({2) < L9({2), which holds for every q €
[1,2n/(n — 2s)]:

lu—uz|? < Alu—uz,u—uz)+ (a(-,u) —al-,uz),u—uz)r2 (o)
=Alu—uz,u—vg)+(al-,u) —a(,uz),u—vs)r2(o)
<u—=uzlsllu=vzlls + 10l c (@) lu = vzl La@)llu = v7llLa
< lu—uzlsllu=vzlls1+ClldllL(2)], v €V(T), C>0.

Here, vt = n/2s and q = 2n/(n — 2s). Observe that t™! +q~! +q7 1 = 1.

Assume now that {2 satisfies an exterior ball condition for s < 1 so that we
have at hand the results of TheoremB.3] Let s € (0,1)\{1}. To obtain (5.4) and
E5), we bound ||lu—v7||s in (B3) on the basis of two ingredients. The first one
is the bound that is used to prove that H*(2) = Hg(R2) for s € (0,1)\ {3}
[27, Theorem 3.33]: |lu —vz|ls S llu — vollm: () for all vy € V(J) and
s € (0,1)\ {3}. The second ingredient is the localization of fractional order
Sobolev seminorms [L61[17]:

()]? ¢(n,o), o
|U|H5(Q) < Z |:/ /ST |1' — |n+25 — " d de‘f’ S/’L%‘S ||U||L2(T) , S¢& (0,1),

for v € H*%(2). Here, Sp = U{T' € . : T"'NT # 0}, ¢(n,0) denotes a
positive constant, and o is the shape regularity coefficient of the family T.
With these two ingredients at hand, the rest of the proof relies on utilizing
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interpolation error estimates for the Scott—Zhang operator [7, Proposition 3.6],
[8, Proposition 3.1] on the basis of the regularity results obtained in Theorem
B3l Since the regularity estimate (I0) depends on € as e~ /2, we obtain, for
every € € (0, 3), the error estimate

1 g _e
lu—uzlls ShZe 2hF | f —al,0)llL22),  s€(5.1),

with a hidden constant independent of e. In view of a™s = e for a € Ry \ {1},
we thus set € = |loghg|™! to arrive at the error estimate (56). The error
estimate (5.4 follows similar arguments upon utilizing the regularity estimate
(BI12). Let us now analyze the special case s = 1 and derive the error estimate
(EH). To accomplish this task, we utilize a fractional Hardy inequality and an
interpolation error estimate for the Scott—Zhang operator: Let ¢ € (%, 1) and

§ € (0,t— 1), then [§, inequality (3.11)]
1
lo = 7o)y S 67052 Jolea), v e H(S). (5.10)
We thus invoke the regularity estimate (811 and utilize the previous estimate
with v = u and t = 1 — 2¢ to conclude that
1_

lu—uzlly Sh55 5 e 3 hZ2D(f,a) S by loghs [FHCE(f.a), (5.11)

upon taking e = § = |loghg| L.
The error estimate in L?(§2) follows from duality. Define 0 < x € L% (£2)
by

a(z,u(z)) — a(z,ug(x))
u(z) —ug(z)

x(x) = ifu(z) #ug(x), x(x)=0ifu(z)=uz(z).

Let 3 € H®(£2) be the solution to A(v,3) + (X3,v)2() = (f,v) for all v €
H*(2); f € H-*(2). Let 37 be the finite element approximation of 3 within
V(7). Thus,

(fu—uz)=Alu—ug,3)+ (x3u— Uﬂ)LZ(Q)
=Alu—uz,5—37) +Alu —uz,37)+ (X3 u—ug)rL20)
=Alu—uz,3—37)+ (al,u) —al,uz),3 —37)20)
<u—uglslls —37s + |16l 2) v —uzllLa@)lls —37lLa2), (5.12)

where t = n/2sand q = 2n/(n—2s). Set f = u—u gy € L?(£2). Since ¢ € L* (£2),
X3 € L?(£2). We thus invoke Proposition to obtain the regularity estimate
||3||Hs+efe(9) < e_§||u —uzl|lr2) V0<e<s, 0=min{s—e, %}, (5.13)

where ¢ = 2 if s € (3,1) and £ = 3 + (if s € (0, 3]. If s # 1, we thus obtain

13— 371ls S0 alarero—c(0) S € A C|lu — ug| 2.
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Set e = |logh |~ to conclude that || — 37|s S h%|loghz|¢||lu — uz| 120,

where ¥ = min{s, }. We now invoke (5.I2Z) and the bound (5.0) to obtain,
for s € (3,1),

119
lu—uzliae) S lu—uzlslls —371s Sh% " loghallu—uz L2 (o) 2(f, a).
The case s € [%, 3] follows similar arguments. This concludes the proof. O

Remark 5.1 (error estimates) The energy-norm error bounds (5.4)— (G.6]) im-
prove the ones recently obtained in [3I} Theorem 5.2, estimate (5.6)]: the factor
h~¢ in [31], estimate (5.6)], where € > 0 is arbitrarily small, has been removed.
We also mention that the derived error estimates are in agreement with re-
spect to regularity. The L?(£2)-norm error estimates (5.1)—(5.9) read, up to
logarithm factors, as follows:

+l
Hu_uyllLZ(Q) Sh}2’ s e [ia%]’ HU_U9HL2(Q) Shy, s € (%51)'

Both bounds improve the one derived in [3I, Theorem 5.2, estimate (5.7)].
In addition, if s € [1, 1], the error bound is in agreement with respect to
regularity. In contrast, when s € (%, 1), the derived error bound is suboptimal
with respect to regularity. To conclude, we notice that the error bounds of [31
Theorem 5.2] hold under the assumption that 92 € C*°. We improve upon
them by assuming that {2 is a Lipschitz polytope that additionally satisfies an
exterior ball condition when s < %

We now present error estimates for s € (0, %) that are suboptimal in terms
of regularity. When s € [%, %) the derived error estimates hold under weaker
regularity assumptions that the ones stated in Theorem [B.11

Theorem 5.2 (error estimates) Letn > 2, s € (0,3), and r > n/2s. Let
2 C R™ be a bounded Lipschitz domain. Assume that a is as in the statement
of Theorem [ 1l and satisfies, in addition, . If, in addition, a = a(z,u) is
locally Lipschitz in u, uniformly for x € 2, a(-,0) € L?(2) and f € L*(2) N
L"(£2), then we have the following a priori error estimate in the energy-norm:

s 1
lu—uzlle < b llogha | F —a(,0)lza), s€(0.3).  (5.14)

Here, { is as in the statement of Proposition [3.2. If, in addition, |(E.1) holds
with v replaced by v = n/s, then we have the following a priori error estimate
in L*(02):

1
lu — uz 2oy S W Nogha PGH|f —a(,0)ll 2y, s € (0,3). (5.15)
In both estimates the hidden constant is independent of u, uo, and hs.

Proof The proof follows the arguments elaborated in the proof of Theorem [5.1]
but now utilizing the regularity results of Theorem 3.4 a
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5.2.1 Error estimates on suitable graded meshes

Let us assume that we have at hand a family of meshes {7} of {2 such that,
in addition to shape regularity, {7} satisfies a suitable mesh refinement near
the boundary of 2 [7|8]: Given a mesh parameter h > 0, there is a number
i > 1 such that for every T € 7

hy < C(o)h* if TN OR # 0,

~ (=1)/n 4 _ (5.16)
hr < C(o)hdist(T, 02) if TNonR =0.

Here, C'(o) denotes a constant that only depends on the shape regularity
coefficient o of {.7}. The number of degrees of freedom .4 of the corresponding
finite element space V(.7) can be related to the discretization parameter h as
follows [8, (3.13)]:

N b < S, N = h T logh| if p= S, A A RUTIRE > 0
If u < n/(n—1), h and A4 satisfy the optimal relation h ~ N~% (up to a
logarithmic factor if p =n/(n —1).)

We now present error estimates on the graded meshes dictated by (516
that improve the ones obtained in Theorem [B.1] for shape regular families of
conforming and simplicial triangulations. Since we will utilize the results of
Theorem [3.2], we will assume that {2 satisfies an exterior ball condition.

Theorem 5.3 (error estimates on graded meshes) Letn > 2, s € (0,1),
and let {2 C R™ be a bounded Lipschitz domain satisfying an exterior ball
condition. Let p = n/(n—1) be the parameter that dictates the mesh refinement
EI6), and let B = n/(2(n — 1)) — s. Assume that a is as in the statement
of Theorem [Zl If, in addition, s > n/(4(n — 1)), a(-,0) € L>®(£2), a satisfies
@D with 0 = By, and f € CP(R2), where B > By, then we have the following

error bounds
lu—uglls < hZA-D [loghl¥, sc [ﬁ 1) , (5.17)
++19 n
lu— wzlla < RO loghl?, s e [ml) (5.18)
where 9 = min{s, 2}, v=11ifs# 2 andv=2if s=1, p=2 ifs> 1
o= g+§ ifs = %, and p = %JrC ifs < % The constant ¢ is as in the statement

of Proposition[3.2. In both estimates the hidden constant is independent of u,
ug, and ha.

Proof We begin the proof by noticing that, since a satisfies (8.1) with o = S,
then holds. We can thus invoke the best approximation result (&3] of
Theorem 5.l to immediately deduce the error bound ||[u—uz||s < [Jlu—ITzuls,
where ITz denotes the Scott—Zhang operator. The desired error estimate (5.17)
is thus a consequence of [8, estimate (3.14)] and [8, Theorem 3.5] upon ob-
taining that f — a(-,u) € CP*(£2). To accomplish this task, we invoke the
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regularity results of Theorem to deduce that u € C*(R™). Since a satisfies
(B1) with ¢ = B4, the arguments in Remark 3.2 reveal that a(-,u) € CP+(2).
Notice that s > 8, = n/(2(n—1)) — s because s > n/(4(n—1)). Consequently,
f—a(-,u) € CV(2), where v = min{B, Bi} = Bs.

With the previous regularity result at hand, the error estimate (5.I8) in
L?(£2) follows from [8, Proposition 3.10]. This concludes the proof. O

5.3 A convergence property

Let £2 be a bounded Lipschitz domain. Assume that a is as in the statement of
Theorem Bl and satisfies, in addition, Let u € H*(£2) be the solution
to B2), and let uy € V(.7) be the solution to (G.I) with f replaced by
fo € L"(2), with r > n/2s. Then, we have [31] Proposition 5.3]

fr—=finL"(2) = ugy »uin LY2),  hs |0, (5.19)

for every ¢ < 2n/(n — 2s).

6 Finite element approximation of the adjoint equation

We introduce the following finite element approximation of {£3): Find ¢» €
V() such that

Ave,qz) + (%(-,u)qy,vy) = (%(-,U),Uy) (6.1)

L2(£2) L2(£2)

for all vy € V(.7), where u € H*(£2) N L>(£2) corresponds to the solution to
([#£2). We observe that assumption [(B.2)| guarantees that OL/du(-,u) € L™ ()
for r > n/2s while assumption eals that da/0u(x,u) > 0 for a.e. x €
2 and for all u € R. The existence and uniqueness of a discrete solution
g7 € V(7) to problem (6.1)) is thus immediate.

Since it will be useful, we present the following Galerkin orthogonality

property:

Az =)+ (Galo—as)os) =0 W eVT) (62

To present error estimates concisely, we define

)

oL
(L) = H—(-,m
Ou” L2

[+ lE=al0) o) -

oL, _
LP(L, a) = Ha—(, U)
u Ccz7(0)
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Theorem 6.1 (error estimates) Let n > 2, s € [1,1), and let 2 be a
bounded Lipschitz domain such that it satisfies an exterior ball condition for
s < 1/2. Assume that|(A.1)H(A.3),|(B.1)H(B-2),|(C.1), and|(D.1)H(D.2) hold.
Let p € H*(2) be the solution to [@3), and let q7 € V(.T) be the solution to
the discrete problem ([€1]). Then, we have the following a priori error estimates
in the energy-norm:

1

||p - Q9||s 5 h??' 1ogh9|W(L,a), s € [ia %)a (6'3)
1 P

Ip—azlls S h%llogha |FHT(L),  s=1, (6.4)

Ip—azlls ShS|loghs |2T(L),  se(3,1). (6.5)

Here, ¢ is as in the statement of Proposition[32. Let ¢ = min{s, %} We also
have the following a priori error estimates in L*(§2):

9+1 3

Ip— a7z S h'y *lloghz |27 (L,a),  se[i,1).  (6.6)
941 3

Ip— g7l 2oy S B 2 g hr PGHIT(L),  s=1 (6.7)
9+ 1

Ip—azllie) S hy *llogha [T(L),  se(3,1). (6.8)

In all estimates, the hidden constant is independent of p, qpn, and ho .

Proof Tn view of ||p — gz |7 = Alp — ¢7,p — q7), setting vz as ¢z in ([6.2)
yields

0
I~ a7l = A= a7+ Gt )0 — a7).a5

L2(2)

We now utilize Galerkin orthogonality again, but now as it is in (G.2)), to
deduce

Oa
I~ a7l = Ay = 4.9 = v5) + ( Go .00 - a5).a7 ~ v )
u L2(02)
for every vg € V(7). Write g7 — vz = (9o — p) + (p — vz ), observe that

(Oa/Ou(-,u)(p—q7),q7 —p)r2(0) < 0, and utilize assumption |(A.3)| combined
with the fact that u € L*°(£2) to obtain

lp—az|2 < llp—azlslp—vzlls+Cnllp—azlL2(0) lp—v7 || L2(2), vo € V(T).

This bound allows us to obtain the quasi-best approximation property: ||p —
q7lls Sinf{||[p—vz|s : vy € V(T)}. The energy-norm error estimates ([G.3])—
(63) thus follow from similar arguments to the ones developed in the proof of
Theorem BTl upon utilizing the regularity estimates (£14), (£I6]), and EIS).
The L?(£2)-norm error bounds (G.68)-(EY) follow from a duality argument.
This concludes the proof. a
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Let us now introduce uz € V(.7) as the solution to (B.1I)) with f replaced
by z&; zo corresponds to an arbitrary piecewise constant function over the
mesh 7. We also introduce the discrete function psy € V(.7) as the solution
to the following problem:

Alwz,pz) + (%(-,uy)py,vy) = (g—i(-,uy),vg) (6.9)

L2(2) L2(2)

for all vy € V(7). In what follows, we analyze error bounds for p — pz. To
accomplish this task, we define ¢ as the solution to the weak problem: Find
q € H?(£2) such that

A(v,q) + (?(-,Uy)q,v> = (g—L(-,U9),U) (6.10)
u L2(02) u L2(02)
for all vy € V(9).

Since we are operating under local assumptions on a = a(z,u) and L =
L(z,u), i.e., assumptions that hold for w on bounded intervals of R, in what
follows we assume that solutions vz to problem (E.I) are uniformly bounded
in L>*(0), i.e.,

3C>0: |uzlpe@ <C VT ET. (6.11)

With (@II) at hand, the assumptions imposed on the data allow us to
conclude that (G3J) and (@I0) are well-posed. In particular, there exists a
unique solution ¢ € H*(2) N L>°(£2) to @I0). If, for every m > 0 and u €
[-m,m], OL/0u(-,u) € L?*(£2), we can apply Proposition to deduce that
q € H*9=¢(£2) together with

, s€(0,1], Yo<e<s,
L2(0)

L
N

6.12
oL (612)
ou

1
S

('7u9>

, s€(3,1), VO<e<s+43.
L2(82)

lall et

With (6I2) at hand, the arguments elaborated in the proof of Theorem [G.1]
yield the error bound

, U =min{s,3}.  (6.13)
L2(2)

lg—pzlls S h%|logha|"

OL
%("u§)

Here,U:%ifs>%,U:%+Cifs=%,andv:%+§ifs<%.Cisasinthe

statement of Proposition B2l In addition, we have an error bound in L?(£2):

oL
||q—py||L2(Q)5h?§9|1ogh9|2v 8—(-,uy) , 0<s<1. (6.14)
u L2(2)

A second ingredient within the analysis of error bounds for p — ps is to
introduce the auxiliary variable

ye H(2):  Ay,v)+ (a(-,y),v) = (z7,v) Yo e H (). (6.15)
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The well-posedness of (6.10) follows from Theorem B.I} observe that zo €
L>°(R2) for every .7 € T. In particular, we have that y € H*(£2) N L>(R2). If,
for every m > 0 and u € [-m,m], a(-,u) € L?(£2), the fact that 2o € L%(£2),
uniformly with respect to discretization, allows us to conclude the following
regularity result: y € H*0~¢(£2), where 6 = % for % <s<landf@=s—€>0
for0 < s < %

We are now in position to derive error estimates.

Theorem 6.2 (error estimates) Let n > 2 and s € (0,1). Let 2 be a

bounded Lipschitz domain. Assume that|(A.1)H(A.3), [(B-1)H(B-2), and (€11)
hold. Assume, in addition, that, for every m > 0 and u € [—m, m],

alw), T2 u) € 12(2) (6.16)

and that OL/0u = OL/Ou(z,u) is locally Lipschitz with respect to u. Let p €
H?(02) be the solution to @3)), and let pg € V(.T) be the solution to ([@3).
Then, we have

lp—polls S h%|loghs|” + |1z — 27| 120), ¥ =min{s, 3}.  (6.17)
If, in addition, a satisfies with v replaced by v = n/s, then
Ip = pollezc) S WFNoghs " + ||z = 27| 20), 0 =min{s, §}. (6.18)

Here,v:% ifs>%,vz%+(ifs:%, andvz%+(ifs<%.§is as in
Proposition[33. In both estimates, the hidden constant is independent of ho .

Proof We follow the proof of [31], Theorem 6.2] and bound ||p—pz||s as follows:
lp—pzlls <llp—dlls+ lg—pzls, where g denotes the solution to ([GI0). The

control of ||g — pz|s follows from @I3): ||¢ — polls S kY% |logha|'. It thus

suffices to bound ||p — q||s. To accomplish this task, let us first observe that,
for every v € H*(12),

Oa

pmae @) A0+ (G- 0.0)

L2(£2)
Oa Oa oL B oL

- q%('ﬂm) — %("u)} q’v)mm i (ﬁ("u) %"W)’“)mm'

Set v = p—q € H*(2) and use that da/Ou = da/Ou(x,u) and OL/Ou =
OL/Ou(x,u) are locally Lipschitz in u to obtain |[p —ql|s < [Ju—uz| 201+
llall o (2)]-

We now bound |u — uz||z2(g) on the basis of similar arguments: |lu —
uz|r22) < lu—yllr2) + Iy — uzllr2(2), where y denotes the solution to
6I5). Since 2z € L*(§2), uniformly with respect to discretization, and (6.16])
holds, we have at hand the regularity estimates ([B3) for y. These estimates
and the arguments elaborated in the proofs of Theorems [5.1] and yield
ly—uz|r202) S h%|loghs|?. To bound |lu—y| 2(n), we write the problem
that u — y solves and derive a stability estimate on the basis of [(A.1)H(A.3)
lu —yllz2(2) S Iz — 27|lL2(0). A collection of the derived estimates yield

. The proof of ([G.I8) follows similar arguments. O
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7 Finite element approximation of the fractional control problem

We consider two strategies to discretize the optimal control problem (ZI])—
[#2): a semidiscrete approach where the admisible control set is not discretized
and a fully discrete strategy where control variables are discretized with piece-
wise constant functions.

7.1 A fully discrete scheme

We consider the following fully discrete approximation of the PDE-constrained
optimization problem (@I)-(2): Find

min{J(uvg,z7): (ug,z7) € V(T) X Zaa(T)} (7.1)

subject to the discrete state equation

Alugz,vg) +/

Qa(x,Ug(x))vg(x)d:E:/ zg(x)vg (z)dx (7.2)

Q
for all vy € V(7). Here, Zada(T) = Zaa NZ(T), where Z(.7) is defined as
follows: Z(.7) = {vgy € L>®(12) :vz|r € Po(T) VT € T}.

The existence of a solution follows standard arguments. To present first
order optimality conditions, we introduce Sz : Z(7) 3 25 — ugy € V()
and jo(zg) = J(Szz27,27). If Zz is a local minimum for (CI)-(72), then
(tg,p7,27) €EV(T) X V(T) X Zaa(T) satisfies the optimality system

Alaz,vz) + (a(,uz),v7)r20) = (27,07 ) 12 (02) (7.3)
Oa OL
Az, pr)+ <—(',ﬁ9)ﬁ%vﬂ) = <_('aﬁ9)709) (7.4)
Ou L) \Ou 12(2)
(P7 +aZz,zg —Z7)12(0) >0 (7.5)

for all vy € V(7) and for all zz € Zga(T).

7.1.1 Convergence of discretizations

The following result improves upon [31, Theorem 7.2]: it requires weaker as-
sumptions on {2 and L.

Theorem 7.1 (convergence) Letn > 2 and s € (0,1). Let {2 be a bounded
Lipschitz domain. Assume that [(A.1)H(A.3) and |(B.1)H(B.2) hold. Assume,
in addition, that (GII)) hold. Let Zz be a global solution of (TI)—[T2) for
T € T. Then, there exist nonrelabeled subsequences {Zz} such that 25 = z
in L>°(82) as hz | 0, with zZ being a global solution of @I)-(E2). In addition,

we have

12— 27|l2(2) — O, Jjz(Z7) — j(2), (7.6)
as ha | 0.
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Proof Since {Z} is uniformly bounded in L>°(§2), we deduce the existence of
a nonrelabeled subsequence {zZ} such that zo = z in L>(£2) as hg | 0. Let
Z € Zaa be a global solution of [@I)—([Z2). Define 25 € Zyq(T) by Zz|r =
Jr Z(x)dz/|T| for T € 7 and define p as the solution to (3] with u replaced
by @ := SZ. Observe that p € H*(£2) N L°°(£2). Invoke the projection formula
(@3] and [28, Theorem 1] to obtain Z € H*(2). Consequently, ||Z—Z7| r2(2) —
0 as hy | 0. The rest of the proof follows the arguments elaborated in the
proof of [31] Theorem 7.2]. O

We now present a second convergence result [31, Theorem 7.3].

Theorem 7.2 (convergence) Let the assumptions of Theorem[71] hold. Let
z be a strict local minimum of problem [@I)-(@2). Then, there exists a se-
quence {Zz} of local minima of the fully discrete optimal control problems

satisfying (6.
7.1.2 Error estimates

Let {Zz} C Zaa(7) be a sequence of local minima of (ZI)-(C2) such that
|Z = 27|lL2(2) — 0 as he | 0; z being a local solution of the continuous
problem ([{I)-(.2); see Theorems [TI] and In this section, we derive the
bound ([Z8)) for the error ||Z— Z7||12(0). The following result is instrumental.

Theorem 7.3 (instrumental error bound) Let the assumptions of Theo-
rem[71] hold. Assume that, for every m >0 and v € [—m,m], (GI0) holds. Let
Z € Lqq satisfy the conditions [&Q). If (L) is false, then there exists h, > 0
such that

|z - 2772 (o) < [1'(7) = §' ()] (7 — 2) Vhg < h, (7.7)

where € = 27 min{v, a}, v is the constant appearing in [@E3), and « is the
regularization parameter.

Proof With the equivalence ([€9) of Theorem at hand, the proof follows
the arguments in [31) Theorem 7.4]. O

We are now ready to derive a bound for the error z — zz in L?({2).

Theorem 7.4 (error estimate) Let the assumptions of Theorem [7.3 hold.
Assume, in addition, that OL/0u = OL/O0u(x,u) is locally Lipschitz in u. Let
Z € Zaa satisfy the second order conditions ([EQ). Then, there exists h, > 0
such that

12— 27| 12(2) S W |loghs[**  Vhy <h., 9 =min{s,1}. (7.8)

Here,vz%ifs>%,v=%+§ifs:%, andvz%+§ifs<%;§isasin

the statement of Proposition[3.2. The hidden constant is independent of h .
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Proof We proceed by contradiction and assume that the desired error estimate
([T8) does not hold so that we have at hand the instrumental one of Theorem
3

Set 27 = II7Z in (L) to deduce that j'»(Z7)([I7Z — Z7) > 0. Here,
Iz : L*(2) — Z(.7) denotes the orthogonal projection operator onto piece-
wise constant functions over 7. We now invoke the continuous variational
inequality (£4) to arrive at j/(2)(Z# — Z) > 0. With these two inequalities at
hand, we utilize ([T1) to obtain

Clz=277200) < U7 (22) =3 Go)(lg2-27)+ (27)(72-2) = 17+] 7.
To bound the term I 5, we use the definition of I and proceed as follows:

ly = (7 —p(Z7), 72— 27)12(0) = (D7 —p(Z7), [ 7(Z = Z7))L2(02)

S b7 — p(E2) L2 @)llZ — 27 )|120) < ChY|log ho|*™

¢ 2
+ ZHZ —Z7l12(0)-
Here, p(Z) denotes the solution to [3)) with u replaced by Szz. The error
bound [|p7 — p(Z7)||r2(0) S h%|loghz|?¥ follows from the arguments elab-
orated within the proofs of Theorems and For brevity, we skip the
details.

We control the term J # on the basis of similar arguments. In fact, we have

Jg=pEs)+azg, gz —2)120) = P(Z7), 17Z — 2)12(0)
= (p(iy) - Hyp(ig),nyi - 2)L2(Q) S hg|loghy|2" Y= min{s, % ,

and n = 5 + ¢ if s < 5. To simplify the presentation,

where n = 0 if s >
z yp(é ) To obtain the bound for J &, we have used

we define ¢, := p(
the estimates

S

lepllr2e) S ha, [ Haz =z 12(0) S he, fors> 3,

lepllzz(a) S W%l loghar |27, |72 = 2|l p2(0) S hF|loghzr |24, for s < §.
These bounds follow from standard error estimates for the orthogonal pro-
jection ITs combined with the regularity results of Proposition B.2] which
guarantee that
p(z7) € H'(R2) for s > 3, p(Z7) € H*7%(02) for s < 3,

together with the bound [|p(27)| g2s—2c(2) < e~ 27¢. Here, € € (0,s) and
¢ is as in the statement of Proposition Observe that OL/0u(-,SzZ7) —
da/0u(-,8z7)p(27) € L*(2) uniformly with respect to discretization. We
notice that the same regularity properties can be obtained for Zz.

Finally, we collect the bounds obtained for Iy and J& to obtain ||z —
Z7||12(2) S h32|log h#|?V. This is a contradiction and concludes the proof.

O
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Remark 7.1 (improvements on the theory) The error bound (Z.8) improves the
one in [3I, Theorem 7.5] in several directions. First, (T.8]) holds for n > 2 and
s € (0,1). This is in contrast to [31], estimate (7.15)], which holds for n € {2, 3}
and s > n/4. Second, in contrast to [3I, Theorem 7.5], where 92 € C*°, in
Theorem [7.4] we assume that {2 is merely Lipschitz.

Remark 7.2 (error bound (L)) If s > 3, the bound ([T) reads ||2—Z 7| L2(0) S

hz|loghz|?Y, which is nearly—optimal in terms of approximation. If s < %,

() reads ||z — Z7| r2(0) S h**|loghz|*", which is suboptimal in terms of
approximation.

We now present error bounds for @ — 4o and p — po.

Theorem 7.5 (error estimates) Let the assumptions of Theorem [74] hold.
Then, there exist h, > 0 such that
la—azls $ hyllogha|”,  lla—usllie) S 05 loghs|*,

~

L . o . (7.9)
Ip—pzlls Shloghs|",  |Ip— bl S hF loghs [*,
for every ha < h,.

Proof The bound for ||z — @z ||s is contained in the proof of Theorem

17 =ls SN2 =27 ll1200) S B |loghz [, g —uzls S h%|loghs!",
upon utilizing (T8). Thus, ||& — @z|/s < h%|loghs|’. The bound for || —
U7 | 120 follows similar arguments upon utilizing the error estimate ||y —
7| 22) S h%|loghz|*. The bounds for the error committed in the ap-
proximation of p are the content of Theorem O

7.2 The variational discretization approach

In this section, we propose a semidiscrete scheme that is based on the so-called
variational discretization approach [22]. The scheme, which involves discretiza-
tion only on the state space (Z.q is not discretized), reads as follows: Find
min{J(uvz,z) : (uz,z) € V(T) X Zqq} subject to

Alug,vz) Jr/ a(z,ug(x))vg(v)de = / z(x)vg(x)de Yvg € V(7).
Q Q
(7.10)
The existence of a solution and first order optimality conditions follow
standard arguments. In particular, if Z denotes a local minimum, then

J7(2)(z—2) = (P + 0z, 2—2)12(2) 2 0 VZ € Zqa, (7.11)
where py € V() solves ([[4) with ty = SzZ, i.e., 4z solves (I0) with
z replaced by z. We notice that, in view of ([II), the following projection
formula holds [36], section 4.6]: z(2) = I p)(—a 'p7(x)) for ae. x € 2. The
scheme thus induces a discretization of optimal controls by projecting po into

the admissible control set. Since z implicitly depends on .7, in what follows
we adopt the notation z4.
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7.2.1 Convergence of discretizations

Within the setting of Theorem [[.J] we present the following convergence re-
sults:

— Let & € T and let Zg € Z,q be a global solution of the semidiscrete
scheme. Then, there exist nonrelabeled subsequences of {zz} such that
Zg = z in L™(2) as hy | 0 and (Z.6) holds; z is a global solution to
@D @.

— Let Z € Zyq be a strict local minimum of (@I)—(@2). Then, there exists a
sequence of local minima {zz} of the semidiscrete scheme satisfying (7.0]).

The proof of these results follow very similar arguments to the ones in the
proofs of Theorems [7.T] and For brevity, we do not present further details.

7.2.2 Error estimates

Let {Z7} C Zqa be a sequence of local minima such that zo — z in L?(£2)
as hg | 0; Z € Zgyq being a local solution of ([@I)—(42). In what follows, we
derive a bound for Z — Z in L?(§2). The following result is instrumental.

Theorem 7.6 (instrumental error bound) Letn > 2 and s € (0,1). Let 2
be a bounded Lipschitz domain. Assume that|(A.1)H(A.3),|(B.1)H(B.2), [6.10),
and (610 hold. Let Z € Zqq satisfy the conditions ([@9]). Then, there exists
h, > 0 such that

|z~ 27120 < [7'(27) = ' (2)] (@27 —2) Vhz < h., (7.12)

where € = 2~  min{v, a}, a is the reqularization parameter, and v is the con-
stant appearing in ([£9).

Proof Define vy = (27 — 2)/|27 — Z||12(2). We assume that (up to a sub-
sequence if necessary) vy — v in L?(§2) as hg | 0. We prove that v € Cs,
where C5 is defined in ([@.6]). Observe that v satisfies [@.7)) because g € Zgg.
Since the set of elements satisfying (7)) is weakly closed in L?(2), we con-
clude that v satisfies (A1) as well. We now prove that p(z) 20 = v(z) =0
for a.e. x € §2; recall that p = p + aZ. Define pr(z) = pg(x) + azz (x).
The convergence property (5.19) and Theorem allow us to conclude that
Z7 — z in L?(§2) guarantee that po — p in L?(£2) as hg | 0. Invoke (Z.I1)
with z = Z to thus conclude that

[ plapte)ds = tim [ [ @) + azs @)z (a) - (e}
(9] 0

holo |27 — 2| 12()
<0.

On the other hand, since v satisfies (£.7]), we have that p(x)v(z) > 0 and thus
that [, p(x)v(z)dz = 0. Consequently, p(x) # 0 implies that v(x) = 0 for
a.e. x € £2. We have thus proved that v € C5.
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We now proceed to derive (Z.6). To accomplish this task, we write

('E7)—i' ()27 —2) = j"(29)(27—2)?, 27 :=Zz+07(27—%), (1.13)

where 07 € (0,1). Let uz,, solve (£2) with z replaced by zz, and let p;,,
be the solution to ([3) with u replaced by u;,.. Since 27 — z in L?*(£2) as
hz | 0 and {zZz} is uniformly bounded in L>°(£2), we deduce that us, — 4
and p;, — P in H5(02) N L>®(2) as ho | 0; see the proof of Theorem EI1
Similarly, we have that ¢z := S’ (27 )vy — S (Z)v =: ¢ in H*(2) as h | 0.
We thus obtain that

0? a
. A 2 . 2 2 2
}}‘171?03”(29)“9 = Jim . [@(%Uig)qﬁy = Pry g (@ Uz, )0y + vy | do

82L _ 2 78201 _ 2 . 2 2
—at [ [GE @0 - s w06 o = a+ 5@ - alll,

Since z satisfies ([{.9), we have limy,, 0 j”(27)v% > min{r, a} upon utilizing
that |[v]|z2() < 1. This yields the existence of h, > 0 such that j”(z7)v% >
27 min{v, a} for hg < h,. In view of the definition of vz and (TI3)), we thus

arrive at (T.12)). O

We are now ready to derive a bound for the error z — z5 in L?(£2).

Theorem 7.7 (error estimate) Let the assumptions of Theorem [7.6 hold.
Assume, in addition, that OL/0u = OL/0u(x,u) is locally Lipschitz in u. Let
Z € Zaa satisfy the second order conditions ([EQ). Then, there exists h, > 0
such that

||2_29||L2(Q) §h2gﬂ|10ghy|2v Vha < hy ﬂ:min{s,%}. (714)

Here,vz%ifs>%,v=%+§ifs:%, andvz%+§ifs<%;§isasin

the statement of Proposition[3.2. The hidden constant is independent of h o .

Proof We invoke the instrumental estimate (Z.12), the continuous variational
inequality (£4)), and the semidiscrete one ([.I1) to arrive at

€|z~ 277200 < ' (27) — 7 (27)] (27 — 2).

We now observe that (j'(z7) — j'r (27))(Z7 — 2) = (p(Z27) —D7,27 — Z)12(02)-
Here, ps solves ([4) and p(zz) denotes the solution to (@3] with u being
the solution to ([@2)) with z replaced by zZ&. Similar arguments to the ones
elaborated within the proofs of Theorems and can be utilized to obtain
lp(z7) — P72 S h%2|loghz[* . This bound implies the desired error
estimate (C.I4) and concludes the proof. O
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7.2.3 Error estimates on graded meshes

In this section, we operate under the family of graded meshes {7} of 2
dictated by (5I6) and obtain a bound for Z — zZ in L?({2), which improves
the one derived for the fully discrete scheme in Theorem [T4] and the one
obtained for the semidiscrete scheme in Theorem [7.7]

Theorem 7.8 (error bound on graded meshes) Let the assumptions
of Theorem [77 hold. Assume that {2 satisfies, in addition, an exterior ball
condition. Let p = n/(n — 1) be the parameter that dictates (510, and let
, =n/(2(n— 1)) — s. Assume that a, da/Ou, and OL/Ou satisfy BA) with

0= PBs. If a(-,0) € L®() and 27,05 € CP+(12), uniformly with respect to
discretization, then there exists hy > 0 such that

o S 49 v . n
12=27||r2(2) S h2=D " "|logh|”, ¢ =min{s, 1}, [mJ) (7.15)

for all h < hy. Here,v:% if s > %,U:%Jrgifs: %, andvz%+(
if s < %; ¢ is as in the statement of Proposition[32 The hidden constant is

independent of h.

Proof We begin the proof by by considering h sufficiently small such that
hg < hy, where h, is as in (.12]). Consequently, we have at hand the estimate
in (TI2)). We now follow the proof of Theorem [(.7] and observe that it suffices
to bound p(z7) — p in L?(£2). To accomplish this task, we define r € H*(£2)
as the solution to
da oL
Av,r) + <%(~,ﬁ9)r,v) = <%(~,ﬂg),v>L2(Q) (7.16)

L2(02)

for all v € H®(£2). We recall that p(Z7) denotes the solution to ([@3) with
replaced by Sz and write the problem that p(zz) — r solves. Observe that

(E11), and (EI6) yield

Oa Oa oL oL
= —(,ug)—=—(, 5% L(12 =—(,529)——=—(,,u LA(12
8= 90 np)- 0L, $25) € L), MWim Do S25)- P (7)€ L)
We thus invoke a basic stability bound for the aforementioned problem on
the basis of assumption [(A.2)] and the fact that £ and O belong to L?(£2),
uniformly with respect to discretization, and utilize the fact that da/0u =

da/Ou(x,u) and OL/Ou = OL/Ou(x,u) are locally Lipschitz in u to obtain

Ip(z7) = 7lls S ML2(2) + 1€l L20) S 1527 — w2 ()

We now derive a bound for |[SZg — @7 | 12(0). Since {27} C Zaa, a(-,0) €
L (£2), and {2 satisfies an exterior ball condition, Proposition Bl reveals that
Szz € C%(£2). Utilize now that a satisfies [3.7) with o0 = S, and that zo
belongs to C%+(§2), uniformly with respect to discretization, to obtain z5 —
a(-,8%7) € CP+(£2), upon using the results of Remark [3.2] and the inequality
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By = n/(2(n —1)) —s < s. Apply (BI8) to arrive at [[SZg — 7|20 S
h|logh|?, where 0 = n/2(n — 1) + . To bound r — P&, we observe that po
is the finite element approximation of r within V(.77) and use [8, Proposition
3.10]: [r=p7| L2(02) S h°|logh|V. Notice that, da/Ou and OL/Ou satisfies ([B.7))
with o = 3, and 4y € C? (). Thus, OL/0u(-,u.5)—0a/ou(-, iz )r € CP ()
uniformly with respect to discretization. Observe that r € C*(£2) and s > B,.

O
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