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Abstract. We consider a bilinear optimal control problem with pointwise tracking for a semi-
linear elliptic PDE in two and three dimensions. The control variable enters the PDE as a (reaction)
coefficient and the cost functional contains point evaluations of the state variable. These point eval-
uations lead to an adjoint problem with a linear combination of Dirac measures as a forcing term.
In Lipschitz domains, we derive the existence of optimal solutions and analyze first and necessary
and sufficient second order optimality conditions. We also prove that every locally optimal control
ū belongs to H1(Ω). Finally, assuming that the domain Ω ⊂ R2 is a convex polygon, we prove that
ū ∈ C0,1(Ω̄).
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1. Introduction. The aim of this work is to study optimality conditions and
regularity estimates for an optimal control problem with pointwise tracking. The
state equation corresponds to a semilinear elliptic partial differential equation (PDE)
and the control variable enters the state equation as a reaction coefficient; constraints
on the control variable are also considered. To make the discussion more precise, let
d ∈ {2, 3}, let Ω ⊂ Rd be an open and bounded domain with Lipschitz boundary ∂Ω,
and let D be a finite ordered subset of Ω. Given a set of desired states {yt}t∈D and a
regularization parameter α > 0, we introduce the cost functional

(1.1) J(y, u) :=
1

2

∑
t∈D

(y(t)− yt)
2 +

α

2
∥u∥2L2(Ω).

Let f ∈ H−1(Ω) be a fixed function. We are then interested in the following optimal
control problem: Find min J(y, u) subject to the semilinear elliptic PDE

(1.2) −∆y + a(·, y) + uy = f in Ω, y = 0 on ∂Ω,

and the control constraints

(1.3) u ∈ Uad, Uad := {v ∈ L2(Ω) : a ≤ v(x) ≤ b for a.e. x ∈ Ω}.

The control bounds a and b are real numbers such that −∞ < a < b < ∞ and the
nonlinear function a : Ω × R → R is a suitable Carathéodory function that satisfies
the structural assumptions stated in section 2.2 below.

The optimal control of systems governed by PDEs has important applications in
various scientific fields [26, 34, 43, 44]. In general, the mathematical modeling involves
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a control that appears as an additive term in the system, which is called additive
control. Based on the seminal work of J. L. Lions [34], considerable efforts have been
made in recent decades to study additive optimal control, and numerous mathematical
and computational tools have been developed; see, for instance, [6, 26, 43, 19, 13].
However, additive controls are not able to modify some of the key intrinsic properties
of certain systems [7, 29]. For example, if we want to change the reaction rate in some
chain reaction–like processes from chemistry, additive controls amount to controlling
by adding or removing a certain amount of the reactants, which is not realistic. To
solve this problem, it is useful to use specific catalysts to control the systems, which
can be mathematically modeled by bilinear optimal control [7, 29].

In contrast to the additive case, the bilinear counterpart, also known asmultiplica-
tive control, enters the state equation as a coefficient that interacts multiplicatively
with the state variable. Several applications of bilinear optimal control can be found
in the literature. In medicine, for example, bilinear controls can be used in modeling
cancer treatments such as chemotherapy, where the drug dose (control) interacts with
the cancer cell population (state) [33, 45, 40]. Other applications include neutron
transport in physics [5] and ecosystem management in ecology [37].

Mathematically, bilinear optimal control can be formulated as in (1.2): The con-
trol variable u enters the state equation as a coefficient and generates the nonlinear
coupling uy, which exactly shows the bilinear structure of the control [32, 11]. Com-
pared to the additive case [43], the bilinear optimal control entails some additional
difficulties. First, even in the linear case a ≡ 0 in (1.2), the control-to-state map is
nonlinear, so the uniqueness of optimal solutions cannot be guaranteed [32, 11]. As
a result, the optimization problem is nonconvex and a complete optimization study
requires the derivation of second order optimality conditions [32, 11, 12]. Second,
the sign of u is not necessarily positive. Therefore, the derivation of the second-
order conditions differs significantly from the classical case [43, 17, 14]: several re-
sults concerning the well-posedness and differentiability properties of the control-to-
state and control-to-adjoint state maps are not standard [11]. We refer the reader to
[32, 22, 10, 11] for the analysis of some bilinear optimal control problems.

Our optimal control problem (1.1)–(1.3) corresponds to a special case of bilinear
optimal control. In particular, (1.1)–(1.3) is characterized by a cost functional J
that contains point evaluations of the state variable. This structure leads to an
adjoint problem with a linear combination of Dirac measures as a forcing term. As
a consequence, and in contrast to the state equation, which can be posed naturally
in H1

0 (Ω), the analysis of the adjoint problem must be performed in a less regular
Sobolev space, for example, in W 1,r

0 (Ω) (r < d/(d− 1)) as in [8, 18, 4, 2]. The latter
complicates the analysis of the optimal control problem, especially when deriving
optimality conditions and regularity estimates.

Apart from the fact that this presentation is the first one that studies a bilinear
optimal control problem with pointwise tracking, the analysis itself entails a number
of difficulties. To overcome them, we had to provide several results. Let us briefly
discuss some of them:
• The state equation: We review the well-posedness of (1.2) for controls u that belong
to the set A0 ⊂ L2(Ω) defined in (3.1). Note that the involved controls are not
necessarily positive. We also derive regularity results and analyze differentiability
properties of the underlying control-to-state map.

• The adjoint equation: We derive the well-posedness of the singular adjoint problem
for controls u belonging to the set A ⊂ L2(Ω) defined in (4.8). We also analyze the
differentiability properties of the underlying control-to-adjoint state map. Finally,
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under the assumption that Ω is a convex polytope, we prove that the solution of
the adjoint equation belongs to H2 and C0,1 away from the singular points.

• Optimality conditions: We derive first order and second order necessary and suffi-
cient optimality conditions. To this end, we have adapted the arguments from the
additive case to the bilinear scenario and also dealt with the non-smoothness of the
corresponding adjoint state.

• Regularity of locally optimal controls: We prove that every locally optimal control ū
belongs to H1(Ω). If Ω ⊂ R2 is a convex polygon, we prove that ū ∈ C0,1(Ω̄). This
requires a precise understanding of the multiplication ȳp̄ near the singular points.

The structure of this manuscript is as follows. Section 2 establishes the main nota-
tion and assumptions that we use in this paper. In section 3, we prove the existence
and uniqueness of solutions for a weak formulation of the state equation (1.2), derive
suitable regularity properties for the state variable, and analyze differentiability prop-
erties of the corresponding mapping u 7→ y. In section 4, we propose and analyze a
weak formulation for the optimal control problem (1.1)–(1.3). More precisely, we show
the existence of optimal solutions, analyze the adjoint problem and derive regularity
estimates for its solution as well as first and second order optimality conditions. We
conclude in section 5 with regularity results for locally optimal controls.

2. Notation and assumptions. In this section we present the main notation
and assumptions under which we will work.

2.1. Notation. In the context of our work, d ∈ {2, 3} and Ω ⊂ Rd is an open
and bounded domain with Lipschitz boundary ∂Ω. We will make further regularity
requirements on Ω to perform regularity estimates.

For a Banach function space X, we denote the dual and the norm of X by X′ and
∥ · ∥X, respectively. Let Y be another Banach function space. We write X ↪→ Y to
denote that X is continuously embedded in Y. We denote by ⟨·, ·⟩X′,X the duality
pairing between X′ and X. If X′ and X are clear from the context, we write ⟨·, ·⟩.
Let {xn}n∈N ⊂ X. We denote the strong, the weak, and the weak⋆ convergence of
{xn}n∈N to x in X as n ↑ ∞ by xn → x, xn ⇀ x, and xn ⇀

∗ x, respectively.
By a ≲ b we mean a ≤ Cb, with a constant C > 0 that depends neither on a nor

on b. The value of C might change at each occurrence. If the particular value of C is
important for our analysis, we will give it a name.

2.2. Assumptions. To perform an analysis for our optimal control problem,
we make three assumptions on a: (A.1), (A.2), and (A.3). We emphasize that as-
sumptions (A.1) and (A.3) are classical assumptions in the analysis of optimal control
problems governed by semilinear elliptic PDEs [15, 43]. In contrast, the assumption
(A.2) has recently been introduced in [11] in the context of bilinear optimal control.
(A.1) a : Ω × R → R is a Carathéodory function of class C2 with respect to the

second variable and a(·, 0) ∈ L2(Ω).
(A.2) There exists a function a0 ∈ L∞(Ω) such that ∂a

∂y (x, y) ≥ a0(x) for a.e. x ∈ Ω
and for all y ∈ R.

(A.3) For all m > 0, there exists a positive constant Ca,m such that

2∑
i=1

∣∣∣∣∂ia∂yi (x, y)
∣∣∣∣ ≤ Ca,m,

∣∣∣∣∂2a∂y2
(x, v)− ∂2a

∂y2
(x,w)

∣∣∣∣ ≤ Ca,m |v − w|

for a.e. x ∈ Ω and y, v, w ∈ [−m,m].
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3. The state equation. In this section we analyze the state equation (1.2). For
this purpose, following the ideas developed in [11], we introduce the set

(3.1) A0 := {u ∈ L2(Ω) : a0(x) + u(x) ≥ 0 for a.e. x ∈ Ω},

where a0 is as in (A.2). Given f ∈ Lq(Ω) for some q > d/2, we introduce the following
weak formulation of the state equation (1.2): Find y ∈ H1

0 (Ω) such that

(3.2)

ˆ
Ω

∇y · ∇vdx+

ˆ
Ω

a(·, y)vdx+

ˆ
Ω

uyvdx =

ˆ
Ω

fvdx ∀v ∈ H1
0 (Ω).

The well-posedness of the weak problem (3.2) is as follows. We note that, contrary
to the usual assumptions u ∈ L∞(Ω) and u ≥ 0 a.e. in Ω (see, for instance, [43,
Assumption 4.2 (ii)]), we have that u ∈ L2(Ω) and that a0 + u ≥ 0 a.e. in Ω.

Theorem 3.1 (well-posedness). Let us assume that (A.1)–(A.3) hold. Given u ∈
A0 and f ∈ Lq(Ω) for some q > d/2, there exists a unique solution y ∈ H1

0 (Ω)∩L∞(Ω)
for problem (3.2). In addition, we have the following stability bounds

(3.3) ∥∇y∥L2(Ω) ≤ ∥f − a(·, 0)∥H−1(Ω), ∥y∥L∞(Ω) ≲ ∥f − a(·, 0)∥Lq(Ω),

where the hidden constant in the L∞(Ω)-estimate is independent of y, a, and f .

Proof. We begin the proof by noting that the assumptions (A.1)–(A.3) guarantee
the following property: for all m > 0, |a(x, y)| ≤ Ca,mm + |a(x, 0)| =: ψm(x) for
a.e. x ∈ Ω and for all |y| ≤ m. Note that for all m > 0, ψm belongs to Lq(Ω) for some
q > d/2. Next, as in the proof of [11, Theorem 2.4], we introduce the function

b : Ω× R → R : (x, y) 7→ b(x, y) := a(x, y)− a(x, 0)− a0(x)y.

The function b satisfies the following three properties. First, b(x, 0) = 0 for a.e. x ∈ Ω.
Second, ∂b/∂y(x, y) = ∂a/∂y(x, y)−a0(x) ≥ 0 for a.e. x ∈ Ω and for all y ∈ R. Third,
for all m > 0, |b(x, y)| ≤ (Ca,m+ |a0(x)|)m =: χm(x) for a.e. x ∈ Ω and for all |y| ≤ m.
For all m > 0, the function χm belongs to L∞(Ω). With the function b in hand, we
rewrite the problem (3.2) as follows: Find y ∈ H1

0 (Ω) such that, for every v ∈ H1
0 (Ω),

(3.4)

ˆ
Ω

∇y · ∇vdx+

ˆ
Ω

b(·, y)vdx+

ˆ
Ω

[u+ a0]yvdx =

ˆ
Ω

[f − a(·, 0)]vdx.

Let us now analyze the problem (3.4). For this purpose, we introduce a truncation bk
of the function b as follows: For an arbitrary k > 0, we define, for a.e. x ∈ Ω,

bk(x, y) = b(x, k) if y > k, bk(x, y) = b(x, y) if |y| ≤ k, bk(x, y) = b(x,−k) if y < −k.

We note that |bk(x, y)| ≤ χk(x) for a.e. x ∈ Ω and for all y ∈ R, where χk ∈ L∞(Ω).
With the truncation bk at hand, we introduce the following weak problem: Find
yk ∈ H1

0 (Ω) such that, for every v ∈ H1
0 (Ω),

(3.5)

ˆ
Ω

∇yk · ∇vdx+

ˆ
Ω

bk(·, yk)vdx+

ˆ
Ω

[u+ a0]ykvdx =

ˆ
Ω

[f − a(·, 0)]vdx.

Define A : H1
0 (Ω) → H−1(Ω) as ⟨A(w), v⟩ :=

´
Ω
∇w · ∇vdx +

´
Ω
(u + a0)wvdx for

every v ∈ H1
0 (Ω). The linear map A, which is related to the linear part of (3.5), is

continuous and coercive in H1
0 (Ω). In fact, for every w ∈ H1

0 (Ω), we have

∥A(w)∥H−1(Ω) ≤
[
1 + C2

4↪→2∥u+ a0∥L2(Ω)

]
∥∇w∥L2(Ω), ⟨A(w), w⟩ ≥ ∥∇w∥2L2(Ω),



BILINEAR POINTWISE TRACKING OPTIMAL CONTROL 5

where C4↪→2 denotes the best constant in H1
0 (Ω) ↪→ L4(Ω). To derive the coercivity

property we have used that u ∈ A0 so that a0 + u ≥ 0 a.e. in Ω. We now define

(3.6) Bk : H1
0 (Ω) → H−1(Ω), ⟨Bk(w), v⟩ := ⟨A(w), v⟩+

ˆ
Ω

bk(·, w)vdx.

If we proceed as in the proof of [43, Theorem 4.4], we can prove that Bk is strongly
monotone, coercive, and hemicontinuous in H1

0 (Ω). Thus, an application of the main
theorem on monotone operators [38, Theorem 2.18] yields the existence and unique-
ness of yk ∈ H1

0 (Ω), which solves (3.5). A stability estimate in H1
0 (Ω) follows from

setting v = yk in (3.5). The bound ∥yk∥L∞(Ω) ≤ c∞∥f −a(·, 0)∥Lq(Ω) follows from the
arguments developed in the proof of [43, Theorem 4.5]; see also [31, Theorem B.2] (c∞
is independent of k). Given this bound, we can deduce that bk(x, yk(x)) = b(x, yk(x))
for k sufficiently large and for a.e. x ∈ Ω. Consequently, yk solves the original problem
(3.4). The uniqueness of solutions follows from (A.2) and the monotonicity of b.

3.1. Regularity results. The following result shows that we can expect better
Sobolev regularity properties when f is slightly smoother.

Theorem 3.2 (Sobolev regularity). Let the assumptions of Theorem 3.1 hold.
If, in addition, f ∈ L2(Ω), then there exists κ > 4 for d = 2 and κ > 3 for d = 3, so
that the solution of (3.2) belongs to W 1,κ(Ω) ∩ C0,ς(Ω̄). We also have the bound

(3.7) ∥∇y∥Lκ(Ω) + ∥y∥C0,ς(Ω̄) ≲ ∥f − a(·, 0)∥L2(Ω)

(
1 + ∥u∥L2(Ω)

)
,

where ς is such that 0 < ς ≤ 1− d/κ < 1.

Proof. We first note that (A.1)–(A.3) and f ∈ L2(Ω) together with the fact that
y ∈ L∞(Ω) (cf. Theorem 3.1) allow us to prove that g := f −a(·, y)−uy ∈ L2(Ω) and

(3.8) ∥g∥L2(Ω) ≤ ∥f − a(·, 0)∥L2(Ω) + ∥a(·, y)− a(·, 0)∥L2(Ω) + ∥uy∥L2(Ω)

≲ ∥f − a(·, 0)∥L2(Ω)

[
1 + Ca,m + ∥u∥L2(Ω)

]
, m = ∥y∥L∞(Ω).

We have also used that ∥y∥L∞(Ω) ≲ ∥f − a(·, 0)∥L2(Ω). We now perform a simple
calculation based on the definition of negative Sobolev norms and standard Sobolev
embeddings to conclude that g ∈W−1,κ(Ω) for some κ > 4 when d = 2 and for some
κ > 3 when d = 3. The desired bound for ∥∇y∥Lκ(Ω) results from the application
of [27, Theorem 0.5] (κ may be further restricted if necessary). Finally, invoking [1,
Theorem 4.12, Part II], we obtain that y ∈ C0,ς(Ω̄) along with the desired bound.

Remark 3.3 (Hölder regularity). Let the assumptions of Theorem 3.1 hold. In
the case where f ∈ Lq(Ω) and a(·, 0) ∈ Lq(Ω), for some q > d/2, the arguments
used in the proof of Theorem 3.2 allow us to derive the following regularity results:
there exists k > 2 for d = 2 and k > 3 for d = 3 such that y ∈ W 1,k(Ω) ∩ H1

0 (Ω).
Since k > d, an immediate application of [1, Theorem 4.12, Part II] shows that
y ∈ C0,ν(Ω̄), where ν satisfies 0 < ν ≤ 1−d/k < 1. In Theorem 3.2, however, we have
assumed that f ∈ L2(Ω). The fact that a(·, 0) ∈ L2(Ω) follows from assumption (A.1).
These stronger regularity assumptions on the data are necessary to obtain the H2(Ω)-
regularity result derived in Theorem 3.4 below, which is essential for analyzing finite
element schemes [12, Remark 2.4]. We emphasize that in this work, our intention is
to lay the foundations for the development of finite element schemes.

We continue with a standard H2(Ω)-regularity result on convex domains.
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Theorem 3.4 (H2(Ω)-regularity). Let the assumptions of Theorem 3.1 hold. If,
in addition, Ω is convex and f ∈ L2(Ω), then the solution y of problem (3.2) belongs
to H2(Ω) and ∥y∥H2(Ω) ≲ ∥f − a(·, 0)∥L2(Ω)(1 + ∥u∥L2(Ω)).

Proof. The proof follows directly from [23, Theorems 3.2.1.2 and 4.3.1.4] for d = 2
and [23, Theorem 3.2.1.2] and [36, section 4.3.1] for d = 3 in conjunction with the
fact that g = f − a(·, y)− uy ∈ L2(Ω) and satisfies the bound (3.8).

3.2. Differentiability properties. We now examine differentiability properties
of the map u 7→ y, where y corresponds to the solution of problem (3.2).

Theorem 3.5 (differentiability properties of u 7→ y). Let us assume that (A.1)–
(A.3) hold and let f ∈ L2(Ω). Let D(Ω) = {y ∈ H1

0 (Ω) : ∆y ∈ L2(Ω)}. Then there
exists an open set A in L2(Ω) such that A0 ⊂ A and for every u ∈ A the problem
(3.2) has a unique solution y ∈ H1

0 (Ω)∩C0,ς(Ω̄), where 0 < ς ≤ 1− d/κ < 1 and κ is
as in the statement of Theorem 3.2. Moreover, there exists a map S : A → D(Ω) of
class C2 so that for every u ∈ A we have the following properties:

(i) S(u) = y ∈ H1
0 (Ω) ∩ C0,ς(Ω̄), where y is the unique solution to (3.2),

(ii) for every h ∈ L2(Ω), the function z = S ′(u)h ∈ H1
0 (Ω)∩C0,ς(Ω̄) is the unique

solution to the problem

(3.9) (∇z,∇v)L2(Ω) +
(

∂a
∂y (·, y)z, v

)
L2(Ω)

+ (uz, v)L2(Ω) = −(hy, v)L2(Ω)

for all v ∈ H1
0 (Ω), and

(iii) for every h1, h2 ∈ L2(Ω), the function γ = S ′′(u)h1h2 ∈ H1
0 (Ω) ∩ C0,ς(Ω̄) is

the unique solution to the problem

(3.10) (∇γ,∇v)L2(Ω) +
(

∂a
∂y (·, y)γ, v

)
L2(Ω)

+ (uγ, v)L2(Ω)

= −(h1z2 + h2z1, v)L2(Ω) −
(

∂2a
∂y2 (·, y)z2z1, v

)
L2(Ω)

for all v ∈ H1
0 (Ω), where zi = S ′(u)hi and i ∈ {1, 2}.

Proof. We begin the proof by introducing the following norm in D(Ω):

(3.11) ∥y∥D(Ω) := ∥∇y∥L2(Ω) + ∥∆y∥L2(Ω), y ∈ D(Ω).

It can be proved that D(Ω), endowed with this norm, is a Banach space. We now
prove that D(Ω) ↪→ C0,ς(Ω̄). In fact, let y ∈ D(Ω). Note that y can be seen as the
weak solution to the following problem: Find y ∈ H1

0 (Ω) such that −∆y = g in Ω and
y = 0 on ∂Ω, where g ∈ L2(Ω). An application of [27, Theorem 0.5] shows that

∥y∥C0,ς(Ω̄) ≲ ∥∇y∥Lκ(Ω) ≲ ∥g∥L2(Ω) ≲ ∥y∥D(Ω).

We now define

F : L2(Ω)×D(Ω) → L2(Ω), (u, y) 7→ F (u, y) := −∆y + a(·, y) + uy − f.

Based on the assumptions (A.1)–(A.3), it follows immediately that F is well-defined
and that F is of class C2. The rest of the proof follows from the arguments developed
in [11, Theorem 2.5] in combination with the arguments elaborated in the proofs of
Theorems 3.1 and 3.2. In our framework, the open set A is as follows:

(3.12) A ⊂ L2(Ω), A :=
⋃

ū∈A0

Bεū(ū), 0 < εū < C−2
4↪→2.
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Here, Bεū(ū) denotes the open ball in L2(Ω) centered at ū ∈ A0 of radius εū and
C4↪→2 corresponds to the best constant in the Sobolev embedding H1

0 (Ω) ↪→ L4(Ω).

As explained in the following remark, problems (3.9) and (3.10) are well-posed.

Remark 3.6 (well-posedness of (3.9) and (3.10)). Let u ∈ A and y = S(u); A is
defined in (3.12). By construction, we have the existence of ū ∈ A0 and εū < C−2

4↪→2

such that u ∈ Bεū(ū). Define the form B : H1
0 (Ω)×H1

0 (Ω) → R by

(w, v) 7→ B(w, v) :=

ˆ
Ω

∇w · ∇vdx+

ˆ
Ω

[
∂a
∂y (·, y) + ū

]
wvdx+

ˆ
Ω

(u− ū)wvdx.

It is clear that B is a bilinear and continuous form in H1
0 (Ω)×H1

0 (Ω). Moreover, the
bilinear form B is coercive in H1

0 (Ω)×H1
0 (Ω). In fact, given w ∈ H1

0 (Ω), we have

(3.13) B(w,w) ≥ ∥∇w∥2L2(Ω) − ∥u− ū∥L2(Ω)∥w∥2L4(Ω) ≥ (1− εūC
2
4↪→2)∥∇w∥2L2(Ω),

where we have used H1
0 (Ω) ↪→ L4(Ω), the assumption (A.2), and the fact that ū ∈ A0.

Given h ∈ L2(Ω), it is clear that L defined by H1
0 (Ω) ∋ v 7→ L(v) = −(hy, v)L2(Ω) ∈ R

is linear and continuous. Therefore, a simple application of the Lax-Milgram lemma
shows that (3.9) is well-posed. Moreover, using (3.13) and (3.3) we can obtain

∥∇z∥L2(Ω) ≤ C∥h∥L2(Ω)∥∇y∥L2(Ω) ≤ C∥h∥L2(Ω)∥f − a(·, 0)∥H−1(Ω),

where C = C2
4↪→2(1 − εūC

2
4↪→2)

−1. The fact that z ∈ C0,ς(Ω̄) follows from the argu-
ments developed in the proof of Theorem 3.2. The same arguments show that (3.10)
is also well-posed and similar arguments show that γ ∈ C0,ς(Ω̄).

4. The optimal control problem. In this section, we introduce a weak for-
mulation of the optimal control problem (1.1)–(1.3), analyze the existence of optimal
solutions, and study the well-posedness, as well as differentiability and regularity
properties, of the associated adjoint problem. With these results at hand, we derive
first and necessary and sufficient second order optimality conditions.

The weak formulation mentioned above reads as follows: Find

(4.1) min
{
J(y, u) : (y, u) ∈ H1

0 (Ω) ∩ C0,ς(Ω̄)× Uad

}
subject to the monotone, semilinear, and elliptic PDE

(4.2) (∇y,∇v)L2(Ω) + (a(·, y), v)L2(Ω) + (uy, v)L2(Ω) = (f, v)L2(Ω) ∀v ∈ H1
0 (Ω).

Here, a : Ω × R → R satisfies (A.1)–(A.3), f ∈ L2(Ω), and ς is such that 0 < ς ≤
1− d/κ < 1, where κ is as in the statement of Theorem 3.2.

To perform an analysis for the optimal control problem (4.1)–(4.2), we make the
following assumption [11, Assumption 3.1]:

(4.3) a0(x) + a ≥ 0 for a.e. x ∈ Ω.

From this assumption it follows directly that Uad ⊂ A0 ⊂ A. We recall that the set
A0 is defined in (3.1) and the set A is given as in (3.12).

Under assumption (4.3), we are in a position to apply the results of section 3
directly. In particular, we have for u ∈ Uad the existence and uniqueness of a solution
y ∈ H1

0 (Ω) ∩ C0,ς(Ω̄) to problem (4.2). We note that since y ∈ C0,ς(Ω̄), the point
evaluations of y in (1.1) are well-defined.
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4.1. Existence of solutions. In Theorem 3.5 we have proved the existence of
the control-to-state map S : A → H1

0 (Ω) ∩ C0,ς(Ω̄), which assigns to a control u the
unique state y that solves (4.2). With this map in hand, we introduce the notion of
global solution: ū ∈ Uad is a global solution of (4.1)–(4.2) if J(S(ū), ū) ≤ J(S(u), u)
for all u ∈ Uad. If ū is a global solution, the pair (ȳ, ū), where ȳ = S(ū), is called a
globally optimal state–control pair.

The existence of a globally optimal state–control pair is as follows.

Theorem 4.1 (existence of global solutions). The control problem (4.1)–(4.2) ad-
mits at least one globally optimal state–control pair (ȳ, ū) ∈ H1

0 (Ω) ∩ C0,ς(Ω̄)× Uad.

Proof. The proof follows from an adaptation of the arguments elaborated in the
proof of [43, Theorem 4.15] to our bilinear scenario with pointwise tracking. For
brevity, we omit the details.

4.2. The adjoint equation. To derive optimality conditions, we introduce the
adjoint equation. Let u ∈ A and let y = S(u) (cf. Theorem 3.5). Let r be such that

(4.4) r ∈ (1, 2) if d = 2, r ∈
[
6
5 ,

3
2

)
if d = 3,

and let s be the Hölder conjugate of r, i.e., s is such that 1/r + 1/s = 1. We note
that s > d. In this framework, we introduce the adjoint equation as follows: Find
p ∈W 1,r

0 (Ω) such that

(4.5)

ˆ
Ω

∇w ·∇pdx+
ˆ
Ω

[
∂a
∂y (·, y) + u

]
pwdx =

∑
t∈D

⟨(y(t)−yt)δt, w⟩ ∀w ∈W 1,s
0 (Ω).

Here, ⟨·, ·⟩ denotes the duality pairing between W−1,r(Ω) and W 1,s
0 (Ω). We note

that the restriction r ≥ 6/5 in three dimensions in (4.4) guarantees that the term
([∂a/∂y(·, y) + u]w, p)L2(Ω) in (4.5) is well-defined because

p ∈W 1,r
0 (Ω) ↪→ L2(Ω), w ∈W 1,s

0 (Ω) ↪→ C(Ω̄);

see [1, Theorem 4.12, Part I, Case C] and [1, Theorem 4.12, Part II], respectively.

4.2.1. Well-posedness. We now establish the well-posedness of the adjoint
problem (4.5). To do so, we consider two cases: u ∈ A0 and u ∈ A \ A0.

Theorem 4.2 (well-posedness of the adjoint problem I). Let u ∈ A0, let y =
S(u), and let r be as in (4.4). Then, there is a unique solution p ∈W 1,r

0 (Ω) for (4.5).
Moreover, we have the bound

(4.6) ∥∇p∥Lr(Ω) ≲ ∥f − a(·, 0)∥L2(Ω) +
∑
t∈D

|yt|,

where the hidden constant depends on #D but is independent of p.

Proof. If u ∈ A0, the proof follows from slight modifications of the arguments
developed in the proof of [41, Théorème 9.1]. It is important to note that in our
framework the strict positivity of the reactive coefficient required in [41, Théorème
9.1, assumptions (9.2) and (9.2’)] can be relaxed so that it is nonnegative a.e. in Ω.

To analyze the well-posedness of (4.5) in the case that u ∈ A \ A0, we introduce
the following bilinear form: Qu :W 1,r

0 (Ω)×W 1,s
0 (Ω) → R, where

Qu(v, w) :=

ˆ
Ω

∇w · ∇vdx+

ˆ
Ω

[
∂a

∂y
(·, y) + u

]
vwdx, u ∈ L2(Ω).
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It is immediate that Qu is well-defined and continuous in W 1,r
0 (Ω)×W 1,s

0 (Ω). More-
over, the well-posedness result of Lemma 4.2 directly implies the following inf-sup
condition for u ∈ A0 [20, Theorem 2.6]: there exists β > 0 such that

(4.7) β∥∇v∥Lr(Ω) ≤ sup
w∈W 1,s

0 (Ω)

Qu(v, w)

∥∇w∥Ls(Ω)
∀v ∈W 1,r

0 (Ω).

To present the next result, we further restrict εū in the definition of A in (3.12):

(4.8) A ⊂ L2(Ω), A =
⋃

ū∈A0

Bεū(ū), 0 < εū < min{C−2
4↪→2, βC

−1
2↪→rC

−1
∞↪→s},

where C2↪→r and C∞↪→s denote the constants involved in W 1,r
0 (Ω) ↪→ L2(Ω) and

W 1,s
0 (Ω) ↪→ C(Ω̄), respectively. The well-posedness of the problem (4.5) for u ∈ A\A0

is therefore as follows.

Theorem 4.3 (well-posedness of the adjoint problem II). Let u ∈ A \ A0 and
let y = S(u). Let r be as in (4.4). Then, there is a unique solution p ∈ W 1,r

0 (Ω) for
(4.5) that satisfies the bound (4.6) with a hidden constant that depends on u and #D
but is independent of p.

Proof. Let u ∈ A \ A0. We rewrite the adjoint problem (4.5) as follows:

(4.9) p ∈W 1,r
0 (Ω) : Qu(p, w) =

∑
t∈D

⟨(y(t)− yt)δt, w⟩ ∀w ∈W 1,s
0 (Ω).

To examine the well-posedness of (4.9), we verify the conditions (BNB1) and (BNB2)
in [20, Theorem 2.6] for Qu.

(BNB1): We first verify the inf-sup condition forQu in [20, Theorem 2.6, (BNB1)].
Since u ∈ A, from (4.8) there exists ū ∈ A0 and an open ball Bεū(ū) ⊂ L2(Ω) such
that u ∈ Bεū(ū). Let us now observe that for all v ∈W 1,r

0 (Ω) and for all w ∈W 1,s
0 (Ω),

Qu(v, w) = Qū(v, w) + ((u− ū), vw)L2(Ω). It therefore follows from (4.7) that

β̃∥∇v∥Lr(Ω) ≤ sup
w∈W 1,s

0 (Ω)

Qu(v, w)

∥∇w∥Ls(Ω)
∀v ∈W 1,r

0 (Ω),

where β̃ := β−C2↪→rC∞↪→sεū. The modification in (4.8) leads to the conclusion that
β̃ > 0.

(BNB2): We now verify the second condition forQu in [20, Theorem 2.6, (BNB2)].
Let w ∈W 1,s

0 (Ω) be such that

(4.10) Qu(v, w) = 0 ∀v ∈W 1,r
0 (Ω).

We need to prove that w ≡ 0. To do this, we first note that (4.10) holds for all
v ∈ W 1,s

0 (Ω). In fact, since r < s, it follows that W 1,s
0 (Ω) ↪→ W 1,r

0 (Ω). We can
therefore set v = w in (4.10) and proceed as in Remark 3.6 to obtain that

0 = Qu(w,w) ≥ (1− εūC
2
4↪→2)∥∇w∥2L2(Ω) ≥ 0.

From this inequality and (4.8) it follows that w ≡ 0, as we intended to show.
The stability estimate (4.6) follows from an application of the bound (2.5) in [20,

Theorem 2.6].
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4.2.2. The control-to-adjoint state map: differentiability. We define the
control-to-adjoint state map as follows: Φ : A → W 1,r

0 (Ω), which, given a control
u ∈ A, associates to it the unique adjoint state p = Φ(u) that solves (4.5). Here, A
is described in (4.8). In light of Theorems 4.2 and 4.3, the map Φ is well-defined. In
the following result, we show that Φ is differentiable.

Theorem 4.4 (differentiability properties of u 7→ p). Let r be as in (4.4). Then,
the map Φ : A → W 1,r

0 (Ω) is of class C1. Moreover, for every u ∈ A and for every
h ∈ L2(Ω), the function η = Φ′(u)h ∈W 1,r

0 (Ω) is the unique solution to

(4.11)

ˆ
Ω

∇w · ∇ηdx+

ˆ
Ω

[
∂a

∂y
(·, y) + u

]
ηwdx

=
∑
t∈D

⟨z(t)δt, w⟩ −
ˆ
Ω

[
∂2a

∂y2
(·, y)z + h

]
pwdx ∀w ∈W 1,s

0 (Ω),

where r−1 + s−1 = 1, y = S(u), and z = S ′(u)h.

Proof. First, we show that problem (4.11) is well-posed. To this end, we note
that the involved bilinear form Qu satisfies the conditions (BNB1) and (BNB2) in
[20, Theorem 2.6] provided that u ∈ A; see Theorems 4.2 and 4.3. We also note that,
since y ∈ H1

0 (Ω) ∩C0,ς(Ω̄) (cf. Theorem 3.2), z ∈ H1
0 (Ω) ∩C0,ς(Ω̄) (cf. Theorem 3.5)

and p ∈ W 1,r
0 (Ω) (cf. Theorems 4.2 and 4.3), it can be proved that the forcing term

in (4.11) belongs to W−1,r(Ω). Thus, we have all the ingredients for the application
of [20, Theorem 2.6] and can deduce that problem (4.11) is well-posed.

To prove the differentiability of Φ, we define

G : A×W 1,r
0 (Ω) →W−1,r(Ω), G(u, p) := −∆p+

(
∂a
∂y (·, y) + u

)
p−

∑
t∈D

(y(t)−yt)δt,

where y = S(u). From (A.1)–(A.3) it follows that G is well-defined and that G is of
class C1. Moreover, for (ū, p̄) ∈ A×W 1,r

0 (Ω), the derivative ∂G
∂p (ū, p̄) is given by

∂G

∂p
(ū, p̄) :W 1,r

0 (Ω) →W−1,r(Ω), h 7→ −∆h+

(
∂a

∂y
(·, ȳ) + ū

)
h,

where ȳ = S(ū). The map ∂G/∂p(ū, p̄) is linear and continuous. It satisfies the bound

(4.12)

∥∥∥∥∂G∂p (ū, p̄)h
∥∥∥∥
W−1,r(Ω)

≲ (1+Ca,m|Ω|
1
2 +∥ū∥L2(Ω))∥∇h∥Lr(Ω) ∀h ∈W 1,r

0 (Ω).

Applying the results of Theorems 4.2 and 4.3, we deduce that ∂G/∂p(ū, p̄) is a bi-
jection. From this, from the bound (4.12), and from the application of the open
mapping theorem, we can conclude that ∂G/∂p(ū, p̄) is an isomorphism. An applica-
tion of the implicit function theorem thus implies that Φ is of class C1. Finally, the
fact that η = Φ′(u)h is the solution of (4.11) follows from differentiating the relation
G(u,Φ(u)) = 0. This concludes the proof.

4.2.3. Regularity results. We now analyze suitable regularity properties for
the solution of the adjoint problem, which are important to derive regularity properties
for locally optimal controls. To begin our analysis, we introduce the set

(4.13) E := {t ∈ D : y(t) ̸= yt} .
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We immediately note that if E = ∅, then p ≡ 0.
Following the arguments in the proofs of [9, Theorem 3.4] and [4, Lemma 5.2], we

now state and prove the following regularity result.

Theorem 4.5 (local regularity). Let r be as in (4.4). Let p ∈ W 1,r
0 (Ω) be the

solution of problem (4.5), where y = S(u) and u ∈ Uad. If Ω is a convex polytope,
then

(4.14) p ∈ H2
(
Ω \ ∪t∈EB̄t

)
∩ C0,1(Ω̄ \ ∪t∈EBt).

Here, Bt ⊂ Ω denotes an open ball centered at t ∈ E of strictly positive radius.

Proof. We assume that E ̸= ∅ and proceed as in the proof of [4, Lemma 5.2] and
[2, Theorem 3.4]. For every t ∈ E , let Bt and Ct be open balls with center in t and
strictly positive radii such that Bt ⋐ Ct ⊂ Ω. Let ψ : Ω → [0, 1] be a smooth function
satisfying the following conditions:

(4.15) ψ ≡ 1 in Ω \
⋃
t∈E

C̄t, ψ ≡ 0 in
⋃
t∈E

Bt, ψ > 0 in
⋃
t∈E

Ct \
⋃
t∈E

B̄t.

Define Ψ := ψp. Since p corresponds to the weak solution of (4.5), simple calculations
show that Ψ can be seen as the distributional solution of the following problem:

(4.16) −∆Ψ = −p∆ψ − 2∇p · ∇ψ − ∂a
∂y (·, y)pψ − upψ in Ω, Ψ = 0 on ∂Ω.

Define g := −p∆ψ − 2∇p · ∇ψ − ∂a
∂y (·, y)pψ − upψ. We note that

supp

[∑
t∈D

(y(t)− yt)δt

]
=

⋃
t∈E

{t} =⇒

[∑
t∈D

(y(t)− yt)δt

]
ψ ≡ 0,

because of the construction of ψ (cf. (4.15)). From the properties of p, ψ, a, y, and
u, it follows that g ∈ H−1(Ω). This implies that there is a unique Ψ ∈ H1

0 (Ω) which
solves (4.16). Moreover, it can also be proved that g ∈ Lr(Ω). This, the convexity
of Ω, and the regularity result of [23, Theorem 4.3.2.4] for d = 2 and [36, Theorem
4.3.2] for d = 3 guarantee that Ψ ∈ H1

0 (Ω) ∩W 2,r(Ω). This regularity result and the
properties of ψ show that p ∈W 2,r(Ω \ ∪t∈EB̄t).

We now use a bootstrap argument to improve the previously derived regularity
result for p. For this purpose, we use the embedding W 2,r(Ω \ ∪t∈EB̄t) ↪→ H1(Ω \
∪t∈EB̄t), which holds because r is as in (4.4), to obtain that g ∈ L2(Ω). By applying
[23, Theorem 4.3.1.4] for d = 2 and [36, Theorem 4.3.2] for d = 3, we obtain that
Ψ ∈ H2(Ω). From this we conclude that p ∈ H2(Ω \ ∪t∈EB̄t). Based on a Sobolev
embedding, this shows that p ∈W 1,6(Ω\∪t∈EB̄t). A second application of a bootstrap
argument with the improved derived regularity of p, in conjunction with [4, Lemma
4.1], allow us to obtain that Ψ ∈ W 1,∞(Ω). Relying on [25, Theorem 4.1], which
provides the equivalence W 1,∞(Ω) = C0,1(Ω̄), and the regularity properties of ψ, we
can finally conclude that p ∈ C0,1(Ω̄ \ ∪t∈EBt).

4.3. Optimality conditions. In this section, we analyze first and second order
optimality conditions for problem (4.1)–(4.2). Since this optimal control problem is
not convex, the optimality conditions are discussed in the context of local solutions in
L2(Ω) [43, page 207]. We say that ū ∈ Uad is a local solution of problem (4.1)–(4.2)
in the sense of L2(Ω) if there exists ε > 0 such that

J(S(ū), ū) ≤ J(S(u), u) ∀u ∈ Uad : ∥u− ū∥L2(Ω) ≤ ε.
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ū ∈ Uad is called a strict local solution in the sense of L2(Ω) if there exists ε > 0 such
that J(S(ū), ū) < J(S(u), u) for all u ∈ Uad \ {ū} such that ∥u− ū∥L2(Ω) ≤ ε.

4.3.1. The reduced cost functional. To derive first and second order opti-
mality conditions, we introduce the reduced cost functional j as follows:

(4.17) j : A → R, j(u) := J(S(u), u).
We recall that A ⊂ L2(Ω) is defined in (4.8). We now analyze differentiability prop-
erties of the cost functional j.

Lemma 4.6 (differentiability of j). Let u ∈ A, let y = S(u), and let p = Φ(u),
where Φ is defined in Theorem 4.4. The functional j is of class C2 and the derivatives
of j are given by the following expressions:

j′(u)h =

ˆ
Ω

(αu− yp)hdx ∀h ∈ L2(Ω),(4.18)

j′′(u)(h1, h2) =

ˆ
Ω

(αh2 − z2p− yη2)h1dx =

ˆ
Ω

(αh1 − z1p− yη1)h2dx(4.19)

for all h1, h2 ∈ L2(Ω). Here, zi = S ′(u)hi and ηi = Φ′(u)hi, where i ∈ {1, 2}.
Proof. The fact that j belongs to the class C2 follows from the chain rule in

conjunction with the fact that S belongs to the class C2; see Theorem 3.5.
Let us now derive (4.18). Let h ∈ L2(Ω) and note that

(4.20) j′(u)h =
∑
t∈D

(y(t)− yt) · z(t) + (αu, h)L2(Ω),

where z = S ′(u)h solves (3.9). Thus, it suffices to analyze
∑

t∈D(y(t)−yt)·z(t). To do
this, we set w = z in (4.5). This is possible because z belongs to H1

0 (Ω)∩W 1,κ(Ω) for
some κ > 4 in two dimensions and for some κ > 3 in three dimensions; see Theorem
3.5. From this it can be deduced that

(4.21)

ˆ
Ω

[
∇z · ∇p+

(
∂a

∂y
(·, y) + u

)
pz

]
dx =

∑
t∈D

(y(t)− yt) · z(t).

We would now like to set v = p in the problem that solves z, i.e., problem (3.9).
Unfortunately, this is not possible because p does not belong to H1

0 (Ω). To solve
this situation, we use a density argument as in the proof of [3, Theorem 1]: Let
{pk}k∈N ⊂ C∞

0 (Ω) be such that pk → p in W 1,r
0 (Ω) as k ↑ ∞. Since pk ∈ H1

0 (Ω), we
can set v = pk in (3.9) and obtain the following relation

(4.22)

ˆ
Ω

[
∇z · ∇pk +

(
∂a

∂y
(·, y) + u

)
zpk

]
dx = −

ˆ
Ω

hypkdx ∀k ∈ N.

From the fact that p ∈ W 1,r
0 (Ω) for every r < d/(d − 1) and in particular for an r

arbitrarily close to d/(d− 1), we deduce that z ∈ H1
0 (Ω) ∩W 1,κ(Ω) ↪→ W 1,s

0 (Ω). We
therefore use that y ∈ H1

0 (Ω)∩C0,ς(Ω̄) (cf. Theorem 3.2), that u, h ∈ L2(Ω), and that
pk → p in W 1,r

0 (Ω) as k ↑ ∞, to obtain∣∣∣∣ˆ
Ω

∇z · ∇pdx−
ˆ
Ω

∇z · ∇pkdx
∣∣∣∣ ≤ ∥∇z∥Ls(Ω)∥∇(p− pk)∥Lr(Ω) → 0,∣∣∣∣ˆ

Ω

∂a

∂y
(·, y)zpdx−

ˆ
Ω

∂a

∂y
(·, y)zpkdx

∣∣∣∣ ≤ Ca,m∥z∥C(Ω̄)∥p− pk∥L1(Ω) → 0,∣∣∣∣ˆ
Ω

hypdx−
ˆ
Ω

hypkdx

∣∣∣∣ ≤ ∥h∥L2(Ω)∥y∥C(Ω̄)∥p− pk∥L2(Ω) → 0,
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and (uz, pk)L2(Ω) → (uz, p)L2(Ω) as k ↑ ∞. Taking the limit in (4.22) as k ↑ ∞, we
can therefore conclude that

(4.23)

ˆ
Ω

[
∇z · ∇pdx+

(
∂a

∂y
(·, y) + u

)
zp

]
dx = −(hy, p)L2(Ω).

Comparing (4.23) and (4.21), we obtain −(hy, p)L2(Ω) =
∑

t∈D(y(t) − yt) · z(t). Re-
placing this identity into (4.20), we obtain the desired identity (4.18).

Finally, (4.19) follows from (4.18), Theorems 3.5 and 4.4, and the fact that j is of
class C2, which guarantees that j′′(u)(h1, h2) = j′′(u)(h2, h1) for every h1, h2 ∈ L2(Ω);
see [28, Remark 1.2.2]. For the sake of brevity, we omit the details.

4.3.2. First order optimality conditions. From the differentiability proper-
ties obtained in Lemma 4.6, we can derive first order optimality conditions.

Theorem 4.7 (necessary first order optimality conditions). Every locally optimal
control ū ∈ Uad satisfies the following variational inequality:

(4.24) (αū− ȳp̄, u− ū)L2(Ω) ≥ 0 ∀u ∈ Uad,

where ȳ = S(ū) and p̄ = Φ(ū), i.e., p̄ is the solution to (4.5) with u and y replaced by
ū and ȳ, respectively.

Proof. If ū ∈ Uad is a locally optimal control for problem (4.1)–(4.2), then
j′(ū)(u − ū) ≥ 0 for all u ∈ Uad [43, Lemma 4.18]. Thus, the desired result fol-
lows directly from the characterization of j′ given in (4.18).

4.3.3. Second order optimality conditions. We now establish necessary and
sufficient second order optimality conditions. To do so, we first introduce some pre-
liminary considerations. Let (ȳ, p̄, ū) ∈ H1

0 (Ω) ∩ C0,ς(Ω̄)×W 1,r
0 (Ω)× Uad satisfy the

first order optimality conditions (3.2), (4.5), and (4.24). Define p̄ := αū − ȳp̄. Since
ū ∈ Uad ⊂ A ⊂ L2(Ω) and p̄ ∈ W 1,r

0 (Ω) ↪→ L2(Ω) (recall that r is as in (4.4)), it
follows that p̄ ∈ L2(Ω). On the other hand, we note that the variational inequality
(4.24) implies for a.e. x ∈ Ω:

(4.25) p̄(x) ≥ 0 if ū(x) = a, p̄(x) ≤ 0 if ū(x) = b, p̄(x) = 0 if a < ū(x) < b.

We now introduce the cone of critical directions

(4.26) Cū :=
{
h ∈ L2(Ω) satisfying (4.27) and h(x) = 0 if p̄(x) ̸= 0 a.e. x ∈ Ω

}
,

where the condition (4.27) reads as follows:

(4.27) h(x) ≥ 0 a.e x ∈ Ω if ū(x) = a, h(x) ≤ 0 a.e x ∈ Ω if ū(x) = b;

compare with [11, definition (3.8)] and [12, definition (2.14)].
With these definitions, we can now formulate and prove necessary and sufficient

second order optimality conditions.

Theorem 4.8 (second order optimality conditions). If ū ∈ Uad is a locally
optimal control for (4.1)–(4.2), then j′′(ū)h2 ≥ 0 for all h ∈ Cū. Conversely, if
(ȳ, p̄, ū) satisfies the first order optimality conditions (3.2), (4.5), and (4.24) and
j′′(ū)h2 > 0 for all h in Cū \ {0}, then there exist µ > 0 and σ > 0 such that

(4.28) j(u) ≥ j(ū) +
µ

2
∥u− ū∥2L2(Ω) ∀u ∈ Uad : ∥u− ū∥L2(Ω) ≤ σ.

In particular, ū ∈ Uad is a locally optimal control for (4.1)–(4.2) in the sense of L2(Ω).
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Proof. The proof of the second order necessary optimality condition, if ū ∈ Uad

is a locally optimal control for (4.1)–(4.2), then j′′(ū)h2 ≥ 0 for all h ∈ Cū, follows
from the arguments developed in [15, Theorem 23, item i)].

We now present a proof of the sufficient condition using a contradiction argument.
Assume that (4.28) does not hold: For every k ∈ N there exists uk ∈ Uad such that

(4.29) ∥uk − ū∥L2(Ω) < k−1, j(uk) < j(ū) + (2k)−1∥uk − ū∥2L2(Ω).

Define, ρk := ∥uk−ū∥L2(Ω) and hk := ρ−1
k (uk−ū) (k ∈ N). There exists a nonrelabeled

subsequence such that hk ⇀ h in L2(Ω) as k ↑ ∞. We now proceed in three steps.
Step 1. We prove that h ∈ Cū. First, we note that h satisfies (4.27); see [15,

Theorem 23, item ii)]. It remains to prove that h(x) = 0 if p̄(x) ̸= 0 for a.e. x ∈ Ω.
To do this, we use the mean value theorem and (4.29) and obtain

(4.30) j′(ũk)hk = ρ−1
k (j(uk)− j(ū)) < ρk

2k → 0 k ↑ ∞, ũk = ū+ θk(uk − ū),

where θk ∈ (0, 1). We note that for every k ∈ N, it holds that ũk ∈ Uad. From
Lemma 4.6, it follows that j′(ũk)hk = (αũk − ỹkp̃k, hk)L2(Ω) for every k ∈ N, where
ỹk = S(ũk) and p̃k = Φ(ũk). In the following we prove that j′(ũk)hk → j′(ū)h as
k ↑ ∞. We start by noting that ȳ − ỹk is such that

(4.31) ȳ − ỹk ∈ H1
0 (Ω) : (∇(ȳ − ỹk),∇v)L2(Ω) + (Θ(·, yk)(ȳ − ỹk), v)L2(Ω)

+ (ū(ȳ − ỹk), v)L2(Ω) = −(ỹk(ū− ũk), v)L2(Ω) ∀v ∈ H1
0 (Ω).

Here, for every k ∈ N, yk := ȳ+ θ̃k(ỹk− ȳ), where θ̃k ∈ (0, 1), and Θ(·, z) = ∂a/∂z(·, z)
a.e. in Ω and for all z ∈ R. We note that, since ū ∈ Uad, we have ū ∈ A0; see
assumption 4.3. We can therefore apply the Lax-Milgram lemma and the arguments
developed in the proof of Theorem 3.2 to deduce that

(4.32) ∥∇(ȳ − ỹk)∥L2(Ω) + ∥ȳ − ỹk∥C0,ς(Ω̄) ≲ ∥ū− ũk∥L2(Ω).

To derive the bound in C0,ς(Ω̄) we have used that ∥ȳ−ỹk∥L∞(Ω) ≲ ∥ỹk(ū−ũk)∥Lq(Ω) ≤
∥ỹk∥L∞(Ω)∥ū− ũk∥L2(Ω) ≲ ∥f−a(·, 0)∥Lq(Ω)∥ū− ũk∥L2(Ω), where the hidden constants
are independent of k. We now use that ∥ū − ũk∥L2(Ω) → 0 as k ↑ ∞, which follows
from (4.29), to deduce that ỹk → ȳ in H1

0 (Ω) ∩ C0,ς(Ω̄) as k ↑ ∞. Similarly, using
Theorem 4.2 we can conclude that

(4.33) ∥∇(p̄− p̃k)∥Lr(Ω) ≲ ∥ū− ũk∥L2(Ω) → 0

as k ↑ ∞. The convergence properties (4.32) and (4.33) allow us to conclude that
p̃k := αũk − ỹkp̃k → p̄ = αū − ȳp̄ in L2(Ω) as k ↑ ∞. This and hk ⇀ h in L2(Ω) as
k ↑ ∞ show that j′(ũk)hk → j′(ū)h as k ↑ ∞. We therefore use (4.30) and obtain
j′(ū)h ≤ 0; see [15, Theorem 23, item ii)] for details. The remainder of the proof
follows from [15, Theorem 23, item ii)]. Thus, we have h ∈ Cū.

Step 2. We prove that h ≡ 0. In a first step, we use Taylor’s theorem, j′(ū)hk ≥ 0
for every k ∈ N, and the estimate on the right hand side of (4.29) to obtain

(4.34)
ρ2
k

2 j
′′(ûk)h

2
k = j(uk)− j(ū)− j′(ū)(uk − ū) <

ρ2
k

2k , k ∈ N,

where ûk := ū+ θk(uk − ū) with θk ∈ (0, 1). Therefore, lim infk↑∞ j′′(ûk)h
2
k ≤ 0.
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In the following, we prove that j′′(ū)h2 ≤ lim infk↑∞ j′′(ûk)h
2
k. For this purpose,

we first use the characterization of j′′ from Lemma 4.6 and write

j′′(ûk)h
2
k = α∥hk∥2L2(Ω) − (ẑkp̂k + ŷkη̂k, hk)L2(Ω).(4.35)

Here, ŷk = S(ûk), ẑk = S ′(ûk)hk, p̂k = Φ(ûk), and η̂k = Φ′(ûk)hk, where S and S ′ are
as in the statement of Theorem 3.5 and Φ and Φ′ are as in the statement of Theorem
4.4. Let us now analyze the convergence of {ŷk}k∈N, {ẑk}k∈N, {p̂k}k∈N, and {η̂k}k∈N.

In a first step, we analyze the convergence of {ŷk}k∈N and {p̂k}k∈N. Using similar
arguments as in the derivation of (4.32) and (4.33) in Step 1, we obtain that

(4.36) ∥∇(ȳ − ŷk)∥L2(Ω) + ∥ȳ − ŷk∥C0,ς(Ω̄) + ∥∇(p̄− p̂k)∥Lr(Ω) ≲ ∥ū− ûk∥L2(Ω).

Thus, ŷk → ȳ in H1
0 (Ω) ∩ C0,ς(Ω̄) and p̂k → p̄ in W 1,r

0 (Ω) as k ↑ ∞, because ∥ū −
ûk∥L2(Ω) ≤ ∥ū−uk∥L2(Ω) → 0 as k ↑ ∞ (see the bound in the left hand side of (4.29)).

In a second step, we prove that ẑk → z̄ = S ′(ū)h in H1
0 (Ω) ∩ C0,ς(Ω̄) as k ↑ ∞.

To do this, we note that z̄ − ẑk ∈ H1
0 (Ω) solves the problem

(∇(z̄ − ẑk),∇v)L2(Ω) +
([

∂a
∂y (·, ȳ) + ū

]
(z̄ − ẑk), v

)
L2(Ω)

= −((h− hk)ȳ, v)L2(Ω)

− (hk(ȳ − ŷk), v)L2(Ω) −
([

∂a
∂y (·, ȳ)−

∂a
∂y (·, ŷk)

]
ẑk, v

)
L2(Ω)

− ((ū− ûk)ẑk, v)L2(Ω)

for all v ∈ H1
0 (Ω). Note that, by definition, ∥hk∥L2(Ω) = 1 and that ∥∇ẑk∥L2(Ω) ≲

∥f − a(·, 0)∥H−1(Ω) for all k ∈ N. If we set v = z̄ − ẑk in the previous problem and
use that ū ∈ A0, the uniform boundedness of the sequences {hk}k∈N and {ẑk}k∈N
in L2(Ω) and H1

0 (Ω), respectively, and the bound (4.36), we can obtain the estimate
∥∇(z̄ − ẑk)∥L2(Ω) ≲ ∥h − hk∥H−1(Ω) + ∥ū − ûk∥L2(Ω). We now prove that ẑk → z̄
in W 1,κ(Ω) as k ↑ ∞, where κ > 4 if d = 2 and κ > 3 if d = 3. We proceed
using a bootstrap argument and [27, Theorem 0.5]: First, we prove that z̄ − ẑk ∈
H1

0 (Ω) ∩W 1,3(Ω) and then that z̄ − ẑk ∈ H1
0 (Ω) ∩W 1,κ(Ω) with

(4.37) ∥∇(z̄ − ẑk)∥Lκ(Ω) ≲ ∥h− hk∥W−1,κ(Ω) + ∥ū− ûk∥L2(Ω).

The last step is to use that L2(Ω) ↪→ W−1,κ(Ω) is compact in order to deduce that
ẑk → z̄ in H1

0 (Ω) ∩W 1,κ(Ω) as k ↑ ∞. This implies that ẑk → z̄ in C(Ω̄) as k ↑ ∞.
We now prove that η̂k → η̄ = Φ′(ū)h in W 1,r

0 (Ω) as k ↑ ∞. To this end, we apply
a stability bound for the problem that solves η̄ − η̂k ∈W 1,r

0 (Ω) and obtain

(4.38) ∥∇(η̄ − η̂k)∥Lr(Ω) ≲
∑
t∈D

|z̄(t)− ẑk(t)|+
∥∥∥[∂a

∂y (·, ȳ)−
∂a
∂y (·, ŷk)

]
η̂k

∥∥∥
W−1,r(Ω)

+ ∥(ū− ûk)η̂k∥W−1,r(Ω) +
∥∥∥[∂2a

∂y2 (·, ȳ)z̄ + h
]
p̄−

[
∂2a
∂y2 (·, ŷk)ẑk + hk

]
p̂k

∥∥∥
W−1,r(Ω)

:= Ik + IIk + IIIk + IVk.

The control of Ik follows directly from (4.37): Ik ≲ ∥z̄− ẑk∥C(Ω̄) ≲ ∥∇(z̄− ẑk)∥Lκ(Ω).
This implies that Ik → 0 as k ↑ ∞. We now proceed with the analysis of IIk and
IIIk. To this end, we first note that the uniform boundedness of {ŷk}k∈N, {ẑk}k∈N,
and {p̂k}k∈N in L∞(Ω), L∞(Ω), and W 1,r

0 (Ω), respectively, allow us to conclude that
{η̂k}k∈N is uniformly bounded in W 1,r

0 (Ω). This, the bound (4.36), and the fact that
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ûk → ū in L2(Ω) imply that IIk → 0 as k ↑ ∞. Similarly, IIIk → 0 as k ↑ ∞. It
remains to examine IVk. Straightforward calculations show that

IVk ≤
∥∥∥[∂2a

∂y2 (·, ȳ)− ∂2a
∂y2 (·, ŷk)

]
z̄p̄

∥∥∥
W−1,r(Ω)

+
∥∥∥∂2a
∂y2 (·, ŷk)(z̄ − ẑk)p̄

∥∥∥
W−1,r(Ω)

+
∥∥∥∂2a
∂y2 (·, ŷk)ẑk(p̄− p̂k)

∥∥∥
W−1,r(Ω)

+ ∥h(p̄− p̂k)∥W−1,r(Ω) + ∥(h− hk)p̂k∥W−1,r(Ω).

Similarly, we estimate the terms that appear on the right hand side of the previous
inequality. In fact, we use the bounds (4.36) and (4.37), the uniform boundedness
of the sequences {ŷk}k∈N and {ẑk}k∈N in L∞(Ω) and L2(Ω), respectively, hk ⇀ h in
L2(Ω), and ûk → ū in L2(Ω) as k ↑ ∞ in order to deduce that IVk → 0 as k ↑ ∞.
Consequently, we can deduce that η̂k → η̄ in W 1,r

0 (Ω) as k ↑ ∞.
At this point, we have thus concluded that ŷk → ȳ in H1

0 (Ω)∩C0,ς(Ω̄), p̂k → p̄ in
W 1,r

0 (Ω), ẑk → z̄ inW 1,κ
0 (Ω), and that η̂k → η̄ inW 1,r

0 (Ω) as k ↑ ∞. We thus proceed
as in [15, Theorem 23, item ii)] and deduce that j′′(ū)h2 ≤ 0. Since j′′(ū)v2 > 0 for
all v ∈ Cū \ {0} and h ∈ Cū, we conclude that h ≡ 0.

Step 3. Contradiction. Proceeding as in [15, Theorem 23, item ii)], we conclude
that α ≤ 0. This contradicts the fact that α > 0 and completes the proof.

Define Cτ
ū :=

{
h ∈ L2(Ω) satisfying (4.27) and h(x) = 0 if |p̄(x)| > τ

}
. We con-

clude this section with the following equivalence result.

Theorem 4.9 (equivalent optimal conditions). If (ȳ, p̄, ū) satisfies the first order
conditions (3.2), (4.5), and (4.24), then the following statements are equivalent:

(4.39) j′′(ū)h2 > 0 ∀h ∈ Cū \ {0}

and

(4.40) ∃µ, τ > 0 : j′′(ū)h2 ≥ µ∥h∥2L2(Ω) ∀h ∈ Cτ
ū .

Proof. The proof essentially follows the same arguments as in the proof of [15,
Theorem 25], in combination with the ideas developed in the proof of Theorem 4.8.
For the sake of brevity, we omit details.

5. Regularity properties of an optimal control. In this section, we discuss
regularity properties of a locally optimal control for the problem (4.1)–(4.2).

5.1. H1(Ω)-regularity on Lipschitz domains. Let Π[a,b] : L
1(Ω) → Uad be

the nonlinear operator defined by Π[a,b](v) := min{b,max{a, v}} a.e. in Ω. We note
that Π[a,b] can be written equivalently as follows:

(5.1) Π[a,b](v) = v +max{0, a− v} −max{0,−b+ v}.

With the nonlinear operator Π[a,b] in hand, we have the following projection formula
[43, section 4.6]: If ū denotes a locally optimal control for problem (4.1)–(4.2), then

(5.2) ū(x) = Π[a,b]

(
α−1ȳ(x)p̄(x)

)
for a.e. x ∈ Ω.

We now provide an H1(Ω)-regularity result for a locally optimal control ū.

Theorem 5.1 (H1(Ω)-regularity of ū). If ū is a locally optimal control, then
ū ∈ H1(Ω).
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Proof. Define ϕ := α−1ȳp̄. By suitable applications of Hölder’s inequality and
using the regularity properties ȳ ∈ H1

0 (Ω) ∩ W 1,κ(Ω) (cf. Theorem 3.2) and p̄ ∈
W 1,r

0 (Ω) for every r < d/(d − 1) such that (4.4) holds, it follows that ϕ ∈ W 1,r
0 (Ω).

Then, −∆ϕ can be identified with a measure λ in Ω [41, 8]. With these elements, the
desired regularity of ū follows from the projection formula (5.2) and [16, Lemma 3.3].
This concludes the proof.

5.2. Additional regularity properties on convex polytopal domains. In
the following, we assume that Ω is a convex polytope and that the data are sufficiently
regular. We then obtain an additional regularity result for a locally optimal control.

Theorem 5.2 (local/global Lipschitz regularity of ū). Let us assume that Ω is a
convex polytopal domain. Let ū be a locally optimal control. If f, a(·, 0) ∈ Lη(Ω), for
some η > d, then ū ∈ W 1,∞(Ω \ ∪t∈EB̄t(ρt)), where Bt(ρt) ⊂ Ω denotes an open ball
with center t and a positive radius ρt. Moveover, if d = 2 and a > 0, then ū ∈ C0,1(Ω̄).

Proof. For the sake of simplicity, we assume that D = E = {t} and omit the
subindex t in ρt. We recall that E is defined in (4.13). The case t ̸∈ E is discussed in
Remark 5.3 below.

First, we use (5.1) and [31, Theorem A.1] to conclude that ∇ū = α−1∇(ȳp̄)χ
in the sense of distributions, where χ denotes the characteristic function of the set
{x ∈ Ω : a < α−1ȳ(x)p̄(x) < b}. Taking this formula into account, we obtain

(5.3) ∥∇ū∥L∞(Ω) ≤ α−1
(
∥∇(ȳp̄)χ∥L∞(Ω\B̄t(ρ)) + ∥∇(ȳp̄)χ∥L∞(Bt(ρ))

)
,

where Bt(ρ) is as in the statement of the theorem. Define I := ∥∇(ȳp̄)χ∥L∞(Ω\B̄t(ρ)).
To control I, we use the fact that Ω is a convex polytope and that f, a(·, 0) ∈ Lη(Ω),
for some η > d, and apply the regularity results of [4, Lemma 4.1] and Theorem 4.5
to obtain

ȳ ∈W 1,∞(Ω), p̄ ∈ H2(Ω \ B̄t(ρ)) ∩ C0,1(Ω̄ \Bt(ρ)).

Consequently,

(5.4) I ≤ ∥p̄∥L∞(Ω\B̄t(ρ))∥∇ȳ∥L∞(Ω) + ∥ȳ∥L∞(Ω)∥∇p̄∥L∞(Ω\B̄t(ρ)) <∞.

This shows that ū ∈ W 1,∞(Ω \ B̄t(ρ)) in both two and three dimensions and proves
the first assertion of the theorem.

We now bound ∥∇(ȳp̄)χ∥L∞(Bt(ρ)) in (5.3). We proceed in two cases.
Case 1. ȳ(t) ̸= 0. Given that t ∈ E , we have that 0 ̸= ȳ(t) ̸= yt. We now use that

ȳ ∈ C(Ω̄) (cf. Theorem 3.2) to conclude that there exists ε > 0 such that ȳ ̸= 0 in
B̄t(ε). Assume that ε ∈ (0, ρ). We thus have that ζ := min

{
|ȳ(x)| : x ∈ B̄t(ε)

}
> 0.

Define c := max{|a|, |b|} and letM > αζ−1c. An application of [4, Lemma 5.1] shows
that there exists δ such that |p̄(x)| ≥ M for all x ∈ B̄t(δ). Assume that δ ∈ (0, ε).
From these properties, we can thus deduce that

|α−1ȳ(x)p̄(x)| ≥ α−1 min
{
|ȳ(x)| : x ∈ B̄t(δ)

}
|p̄(x)| > α−1ζ(αζ−1c) = c ∀x ∈ B̄t(δ).

Since, by definition, c = max{|a|, |b|}, we can conclude that the ball B̄t(δ) is such
that χ ≡ 0 in B̄t(δ). Recall that χ is the characteristic function of {x ∈ Ω : a <
α−1ȳ(x)p̄(x) < b}. We thus proceed as follows:

∥∇(ȳp̄)χ∥L∞(Bt(ρ)) = ∥∇(ȳp̄)χ∥L∞(Bt(ρ)\B̄t(δ)) ≤ ∥∇(ȳp̄)χ∥L∞(Ω\B̄t(δ)) <∞.

To control the last term, we have used the regularity results of [4, Lemma 4.1] and
Theorem 4.5 as in the derivation of (5.4).
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Case 2. ȳ(t) = 0. Given that t ∈ E , we have 0 = ȳ(t) ̸= yt. In this case,
we assume d = 2 and a > 0. We begin the analysis with the following asymptotic
behavior of p̄ near t [35, 24, 21, 42, 30, 39]:

(5.5) |p̄(x)| ≲ | log |x− t||+ 1.

We now use that ȳ(t) = 0, ȳ ∈W 1,∞(Ω), and that W 1,∞(Ω) = C0,1(Ω̄) [25, Theorem
4.1] to deduce that

(5.6) |ȳ(x)p̄(x)| = |(ȳ(x)− ȳ(t))p̄(x)| ≲ |x− t| · (| log |x− t||+ 1) → 0, x→ t.

Since a > 0, this shows the existence of δ > 0 such that α−1|ȳ(x)p̄(x)| < a for all x ∈
Bt(δ). Consequently, Bt(δ) is such that χ ≡ 0 in Bt(δ) and thus ∥∇(ȳp̄)χ∥L∞(Bt(δ)) =
0. Assume that δ ∈ (0, ρ). The term ∥∇(ȳp̄)χ∥L∞(Bt(ρ)\Bt(δ)) is controlled as before.
As a result, we obtain that ∥∇(ȳp̄)χ∥L∞(Bt(ρ)) is bounded.

Having deduced that ∥∇(ȳp̄)χ∥L∞(Bt(ρ)) < ∞, we conclude that ∥∇(ȳp̄)χ∥L∞(Ω)

is bounded. The fact that W 1,∞(Ω) = C0,1(Ω̄) allows the conclusion to be drawn.

Remark 5.3 (t /∈ E). Let us illustrate the case where t ̸∈ E with two specific
examples: D = {t} and D = {t1, t2}.

(i) Let D = {t}, where t is such that t /∈ E , i.e., ȳ(t) = yt. Consequently, p̄ ≡ 0
in Ω and ū is a constant in Ω.

(ii) Let D = {t1, t2}, where t1 ∈ E and t2 /∈ E , i.e., ȳ(t1) ̸= yt1 and ȳ(t2) = yt2 .
In this setting, we can deduce that

ȳ ∈W 1,∞(Ω), p̄ ∈ H2(Ω \ B̄t1(ρ1)) ∩ C0,1(Ω̄ \Bt1(ρ1)).

As a result, ȳp̄ ∈ C0,1(B̄t2(ρ2)) and ū is regular in a neighborhood of t2.
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