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1. Introduction. Let Ω ⊂ R
2 be a bounded domain with Lipschitz boundary

∂Ω. The purpose of this work is to study existence and approximation results for
a Brinkman–Darcy–Forchheimer problem under singular forcing. To be specific, we
will study the following system of partial differential equations (PDEs):

(1) −∆u+ (u · ∇)u+ |u|u+ u+∇p = f in Ω, div u = 0 in Ω, u = 0 on ∂Ω.

Here, u and p represent the velocity and the pressure of the fluid, respectively, f is
an externally applied force, and | · | denotes the Euclidean norm. Our main source of
novelty and originality here is that we allow f to be singular, say a Dirac measure, so
that the problem cannot be understood with the usual energy setting.

Darcy’s law, u = −K∇p/µ, is a linear relationship that describes the creeping
flow of Newtonian fluids in porous media and is backed by years of experimental data
[30]. Since this linear relationship finds several applications in engineering, it is thus no
surprise that its analysis and approximation have been investigated by several authors.
However, Darcy’s law may be inaccurate for modeling fluid flow through porous media
with high Reynolds numbers or through media with high porosity [13, 37, 54]. As
an alternative model, in such a scenario, it is possible to consider the convective
Brinkman–Darcy–Forchheimer equations [32, 48, 52]. These equations incorporate
the well-known convective term (u·∇)u [29] and the nonlinear modification of Darcy’s
law |u|u suggested by Forchheimer in [26].

While it is fair to say that the study of approximation techniques for (1) and
related models in a standard setting is matured and well understood [22, 23, 29, 30, 49],
recent applications and models have emerged where the motion of a fluid is described
by (1) or variation of it, but due to the singularity of forces f , the problem must be
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(enrique.otarola@usm.cl, http://eotarola.mat.utfsm.cl/).

1

mailto:alejandro.allendes@usm.cl
http://aallendes.mat.utfsm.cl/
mailto:gilberto.campana@usm.cl
mailto:enrique.otarola@usm.cl
http://eotarola.mat.utfsm.cl/


2 A. ALLENDES, G. CAMPAÑA AND E. OTÁROLA

understood in a completely different setting and rigorous approximation techniques
are scarce. For instance, [36] models the motion of active thin structures by using
a linear model related to (1), where the right-hand side is a linear combination of
Dirac measures. A second example comes from optimal control theory. References
[12, 27] set up a problem where the state is governed by the stationary Navier–Stokes
equations, but with a forcing (control) that is measure valued. The motivation behind
this is what the authors denote as sparsity of the control. We finally mention [11],
where the authors study a class of asymptotically Newtonian fluids (Newtonian under
large shear rates) under singular forcing. The authors show existence and uniqueness
as well as some regularity results; see [42] for extensions to convex polyhedral domains.

In this work, we continue our program aimed at developing numerical methods
for models of fluids under singular forces. The guiding principle that we follow is that
by introducing a weight, and working in the ensuing weighted function spaces, we
can allow for data that is singular, so that (1) fits our theory. In [40] we developed
existence and uniqueness for the Stokes problem over a reduced class of weighted
spaces. The numerical analysis of such a model is presented in [5, 21], where a
priori and a posteriori, respectively, error analyses are discussed. The Navier–Stokes
equations are considered in [41], where existence and uniqueness for small data is
proved. In the setting of uniqueness, an a priori error analysis for a numerical scheme
is also developed. A posteriori error estimates for suitable discretizations of such
a nonlinear model can be found in [6]. This brings us to the current work and its
contributions. Before presenting the main contributions of our work, we would like
to mention references [13, 16, 37, 44], where different solution techniques for problem
(1) with f smooth are discussed. To the best of our knowledge, this is the first work
that addresses the numerical approximation of (1) when f is singular.

Let us elaborate on the main contributions of our work:
• Existence and uniqueness of a solution: We introduce a concept of weak solution

within H1
0(ω,Ω) × L2(ω,Ω)/R and show, on the basis of a fixed-point argument,

that the proposed weak problem admits a unique solution under a suitable smallness
assumption on f . To accomplish this task, we first establish the well-posedness of a
Brinkman problem on the space H1

0(ω,Ω) × L
2(ω,Ω)/R by utilizing the continuity

method and the well-posedness of the Stokes problem derived in [40, Theorem 17].
• Finite element discretization: We propose a finite element discretization scheme

for problem (1) on the basis of the following two classical inf-sup stable pairs: the
mini element and the Taylor–Hood element. We show that the proposed finite element
scheme admits a unique solution and we obtain a quasi-best approximation result in
energy norm à la Céa. We must immediately observe that, since f is very singular,
it is not expected for the pair (u, p) to have any regularity properties beyond those
merely needed for the problem to be well-posed. Consequently, rates of convergence
in energy norm cannot be obtained from the derived quasi-best approximation result.
• A posteriori error analysis: Solutions to (1), because of the singular datum

f , are not expected to be smooth, and thus adaptive methods must be developed to
efficiently approximate them. We devise a residual-based a posteriori error estimator
for the proposed finite element discretization scheme. We prove that the devised
error estimator is globally reliable; see Theorem 14. In Theorem 16, we investigate
efficiency properties for the proposed local indicators. In addition, we devise an
adaptive finite element method based on the proposed error estimator and provide
numerical experiments in convex and non-convex domains.

The manuscript is organized as follows. In Section 2, we set notation, recall
basic facts about weights, and introduce the weighted spaces we shall work with. In
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Section 3, we analyze, as an instrumental step, a Brinkman problem on weighted
spaces. In Section 4, we introduce a weak formulation for problem (1) and establish
a well-posedness result. A numerical discretization scheme is presented in Section 5.
Here, we also obtain a quasi-best approximation result à la Céa. Section 6 is one
of the highlights of our work. There we propose an a posteriori error estimator for
suitable inf-sup stable finite element pairs and introduce a Ritz projection on weighted
spaces. We prove that the energy norm of the error can be bounded in terms of the
energy norm of the Ritz projection and obtain the global reliability of the proposed
estimator. We also explore local efficiency estimates. We conclude the manuscript by
presenting, in Section 7, a series of numerical experiments that illustrate the theory.

2. Notation and preliminaries. Let us set notation and describe the setting
we shall operate with.

2.1. Notation. We shall use standard notation for Lebesgue and Sobolev spaces.
Spaces of vector-valued functions and their elements will be indicated with boldface.

If W and Z are Banach function spaces, we write W →֒ Z to denote that W is
continuously embedded in Z. We denote by W ′ and ‖ · ‖W the dual and the norm
of W , respectively. Given p ∈ (1,∞), we denote by p′ its Hölder conjugate, i.e., the
real number such that 1/p + 1/p′ = 1. The relation a . b indicates that a ≤ Cb,
with a positive constant C that does not depend on either a, b, or the discretization
parameters. The value of C might change at each occurrence.

2.2. Weighted function spaces. A notion that will be fundamental and that
will allow us to deal with singular forcing and nonstandard rheologies is that of a
weight. A weight is a locally integrable, nonnegative function defined on R

2. Given a
weight ω and a measurable set E ⊂ R

2, we let ω(E) =
´

E ωdx. Given a measurable
set E ⊂ R

2 of positive Lebesgue measure, we define
ffl

E
ω(x)dx = (1/|E|)

´

E
ωdx.

Of particular interest to us will be the so-called Muckenhoupt Ap weights: Let p ∈
[1,∞). We say that a weight ω belongs to the Muckenhoupt class Ap if [17, 18, 38, 51]

(2)

[ω]Ap
:= sup

B

(
 

B

ω

)(
 

B

ω
1

1−p

)p−1

<∞, p ∈ (1,∞),

[ω]A1 := sup
B

(
 

B

ω

)

sup
x∈B

1

ω(x)
<∞, p = 1,

where the supremum is taken over all balls B ∈ R
2. In addition, A∞ := ∪p<∞Ap.

We call [ω]Ap
, for p ∈ [1,∞), the Muckenhoupt characteristic of ω. We observe that,

for p ∈ (1,∞), there is a certain symmetry in the Ap classes with respect to Hölder
conjugate exponents: ω ∈ Ap if and only if ω′ = ω1/(1−p) ∈ Ap′ [51, Remark 1.2.4].
Finally, we note that if 1 ≤ p < q <∞, then Ap ⊂ Aq [51, Remark 1.2.4].

The prototypical Ap weights are the power weights: Let z ∈ Ω be an interior
point in Ω and α ∈ R. For p > 1, the weight

dα
z
(x) := |x− z|α(3)

belongs to Ap if and only if α ∈ (−2, 2(p − 1)) [50, Chapter IX, Corollary 4.4]. We
notice that there is a neighborhood of ∂Ω where dα

z
is strictly positive and continuous.

This observation motivates the consideration of a restricted class of Muckenhoupt
weights [25, Definition 2.5].

Definition 1 (class Ap(D)). Let D ⊂ R
2 be a Lipschitz domain and p ∈ [1,∞).

We say that ̟ ∈ Ap belongs to Ap(D) if there is an open set G ⊂ Ω and ǫ,̟l > 0
such that: {x ∈ D : dist(x, ∂D) < ǫ} ⊂ G, ̟ ∈ C(G), and ̟l ≤ ̟(x) for all x ∈ G.
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Let p ∈ [1,∞), ω ∈ Ap, and E ⊂ R
2 be an open set. We define Lp(ω,E) as

the space of Lebesgue p-integrable functions with respect to the measure ω(x)dx.
We define W 1,p(ω,E) as the set of functions v ∈ Lp(ω,E) with weak derivatives
Dαv ∈ Lp(ω,E) for |α| ≤ 1. The norm of v in W 1,p(ω,E) is given by [51, Section 2.1]

(4) ‖v‖W 1,p(ω,E) :=
(

‖v‖pLp(ω,E) + ‖∇v‖
p
Lp(ω,E)

)
1
p

.

We also define W 1,p
0 (ω,E) as the closure of C∞

0 (Ω) in W 1,p(ω,E). When p = 2, we
set H1(ω,E) :=W 1,p(ω,E) and H1

0 (ω,E) :=W 1,p
0 (ω,E).

If 1 ≤ p < ∞ and ω belongs to Ap, then L
p(ω,E), W 1,p(ω,E), and W 1,p

0 (ω,E)
are Banach spaces [51, Proposition 2.1.2] and smooth functions are dense [51, Corol-
lary 2.1.6]; see also [31, Theorem 1]. In addition, [24, Theorem 1.3] guarantees a
weighted Poincaré inequality which, in turn, implies that over W 1,p

0 (ω,E) the semi-
norm ‖∇v‖Lp(ω,E) is an equivalent norm to the one defined in (4).

3. A Brinkman problem under singular forcing. In this section, we study
the well-posedness of the following Brinkman problem: Find (u, p) such that

(5) −∆u+ u+∇p = f in Ω, div u = g in Ω, u = 0 on ∂Ω,

where we allow the data f and g to be singular. The analysis of problem (5) is a key
step to establish the well-posedness of the Brinkman–Darcy–Forchheimer model (1).

We begin our studies by proposing a weak formulation for (5). Given ω ∈ A2,
f ∈ H−1(ω,Ω), and g ∈ L2(ω,Ω)/R, find (u, p) ∈ H1

0(ω,Ω)× L
2(ω,Ω)/R such that

(6)

ˆ

Ω

(∇u : ∇v + u · v − p div v + q div u) = 〈f ,v〉 +

ˆ

Ω

gq,

for all v ∈ H1
0(ω

−1,Ω) and q ∈ L2(ω−1,Ω)/R. Here, 〈·, ·〉 denotes the duality pairing
betweenH−1(ω,Ω) := H1

0(ω
−1,Ω)′ andH1

0(ω
−1,Ω). Notice that, owing to the bound-

ary conditions on u, we must necessarily have the compatibility condition
´

Ω g = 0.
To simplify the presentation of the subsequent material, we define the spaces

(7) X := H1
0(ω,Ω)× L

2(ω,Ω)/R, Y := H1
0(ω

−1,Ω)× L2(ω−1,Ω)/R.

The well-posedness of the Brinkman problem is established in the following result.

Theorem 2 (well-posedness of the Brinkman problem). Let d ∈ {2, 3} and let

Ω ⊂ R
d be a bounded Lipschitz domain. Let ω ∈ A2(Ω). If f ∈ H−1(ω,Ω) and

g ∈ L2(ω,Ω)/R, then there exists a unique solution (u, p) ∈ H1
0(ω,Ω) × L

2(ω,Ω)/R
of problem (6), which satisfies the estimate

(8) ‖∇u‖L2(ω,Ω) + ‖p‖L2(ω,Ω) ≤ CB

(

‖f‖H−1(ω,Ω) + ‖g‖L2(ω,Ω)

)

, CB > 0.

Proof. Inspired by the proof of [28, Theorem 6.8], we proceed on the basis of the
method of continuity presented in [28, Theorem 5.2]. We split the proof in four steps.

Step 1. A bounded linear map S associated to a Stokes problem. We define the
Stokes operator

S : X → Y ′, 〈S(u, p), (v, q)〉 :=

ˆ

Ω

(∇u : ∇v − p div v + q div u).(9)
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We notice that S is a bounded linear operator. In fact, we have the bound

‖S(u, p)‖Y′ = sup
(0,0) 6=(v,q)∈Y

〈S(u, p), (v, q)〉

‖(v, q)‖Y
. ‖∇u‖L2(ω,Ω) + ‖p‖L2(ω,Ω).

We now introduce the following weak formulation associated with the Stokes op-
erator S. Given g ∈ H−1(ω,Ω) and h ∈ L2(ω,Ω)/R, find (ϕ, ψ) ∈ X such that
〈S(ϕ, ψ), (v, q)〉 = 〈g,v〉 + (h, q)L2(Ω) for all (v, q) ∈ Y. The well-posedness of this
Stokes system follows from [40, Theorem 17].

Step 2. A bounded linear map B associated to a Brinkman problem. We define

B : X →Y ′, 〈B(u, p), (v, q)〉 :=

ˆ

Ω

(∇u : ∇v+u · v−p div v+q div u).(10)

The map B is linear and bounded. In particular, we have ‖B(u, p)‖Y′ . ‖∇u‖L2(ω,Ω)+
‖p‖L2(ω,Ω). With B at hand, problem (6) can be equivalently written as follows: Find
(u, p) ∈ X such that 〈B(u, p), (v, q)〉 = 〈f ,v〉 + (g, q)L2(Ω) for all (v, q) ∈ Y.

Step 3. The a priori estimate (8). Let us introduce, for t ∈ [0, 1], the operator

(11) Lt : X → Y
′, Lt := (1− t)S + tB.

Observe that L0 = S, L1 = B, and that Lt is a linear and bounded operator from X
into Y ′. Let us consider the following family of equations: Find (u, p) ∈ X such that
〈Lt(u, p), (v, q)〉 = 〈f ,v〉+(g, q)L2(Ω) for all (v, q) ∈ Y, where t ∈ [0, 1]. For t ∈ [0, 1],
the solvability of this problem is then equivalent to the invertibility of the map Lt.
Let (ut, pt) ∈ X be a solution to such a problem. In what follows, we prove

‖∇ut‖L2(ω,Ω) + ‖pt‖L2(ω,Ω) . ‖f‖H−1(ω,Ω) + ‖g‖L2(ω,Ω),(12)

which is equivalent to ‖(ut, pt)‖X . ‖Lt(u, p)‖Y′ . An important observation is that
(ut, pt) can be seen as a solution to the following Stokes problem: Find (ut, pt) ∈ X
such that 〈S(ut, pt), (v, q)〉 = 〈f ,v〉+(g, q)L2(Ω)− t(ut,v)L2(Ω) for all (v, q) ∈ Y. We
can thus apply the estimate in [40, Theorem 17] to arrive at

‖∇ut‖L2(ω,Ω) + ‖pt‖L2(ω,Ω) . ‖f‖H−1(ω,Ω) + ‖g‖L2(ω,Ω) + ‖ut‖L2(ω,Ω).(13)

To obtain (12), we proceed by a contradiction argument. Assuming that (12)
is false, it is possible to find sequences {(uk, pk)}k∈N ⊂ H1

0(ω,Ω) × L
2(ω,Ω)/R and

{(fk, gk)}k∈N ⊂ H−1(ω,Ω)× L2(ω,Ω)/R such that (uk, pk, fk, gk) satisfies, for k ∈ N,
〈Lt(uk, pk), (v, q)〉 = 〈fk,v〉 + (gk, q)L2(Ω) for all (v, q) ∈ Y and ‖∇uk‖L2(ω,Ω) +
‖pk‖L2(ω,Ω) = 1, but ‖fk‖H−1(ω,Ω) + ‖gk‖L2(ω,Ω) → 0 as k ↑ ∞. Since {(uk, pk)}k∈N

is uniformly bounded in H1
0(ω,Ω) × L

2(ω,Ω)/R, we deduce the existence of a non-
relabelared subsequence {(uk, pk)}k∈N such that uk ⇀ u in H1

0(ω,Ω) and pk ⇀ p in
L2(ω,Ω)/R as k ↑ ∞. The limit (u, p) satisfies Lt(u, p) = 0 in Y ′. Consequently,
(u, p) = (0, 0). On the other hand, the compact embedding H1

0(ω,Ω) →֒ L2(ω,Ω)
[33, Theorem 4.12], [41, Proposition 2] shows that uk → 0 in L2(ω,Ω). We can thus
invoke the G̊arding-like inequality (13) to deduce that

1=‖∇uk‖L2(ω,Ω)+‖pk‖L2(ω,Ω) . ‖fk‖H−1(ω,Ω)+‖gk‖L2(ω,Ω)+‖uk‖L2(ω,Ω)→0, k ↑ ∞,

which is a contradiction. We have thus obtained the desired estimate (12).
Step 4. The method of continuity and the well-posedness of (6). With the estimate

(12) at hand, we invoke [28, Theorem 5.2] and the fact that L0 = S maps X onto Y ′

to deduce that L1 = B maps X onto Y ′ as well, i.e., problem (6) admits a solution.
Since problem (6) is linear, estimate (12) guarantees the uniqueness of solutions. We
have thus proved that problem (6) is well-posed.
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4. A Brinkman–Darcy–Forchheimer model. We now show the existence of
solutions for problem (1). We begin by recalling that, if v is sufficiently smooth and
solenoidal, then the convective term (v · ∇)v can be rewritten as div(v ⊗ v). This
property will be used to propose a weak formulation for problem (1).

4.1. Weak formulation. For a given weight ω in the class A2, we define the
bilinear forms a0 : H1

0(ω,Ω)×H1
0(ω

−1,Ω)→ R, a1 : L2(ω,Ω)×L2(ω−1,Ω)→ R, and
b± : H1

0(ω
±1,Ω)× L2(ω∓1,Ω)/R→ R by

a0(w,v) :=

ˆ

Ω

∇w : ∇v, a1(w,v) :=

ˆ

Ω

w · v, b±(v, q) := −

ˆ

Ω

q div v,

respectively. With a0 and a1 at hand, we define a : H1
0(ω,Ω) ×H1

0(ω
−1,Ω) → R by

a(w,v) := a0(w,v) + a1(w,v). We now introduce forms associated to the nonlinear
terms (u · ∇)u and |u|u in (1). We define c : [H1

0(ω,Ω)]
2 × H1

0(ω
−1,Ω) → R and

d : [H1
0(ω,Ω)]

2 ×H1
0(ω

−1,Ω)→ R by

c(u,w;v) := −

ˆ

Ω

u⊗w : ∇v, d(u,w;v) :=

ˆ

Ω

|u|w · v,

respectively.
With these ingredients at hand, we consider the following weak formulation for

problem (1): Find (u, p) ∈ X such that

a(u,v) + b−(v, p) + c(u,u;v) + d(u,u;v) = 〈f ,v〉, b+(u, q) = 0,(14)

for all (v, q) ∈ Y. Here, 〈·, ·〉 denotes the duality pairing between H−1(ω,Ω) and
H1

0(ω
−1,Ω). We recall that the spaces X and Y are defined in (7).

In what follows, we will make use of the following inf-sup condition on weighted
spaces that immediately follows from the existence of a right inverse of the divergence;
see [20, Theorem 3.1], [45, Theorem 1], [1, Theorem 2.8], and [21, Lemma 6.1]:

‖p‖L2(ω,Ω) . sup
0 6=v∈H1

0(ω
−1,Ω)

b−(v, p)

‖∇v‖L2(ω−1,Ω)

∀p ∈ L2(ω,Ω)/R.(15)

We will also make use of the following weighted inf-sup condition for a0 [40]:

(16) inf
0 6=v∈H1

0(ω,Ω)
sup

0 6=w∈H1
0(ω

−1,Ω)

a0(v,w)

‖∇v‖L2(ω,Ω)‖∇w‖L2(ω−1,Ω)

= inf
0 6=w∈H1

0(ω
−1,Ω)

sup
0 6=v∈H1

0(ω,Ω)

a0(v,w)

‖∇v‖L2(ω,Ω)‖∇w‖L2(ω−1,Ω)

> 0,

which holds under the further restriction that ω ∈ A2(Ω).
The following result guarantees the boundedness of the convective and Forch-

heimer terms on weighted spaces.

Lemma 3 (boundedness of the convective and Forchheimer terms). If ω ∈ A2,

u,w ∈ H1
0(ω,Ω), and v ∈ H1

0(ω
−1,Ω), then

(17)
|c(u,w;v)| ≤ C2

4→2‖∇u‖L2(ω,Ω)‖∇w‖L2(ω,Ω)‖∇v‖L2(ω−1,Ω),

|d(u,w;v)| ≤ C2
4→2C2→2‖∇u‖L2(ω,Ω)‖∇w‖L2(ω,Ω)‖∇v‖L2(ω−1,Ω).

Here, C4→2 and C2→2 denote the best constants in the embeddings H1
0(ω,Ω) →֒

L4(ω,Ω) and H1
0(ω

−1,Ω) →֒ L2(ω−1,Ω), respectively.
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Proof. Since we are in two dimensions and ω and ω−1 belong to A2, [24, Theorem
1.3] shows that there exists ζ > 0 such that H1

0(ω
±1,Ω) →֒ L2k(ω±1,Ω) for every

k ∈ [1, 2 + ζ]. Consequently,

|c(u,w;v)| ≤ ‖u‖L4(ω,Ω)‖w‖L4(ω,Ω)‖∇v‖L2(ω−1,Ω)

≤ C2
4→2‖∇u‖L2(ω,Ω)‖∇w‖L2(ω,Ω)‖∇v‖L2(ω−1,Ω).

Similarly, |d(u,w;v)| ≤ C2
4→2C2→2‖∇u‖L2(ω,Ω)‖∇w‖L2(ω,Ω)‖∇v‖L2(ω−1,Ω).

4.2. Existence and uniqueness for small data. Let us redefine the mapping
B : X → Y ′ and define NL : X → Y ′ and F ∈ Y ′ by

〈B(u, p), (v, q)〉 := a(u,v) + b−(v, p) + b+(u, q),

〈NL(u, p), (v, q)〉 := c(u,u;v) + d(u,u;v),

and 〈F , (v, q)〉 := 〈f ,v〉, respectively. Here, (v, q) ∈ Y. We recall that the spaces X
and Y are defined in (7). With this functional framework at hand, problem (14) can
be equivalently written as the following equation in Y ′: B(u, p) +NL(u, p) = F .

The map B is linear and bounded; see the proof of Theorem 2 for details. In
addition, if Ω is Lipschitz and ω ∈ A2(Ω), then Theorem 2 guarantees that B has a
bounded inverse. This allows us to define the mapping

T : X → X , (u, p) = T (w, r) = B−1[F −NL(w, r)].(18)

Therefore, showing the existence of a solution for problem (14) amounts to finding a
fixed point of T . In what follows, we prove that, if the datum f is sufficiently small,
then we have the existence and uniqueness of solutions. We begin the analysis with a
standard contraction argument; see, for instance, [43, Theorem 3.1], [46, Theorem 5.6],
and [41, Proposition 1]. To present such a result, we define A := (3Ce‖B−1‖)−1 > 0
and

(19) BA := {w ∈ H1
0(ω,Ω) : div w = 0, ‖∇w‖L2(ω,Ω) ≤ A},

where Ce := C2
4→2(1 + C2→2) and ‖B−1‖ denotes the Y ′ → X norm of B−1. Let us

introduce, in addition, the map T1 : H1
0(ω,Ω)→ H1

0(ω,Ω) defined as w 7→ PrT (w, 0),
where Pr : X → H1

0(ω,Ω) corresponds to the projection onto the velocity component.

Proposition 4 (contraction). Let Ω be a bounded Lipschitz domain and ω ∈
A2(Ω). If the forcing term f is sufficiently small, so that

(20) Ce‖B
−1‖2‖f‖H−1(ω,Ω) <

1
6 ,

then T1 maps BA to itself and T1 is a contraction in BA.

Proof. We begin the proof by noticing that, by assumption, we have the bound
‖B−1‖‖f‖H−1(ω,Ω) < A/2. Let w ∈ BA. If v = T1(w), then div v = 0 and

‖∇v‖L2(ω,Ω) ≤ ‖B
−1‖‖f‖H−1(ω,Ω) + Ce‖B

−1‖‖∇w‖2
L2(ω,Ω) <

A

2
+

A

3
=

5A

6
.

This shows that T1 maps BA into itself. We now show that T1 is a contraction. Let
w1,w2 ∈ BA. Define vi = T1(wi) for i ∈ {1, 2}. We now invoke Hölder’s inequality,
the definition of BA, and the fact that ω ∈ A2(Ω) to arrive at

‖∇(v1 − v2)‖L2(ω,Ω) ≤ Ce‖B
−1‖

[

‖∇w1‖L2(ω,Ω) + ‖∇w2‖L2(ω,Ω)

]

‖∇(w1−w2)‖L2(ω,Ω)

≤
2

3
‖∇(w1 −w2)‖L2(ω,Ω).

This proves that T1 is a contraction and concludes the proof.
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The existence and uniqueness of solutions for small data is as follows.

Theorem 5 (well-posedness for small data). Let Ω ⊂ R
2 be a bounded Lipschitz

domain and ω ∈ A2(Ω). If f is sufficiently small so that (20) holds, then there exists

a unique solution (u, p) of problem (14). Moreover, (u, p) satisfies the estimates

‖∇u‖L2(ω,Ω) ≤
3
2‖B

−1‖‖f‖H−1(ω,Ω),(21)

‖p‖L2(ω,Ω) . ‖∇u‖L2(ω,Ω) + ‖∇u‖
2
L2(ω,Ω) + ‖f‖H−1(ω,Ω),(22)

where the hidden constants are independent of u, p, and f .

Proof. In view of of Proposition 4, we have the existence of a unique fixed point
u ∈ BA of T1. We now invoke the existence of a right inverse of the divergence operator
over A2-weighted spaces [20, Theorem 3.1] to deduce the existence and uniqueness of
the pressure p. To obtain (21) we use the fact that u is the unique fixed point of T1:

‖∇u‖L2(ω,Ω) ≤ ‖B−1‖‖f‖H−1(ω,Ω) + ACe‖B
−1‖‖∇u‖L2(ω,Ω)

≤ ‖B−1‖‖f‖H−1(ω,Ω) +
1

3
‖∇u‖L2(ω,Ω).

Finally, to obtain (22) we utilize the weighted inf-sup condition (15).

5. Finite element approximation: a priori error estimates. In this sec-
tion, we analyze a finite element solution technique that approximates solutions to
(14). To accomplish this task, we will begin the section by introducing some termi-
nology and a few basic ingredients [10, 14, 22]. In what follows, we operate under the
assumption that Ω is a Lipschitz polytope so that it can be triangulated exactly.

5.1. Basic ingredients and assumptions. We denote by T = {K} a con-
forming partition, or mesh, of Ω̄ into closed simplices K with size hK = diam(K).
We define hT := max{hK : K ∈ T }. We denote by T a collection of conforming and
shape regular meshes that are refinements of an initial mesh T0 [14, 22]. We define
S as the set of internal interelement boundaries γ of T . For γ ∈ S , we define hγ as
the length of γ. If K ∈ T , we define SK as the subset of S that contains the sides
of K. For γ ∈ S , we denote by Nγ the subset of T that contains the two elements
that have γ as a side. For K ∈ T , we define the stars or patches associated with K:

(23) NK = {K ′ ∈ T : SK ∩SK′ 6= ∅}, N ∗
K = {K ′ ∈ T : K ∩K ′ 6= ∅}.

In an abuse of notation, below we will indistinctively denote by NK , N ∗
K , and Nγ

either the sets themselves or the union of the elements that comprise them.
Given a mesh T ∈ T, we denote byV(T ) and P(T ) the finite element spaces that

approximate the velocity field and the pressure, respectively. The following choices
are classical.

(a) The mini element, which is considered in [22, Section 4.2.4] and is defined by

V(T ) = {vT ∈ C(Ω) : ∀K ∈ T ,vT |K ∈ [W(K)]2} ∩H1
0(Ω),(24)

P(T ) = {qT ∈ L
2
0(Ω) ∩ C(Ω) : ∀K ∈ T , qT |K ∈ P1(K)},(25)

where W(K) := P1(K) ⊕ B(K) and B(K) denotes the space spanned by a
local bubble function.

(b) The lowest order Taylor–Hood pair [22, Section 4.2.5], which is defined by

V(T ) = {vT ∈ C(Ω) : ∀K ∈ T ,vT |K ∈ [P2(K)]2} ∩H1
0(Ω),(26)

P(T ) = {qT ∈ L
2
0(Ω) ∩ C(Ω) : ∀K ∈ T , qT |K ∈ P1(K)}.(27)
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We must immediately notice that if ω ∈ A2, we have that the previously de-
fined spaces are such that: V(T ) ⊂ W

1,∞
0 (Ω) ⊂ H1

0(ω,Ω) and P(T ) ⊂ L∞(Ω) ⊂
L2(ω,Ω)/R. In addition, these pairs of spaces satisfy the following compatibility
condition [21, Theorems 6.2 and 6.4]: There exists β > 0 such that

β‖qT ‖L2(ω±1,Ω) ≤ sup
0 6=vT ∈V(T )

b∓(vT , qT )

‖∇vT ‖L2(ω∓1,Ω)

∀qT ∈ P(T ).(28)

As a final ingredient, we define the jump or interelement residual of a discrete
tensor valued function wT on an internal side γ ∈ S by

(29) JwT · νK := wT · ν
+|K+ +wT · ν

−|K− ,

where ν+ and ν− denote the unit normals on γ pointing towards K+ and K−, re-
spectively; K+, K− ∈ T are such that K+ 6= K− and ∂K+ ∩ ∂K− = γ.

5.2. The scheme. Let ω ∈ A2(Ω) and f ∈ H−1(ω,Ω). We introduce the follow-
ing discrete approximation of (14): Find (uT , pT ) ∈ V(T )× P(T ) such that.

(30)
a(uT ,vT ) + b−(vT , pT ) + c(uT ,uT ;vT ) + d(uT ,uT ;vT ) = 〈f ,vT 〉,

b+(uT , qT ) = 0,

for all vT ∈ V(T ) and qT ∈ P(T ), respectively.
Let us denote by BT the discrete version of B induced by the discretization (30).

The results that follow are based on the following assumption.

Assumption 6. The operator BT is a bounded linear operator whose inverse B−1
T

is bounded uniformly over all partitions T .

The fact that the operator B−1
T

exists is not an issue. Notice that, since we
are in finite dimensions, the existence and uniqueness of solutions for the discrete
problem (30) are guaranteed by the compatibility condition (28). The main point in
assumption 6 is that B−1

T
satisfies a suitable estimate in terms of the problem data

which is uniform with respect to discretization.
The existence of a unique discrete solution is the content of the following result.

Theorem 7 (well-posedness for small data). Let Ω ⊂ R
2 be a bounded Lipschitz

polytope, and let ω ∈ A2(Ω). If f is such that (20) holds with B−1 replaced by B−1
T

,

then there exists a unique pair (uT , pT ) ∈ V(T )×P(T ) that solves (30). In addition,

we have the stability estimates

‖∇uT ‖L2(ω,Ω) ≤
3
2‖B

−1
T
‖‖f‖H−1(ω,Ω),(31)

‖pT ‖L2(ω,Ω) . ‖∇uT ‖L2(ω,Ω) + ‖∇uT ‖
2
L2(ω,Ω) + ‖f‖H−1(ω,Ω),(32)

where the hidden constant are independent of uT , pT , and f .

Proof. The proof follows from the arguments developed in the proof of Theorem
5. Succinctly, we mention that instead of B−1 we use the fact that B−1

T
is bounded

uniformly with respect to discretization.

To present the auxiliary estimate of Lemma 8 and the quasi-best approximation
result of Theorem 9, we will operate under the following assumption: Let Ω be a
convex polytope, ω ∈ A2(Ω), and (u, p) ∈ H1

0(ω,Ω) × L
2(ω,Ω)/R with u solenoidal.

Let (BT u, BT p) ∈ V(T )×P(T ) be the Brinkman projection of (u, p), i.e., the pair
(BT u, BT p) is such that

(33)
a(BT u,vT ) + b−(vT , BT p) = a(u,vT ) + b−(vT , p),

b+(BT u, qT ) = 0,
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for all vT ∈ V(T ) and qT ∈ P(T ). Then, we have

‖∇BT u‖L2(ω,Ω) + ‖BT p‖L2(ω,Ω) . ‖∇u‖L2(ω,Ω) + ‖p‖L2(ω,Ω),(34)

where the hidden constant is independent of (u, p), (BT u, BT p), and hT . When the
Brinkman operator in (33) is replaced by the Stokes operator, the desired estimate is
available in [21, Theorem 4.1]. We notice that, in view of the arguments developed in
the proof of [21, Theorem 4.1] the only missing ingredient to obtain (34) is the error
estimate [21, estimate (3.9)] for a regularized Green’s function. If this estimate were
available for the Brinkman operator and the considered finite element paris (24)–(25)
and (26)–(27), then the desired estimate (34) would follow immediately.

Lemma 8 (auxiliary estimate). Let Ω ⊂ R
2 be a convex polytope, and let ω ∈

A2(Ω). Assume that f is sufficiently small so that (20) holds. Then, we have

(35) ‖∇(u−BT u)‖L2(ω,Ω) + ‖p−BT p‖L2(ω,Ω)

. inf
wT ∈V(T )

‖∇(u−wT )‖L2(ω,Ω) + inf
qT ∈P(T )

‖p− qT ‖L2(ω,Ω),

where the hidden constant is independent of (u, p), (BT u, BT p), and hT .

Proof. The proof is rather standard; it follows, for instance, from the arguments
developed in the proof of [21, Corollary 4.2].

Since it will be useful for the analysis that follows, we define, for v ∈ H1
0(ω

−1,Ω),

(36) Θ(u,uT ;v) := c(u,u;v)− c(uT ,uT ;v) + d(u,u;v) − d(uT ,uT ;v).

Notice that Θ(u,uT ;v) = c(u, eu;v) + c(eu,uT ;v) + d(u,u;v) − d(uT ,uT ;v).
We now obtain the following quasi-best approximation result.

Theorem 9 (quasi-best approximation result). Let Ω ⊂ R
2 be a convex polytope,

and let ω ∈ A2(Ω). Assume that f is sufficiently small so that problems (14) and (30)
admit a unique solution, with sufficiently small norms. Then, we have the following

quasi-best approximation result:

‖∇(u−uT )‖L2(ω,Ω) + ‖p− pT ‖L2(ω,Ω)

. inf
wT ∈V(T )

‖∇(u−wT )‖L2(ω,Ω) + inf
qT ∈P(T )

‖p−qT ‖L2(ω,Ω),

where the hidden constant may depend on f and u, but is independent of hT .

Proof. Define eT := BT u− uT and εT := BT p− pT , where (BT u, BT p) cor-
responds to the Brinkman projection of (u, p). Invoke the definition of the Brinkman

projection to infer that

(37)
a(eT ,vT ) + b−(vT , εT ) = −Θ(u,uT ;vT ) ∀vT ∈ V(T )

b+(eT , qT ) = 0 ∀qT ∈ P(T ).

We now utilize the stability bound (34) of the Brinkman projection to arrive at

‖∇eT ‖L2(ω,Ω) + ‖εT ‖L2(ω,Ω) .
(

‖∇u‖L2(ω,Ω) + ‖∇uT ‖L2(ω,Ω)

)

‖∇(u− uT )‖L2(ω,Ω).

This bound and the one in Lemma 8 allow us to arrive at

‖∇(u−uT )‖L2(ω,Ω) + ‖p− pT ‖L2(ω,Ω) .
(

‖∇u‖L2(ω,Ω) + ‖∇uT ‖L2(ω,Ω)

)

· ‖∇(u− uT )‖L2(ω,Ω) + inf
wT ∈V(T )

‖∇(u−wT )‖L2(ω,Ω) + inf
qT ∈P(T )

‖p−qT ‖L2(ω,Ω).
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The desired estimate thus follows from utilizing that ‖∇u‖L2(ω,Ω) and ‖∇uT ‖L2(ω,Ω)

are sufficiently small so that the term ‖∇(u − uT )‖L2(ω,Ω) appearing on the right-
hand side of the previous estimate can be absorbed into the left. This concludes the
proof.

6. Finite element approximation: a posteriori error estimates. In this
section, we design and analyze an a posteriori error estimator for the finite-dimensional
approximation (30) of the system (14). To accomplish this task, we will assume that
the external density force f has a particular structure, that is, f := Fδz, where δz
corresponds to the Dirac delta supported at the interior point z ∈ Ω and F ∈ R

2. To
handle such a singular forcing term, we consider the weight dα

z
defined in (3) with

α ∈ (0, 2). We must immediately notice the following two important properties: First,
d±α
z ∈ A2 and dαz ∈ A2(Ω). Second, δz ∈ H

1
0 (d

−α
z ,Ω)′; see [35, Lemma 7.1.3] and [34,

Remark 21.19].
In what follows, we will assume that F ∈ R

2 is such that (20) holds. In addition,
we will also assume that F ∈ R

2 is such that (20) holds with B−1 replaced by B−1
T

. We
notice that, within this setting, problems (14) and (30) are well-posed; see Theorems
5 and 7.

Let us begin our studies by redefining the spaces X and Y as follows: X =
H1

0(d
α
z ,Ω) × L

2(dαz ,Ω)/R and Y = H1
0(d

−α
z ,Ω) × L2(d−α

z ,Ω)/R. Let us define the
velocity error eu and the pressure error ep by

(38) eu := u− uT ∈ H1
0(d

α
z
,Ω), ep := p− pT ∈ L

2(dα
z
,Ω)/R,

respectively.

6.1. Ritz projection. As an instrumental step to perform a global reliability
analysis, we introduce a suitable Ritz projection (Φ, ψ) of the residuals. The pair
(Φ, ψ) is defined as the solution to the problem: Find (Φ, ψ) ∈ X such that

(39)
(∇Φ,∇v)L2(Ω) = a(eu,v)+b−(v, ep)+Θ(u,uT ;v) ∀v ∈ H1

0(d
−α
z
,Ω),

(ψ, q)L2(Ω) = b+(eu, q) ∀q ∈ L2(d−α
z ,Ω)/R.

Here, Θ(u,uT ;v) is defined as in (36).
The following result establishes the well-posedness of problem (39).

Theorem 10 (Ritz projection). Problem (39) admits a unique solution (Φ, ψ) ∈
X . In addition, we have the estimate

(40) ‖∇Φ‖L2(dα
z
,Ω) + ‖ψ‖L2(dα

z
,Ω) . ‖∇eu‖L2(dα

z
,Ω) + ‖ep‖L2(dα

z
,Ω)

+ ‖∇eu‖L2(dα
z
,Ω)

(

‖∇u‖L2(dα
z
,Ω) + ‖∇uT ‖L2(dα

z
,Ω)

)

,

where the hidden constant is independent of (Φ, ψ), (u, p), and (uT , pT ).

Proof. We begin the proof by introducing the linear functional G as follows:

G : H1
0(d

−α
z
,Ω)→ R, G(v) := a(eu,v) + b−(v, ep) + Θ(u,uT ;v).(41)

Let us show that G belongs to H1
0(d

−α
z ,Ω)′. To accomplish this task, we first control

the nonlinear term Θ(u,uT ; ·) defined in (36). Owing to the estimates of Lemma 3,
we obtain the bound

(42) ‖Θ(u,uT ; ·)‖
H1

0(d
−α
z ,Ω)′ ≤ C

2
4→2(1 + C2→2)‖∇eu‖L2(dα

z
,Ω)Λ(u,uT ),
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where Λ(u,uT ) := ‖∇u‖L2(dα
z
,Ω) + ‖∇uT ‖L2(dα

z
,Ω). Consequently,

‖G‖
H1

0(d
−α
z

,Ω)′ ≤ (1 + C2→2)‖∇eu‖L2(dα
z
,Ω) + ‖ep‖L2(dα

z
,Ω)

+ C2
4→2(1 + C2→2)‖∇eu‖L2(dα

z
,Ω)Λ(u,uT ) =: Γ(u,uT , p).

Since dαz ∈ A2(Ω) and G ∈ (H1
0(d

−α
z ,Ω))′, we are thus in position to invoke the results

of [40] to deduce the existence and uniqueness of Φ ∈ H1
0(d

α
z
,Ω) satisfying the first

equation of problem (39) and the estimate

(43) ‖∇Φ‖L2(dα
z
,Ω) . Γ(u,uT , p).

Finally, since eu ∈ H1
0(d

α
z ,Ω), b+(eu, ·) defines a linear and continuous functional in

the space L2(d−α
z ,Ω)/R. As a consequence, we deduce the existence and uniqueness

of ψ ∈ L2(dα
z
,Ω)/R satisfying the second equation in (39) and the estimate

‖ψ‖L2(dα
z
,Ω) . ‖div eu‖L2(dα

z
,Ω).(44)

The desired estimate (40) thus follows from collecting the bounds (43) and (44). This
concludes the proof.

6.2. An upper bound for the error. We now prove that the energy norm of
the error can be bounded in terms of the energy norm of the Ritz projection. This
key step will allow us to provide a computable upper bound for the error.

Let us begin by introducing the map F : H1
0(d

−α
z ,Ω)→ R as

F(v) := (∇Φ,∇v)L2(Ω) −Θ(u,uT ;v),(45)

where Θ(u,uT ;v) is defined in (36). It is clear that, for u and uT given, the map F

is linear. In addition, in view of (42), F satisfies the estimate

(46) ‖F‖
H1

0(d
−α
z ,Ω)′ ≤ ‖∇Φ‖L2(dα

z
,Ω) + C2

4→2(1 + C2→2)‖∇eu‖L2(dα
z
,Ω)Λ(u,uT ),

where Λ(u,uT ) := ‖∇u‖L2(dα
z
,Ω) + ‖∇uT ‖L2(dα

z
,Ω).

Having introduced the linear map F, we observe that, in view of the equations
in problem (39), the pair (eu, ep) can be seen as a solution to the following problem:
Find (eu, ep) ∈ X such that, for every v ∈ H1

0(d
−α
z ,Ω) and q ∈ L2(d−α

z ,Ω)/R,

(47) a(eu,v) + b−(v, ep) = F(v), b+(eu, q) = (ψ, q)L2(Ω).

With all these ingredients at hand, we present the following result.

Proposition 11 (upper bound for the error). Let F ∈ R
2 be such that

1− CBC
2
4→2(1 + C2→2)(‖∇u‖L2(dα

z
,Ω) + ‖∇uT ‖L2(dα

z
,Ω)) ≥ λ > 0,(48)

where λ < 1. Then, we have the following upper bound for the error (eu, ep):

(49) ‖∇eu‖L2(dα
z
,Ω) + ‖ep‖L2(dα

z
,Ω) . ‖∇Φ‖L2(dα

z
,Ω) + ‖ψ‖L2(dα

z
,Ω),

where the hidden constant is independent of (u, p), (uT , pT ), and (Φ, ψ).

Proof. Invoke the estimate in Theorem 2 and the bound (46) to deduce that

‖∇eu‖L2(dα
z
,Ω) + ‖ep‖L2(dα

z
,Ω) ≤ CB

(

‖F‖
H1

0(d
−α
z

,Ω)′ + ‖ψ‖L2(dα
z
,Ω)

)

≤ CB

(

‖∇Φ‖L2(dα
z
,Ω) + C2

4→2(1 + C2→2)‖∇eu‖L2(dα
z
,Ω)Λ(u,uT ) + ‖ψ‖L2(dα

z
,Ω)

)

.

With this bound at hand, we invoke the smallness assumption (48) to conclude.
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6.3. A residual-type error estimator. In this section, we introduce an a
posteriori error estimator for the finite element approximation (30) of problem (14)
on the basis of the discrete pairs (V(T ),P(T )) given as in (24)–(25) or (26)–(27).
To present it, we first introduce, for K ∈ T , the local distance

(50) DK := max
x∈K
|x− z|.

We thus define, for K ∈ T and γ ∈ S , the element residual RK and the interelement

residual Jγ as

RK := (∆uT − uT − (uT · ∇)uT − uT div uT − |uT |uT −∇pT )|K .(51)

Jγ := J(∇uT − pT I) · νK,(52)

where (uT , pT ) denotes the solution to the discrete problem (30) and I ∈ R
2×2

denotes the identity matrix. The jump J(∇uT − pT I) · νK of the discrete tensor
valued function ∇uT − pT I is defined as in (29). With RK and Jγ at hand, we
define, for α ∈ (0, 2) and K ∈ T , the element error indicator

(53) Eα(uT , pT ;K) :=
(

h2KD
α
K‖RK‖

2
L2(K) + ‖div uT ‖

2
L2(dα

z
,K)

+hKD
α
K‖Jγ‖

2
L2(∂K\∂Ω) + hαK |F|

2#({z} ∩K)
)

1
2

.

For a set E, by #(E) we mean its cardinality. Here, we must recall that we consider
our elements K to be closed sets. The a posteriori error estimator is thus defined as

Eα(uT , pT ;T ) :=

(

∑

K∈T

E2α(uT , pT ;K)

)
1
2

.(54)

6.4. A quasi-interpolation operator. As it is customary in a posteriori error
analysis, in order to derive reliability properties for a proposed a posteriori error
estimator it is useful to have at hand a suitable quasi-interpolation operator with
optimal approximation properties [53]. We consider the operator ΠT : L1(Ω) →
V(T ) analyzed in [39]. The construction of ΠT is inspired in the ideas developed in
[15, 19, 47]: it is built on local averages over stars and thus is well-defined for functions
in L1(Ω); it also exhibits optimal approximation properties. In what follows, we shall
make use of the following estimates of the local interpolation error [5, 39].

Proposition 12 (stability and interpolation estimates). Let α ∈ (−2, 2) and

K ∈ T . Then, for every v ∈ H1(d±α
z ,N ∗

K), we have the local stability bound

(55) ‖∇ΠT v‖
L2(d±α

z ,K) . ‖∇v‖L2(d±α
z ,N∗

K
)

and the interpolation error estimate

(56) ‖v −ΠT v‖
L2(d±α

z ,K) . hK‖∇v‖L2(d±α
z ,N∗

K
).

In addition, if α ∈ (0, 2), then we have

‖v −ΠT v‖L2(K) . hKD
α
2

K‖∇v‖L2(d−α
z ,N∗

K
).(57)

The hidden constants in the previous estimates are independent of v, K, and T .
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Proof. See [5, Proposition 4].

Proposition 13 (trace interpolation estimate). Let α ∈ (0, 2), K ∈ T , γ ⊂ SK ,

and v ∈ H1(d−α
z
,N ∗

K). Then we have the following interpolation error estimate

(58) ‖v−ΠT v‖L2(γ) . h
1
2

KD
α
2

K‖∇v‖L2(d−α
z

,N∗
K
),

where the hidden constant is independent of v, K, and the mesh T .

Proof. See [5, Proposition 5].

6.5. Reliablity. In what follows, we obtain a global reliability property for the
a posteriori error estimator Eα defined in (54).

Theorem 14 (global reliability). Let α ∈ (0, 2), (u, p) ∈ H1
0(d

α
z
,Ω)×L2(dα

z
,Ω)/R

be the solution to the continuous problem (14), and (uT , pT ) ∈ V(T ) × P(T ) be

its finite element approximation obtained as the solution to (30). Assume that the

intensity of the forcing term F is sufficiently small so that (48) holds. Then

‖∇eu‖L2(dα
z
,Ω) + ‖ep‖L2(dα

z
,Ω) . Eα(uT , pT ;T ),(59)

where the hidden constant is independent of (u, p) and (uT , pT ), the size of the ele-

ments in the mesh T , and #T .

Proof. To provide the computable upper bound (59), we will utilize the fact that
the energy norm of the error can be bounded in terms of the energy norm of the Ritz
projection and proceed in three steps.

Step 1: Let v ∈ H1
0(d

α
z
,Ω) be arbitrary. We utilize the first equation of problems

(39) and (14) to conclude that

(60) (∇Φ,∇v)L2(Ω) = 〈Fδz,v〉 −
∑

K∈T

ˆ

K

(∇uT : ∇v + uT · v

−uT ⊗ uT : ∇v + |uT |uT · v − pT div v) .

Applying a standard integration by parts argument, on the basis of the fact that, for
γ ∈ S , (JuT ⊗ uT · νK,v)L2(γ) = 0, yields the identity

(∇Φ,∇v)L2(Ω) = 〈Fδz,v〉 +
∑

γ∈S

ˆ

γ

Jγ · v +
∑

K∈T

ˆ

K

RK · v.(61)

We recall that the element residual RK and the interelement residual Jγ are defined
as in (51) and (52), respectively.

Let us now observe that, for every (vT , qT ) ∈ V(T )× P(T ), we have

〈Fδz,vT 〉 − a(uT ,vT )− b−(vT , pT )− c(uT ,uT ;vT )− d(uT ,uT ;vT ) = 0,

which follows from rewriting the first equation in (30). Set vT = ΠT v into the
previous relation, apply again an integration by parts formula, and invoke the relation
(61) to arrive at

(62) (∇Φ,∇v)L2(Ω) = 〈Fδz,v −ΠT v〉 +
∑

K∈T

ˆ

K

RK · (v −ΠT v)

+
∑

γ∈S

ˆ

γ

Jγ · (v −ΠT v) =: I + II + III.
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In what follows, we control the terms I, II, and III following the arguments de-
veloped in [6]. Let us begin with the control of the term I. To accomplish this task,
we invoke the local bound of [2, Theorem 4.7], the interpolation error estimate (56),
and the stability bound (55) as follows: If K ∈ T is such that z ∈ K, then

I . |F|
(

h
α
2 −1

K ‖v −ΠT v‖
L2(d−α

z
,K) + h

α
2

K‖∇(v −ΠT v)‖
L2(d−α

z
,K)

)

. |F|h
α
2

K‖∇v‖L2(d−α
z

,N∗
K
).

To bound the terms II and III, we invoke Hölder’s inequality and the interpolation
error estimates (57) and (58) to obtain

II .
∑

K∈T

hKD
α
2

K‖RK‖L2(K)‖∇v‖L2(d−α
z ,N∗

K
),

III .
∑

γ∈S

h
1
2

KD
α
2

K‖Jγ‖L2(γ)‖∇v‖L2(d−α
z

,N∗
K
).

Having bounded the terms I, II, and III, we invoke the inf-sup condition (16) and
the identity (62) to obtain an estimate for ‖∇Φ‖L2(dα

z
,Ω):

(63) ‖∇Φ‖2
L2(dα

z
,Ω) .

[

sup
0 6=v∈H1

0(d
−α
z

,Ω)

(∇Φ,∇v)

‖∇v‖
L2(d−α

z ,Ω)

]2

.
∑

K∈T

(

hKD
α
K‖Jγ‖

2
L2(∂K\∂Ω) + h2KD

α
K‖RK‖

2
L2(K) + hαK |F|

2#({z} ∩K)
)

,

upon utilizing a finite overlapping property of stars, which guarantees that

[

∑

K∈T

‖∇v‖2
L2(d−α

z
,N∗

K
)

]

1
2

. ‖∇v‖
L2(d−α

z ,Ω).

Consequently, we have ‖∇Φ‖L2(dα
z
,Ω) . Eα(uT , pT ;T ).

Step 2: Let ψ ∈ L2(dα
z
,Ω). A basic computation reveals that the function q̃ :=

dα
z
ψ ∈ L2(d−α

z
,Ω). Define q = q̃ + c, where c ∈ R is such that q ∈ L2(d−α

z
,Ω)/R.

Setting q in the second equation of problem (39) yields

‖ψ‖2L2(dα
z
,Ω) = (ψ, q)L2(Ω) = b+(eu, q)

= b+(eu, d
α
z
ψ) = −b+(uT , d

α
z
ψ) ≤ ‖div uT ‖L2(dα

z
,Ω)‖ψ‖L2(dα

z
,Ω),

upon utilizing that
´

Ω
ψ = 0 and

´

Ω
div eu = 0. We have thus obtained the estimate

‖ψ‖L2(dα
z
,Ω) ≤ ‖div uT ‖L2(dα

z
,Ω)

Step 3: The desired estimate (59) thus follows from (49) and the estimates derived
in steps 1 and 2. This concludes the proof.

6.6. Local efficiency bounds. To derive efficiency bounds for the local indica-
tor Eα(uT , pT ;K), defined in (53), we utilize standard residual estimation techniques
but on the basis of suitable bubble functions, whose construction we owe to [2].

Given K ∈ T , we introduce an element bubble function ϕK which satisfies the
following properties: 0 ≤ ϕK ≤ 1,

ϕK(z) = 0, |K| .

ˆ

K

ϕK , ‖∇ϕK‖L∞(RK) . h−1
K ,(64)
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and there exists a simplex K∗ ⊂ K such that RK := supp(ϕK) ⊂ K∗. Notice that,
since ϕK satisfies (64), we have the bound

‖θ‖L2(RK) . ‖ϕ
1
2

Kθ‖L2(RK) ∀θ ∈ P5(RK).(65)

Second, given γ ∈ S , we introduce a bubble function ϕγ that satisfies the follow-
ing properties: 0 ≤ ϕγ ≤ 1,

ϕγ(z) = 0, |γ| .

ˆ

γ

ϕγ , ‖∇ϕγ‖L∞(Rγ) . h−1
γ ,(66)

and Rγ := supp(ϕγ) is such that, if Nγ = {K,K ′}, there are simplices K∗ ⊂ K and
K ′

∗ ⊂ K
′ such that Rγ ⊂ K∗ ∪K ′

∗ ⊂ K ∪K
′.

The following estimates are instrumental in the efficiency analysis that we will
perform.

Proposition 15 (estimates for bubble functions). Let K ∈ T and ϕK be the

bubble function that satisfies (64). If α ∈ (0, 2), then

hK‖∇(θϕK)‖
L2(d−α

z ,K) . D
−α

2

K ‖θ‖L2(K) ∀θ ∈ P5(K).(67)

Let γ ∈ S and ϕγ be the bubble function that satisfies (66). If α ∈ (0, 2), then

h
1
2

K‖∇(θϕγ)‖L2(d−α
z

,Nγ)
. D

−α
2

K ‖θ‖L2(γ) ∀θ ∈ P3(γ),(68)

where θ is extended to the elements that comprise Nγ as a constant along the direction

normal to γ.

Proof. See [2, Lemma 5.2].

We are now ready to derive efficiency properties for the local error indicator
Eα(uT , pT ;K) defined in (53).

Theorem 16 (local efficiency). Let (u, p) ∈ H1
0(d

α
z
,Ω) × L2(dα

z
,Ω)/R be the

solution to the continuous problem (14), and let (uT , pT ) ∈ V(T )×P(T ) be its finite
element approximation obtained as the solution to (30). Assume that the intensity of

the forcing term F is sufficiently small so that (48) holds. Then

(69) Eα(uT , pT ;K)2 . ‖∇eu‖
2
L2(dα

z
,NK) + ‖ep‖

2
L2(dα

z
,NK) + h2K‖eu‖

2
L2(dα

z
,NK)

+ (1 + h2K)‖eu‖
2
L4(dα

z
,NK) +

∑

K′∈N∗
K

h2K′Dα
K′‖|uT |uT −ΠK′(|uT |uT )‖2

L2(K′),

where N ∗
K is defined in (23), ΠK is the orthogonal projection operator onto [P0(K)]2,

and the hidden constant is independent of (u, p) and (uT , pT ), the size of the elements

in the mesh T , and #T .

Proof. We estimate each contribution in (53) separately. We proceed in five steps.
Step 1: We begin the proof by bounding, for K ∈ T , the term h2KD

α
K‖RK‖2L2(K).

To accomplish this task, we define

R̃K := (∆uT − uT − (uT · ∇)uT − uT div uT −ΠK(|uT |uT )−∇pT )|K .

Notice that R̃K = RK+ |uT |uT −ΠK(|uT |uT ). A simple application of the triangle
inequality yields a first estimate for ‖RK‖L2(K):

‖RK‖L2(K) ≤ ‖R̃K‖L2(K) + ‖ΠK(|uT |uT )− |uT |uT ‖L2(K).(70)
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It thus suffices to control ‖R̃K‖L2(K). To do this, we define φK := ϕKR̃K , and
observe that (65) guarantees the bound

‖R̃K‖
2
L2(K) .

ˆ

RK

|R̃K |
2ϕK =

ˆ

K

R̃K · φK .(71)

Let us now utilize that ϕK(z) = 0 to immediately deduce the relations φK(z) =
ϕK(z)R̃K (z) = 0. We thus set v = φK as a test function in identity (61) and utilize
that φK |γ = 0, for every γ ∈ SK , to arrive at

ˆ

K

R̃K · φK = (∇Φ,∇φK)L2(Ω) +

ˆ

K

(|uT |uT −ΠK(|uT |uT )) · φK .(72)

We now control |(∇Φ,∇φK)L2(K)|. To accomplish this task, we set v = φK as a test
function in the first equation of problem (39) and utilize the property suppφK ⊂ K
and Hölder’s inequality to obtain the bound

(73) |(∇Φ,∇φK)L2(K)| . ‖∇eu‖L2(dα
z
,K)‖∇φK‖L2(d−α

z ,K)

+ ‖eu‖L2(dα
z
,K)‖φK‖L2(d−α

z
,K) + ‖ep‖L2(dα

z
,K)‖∇φK‖L2(d−α

z
,K) + ‖eu‖L4(dα

z
,K)

·
[

‖u‖L4(dα
z
,K) + ‖uT ‖L4(dα

z
,K)

]

[

‖∇φK‖L2(d−α
z

,K) + ‖φK‖L2(d−α
z

,K)

]

.

We now notice that, in view of [24, Theorem 1.3], we have the bounds: ‖u‖L4(dα
z
,K) .

‖∇u‖L2(dα
z
,Ω) and ‖uT ‖L4(dα

z
,K) . ‖∇uT ‖L2(dα

z
,Ω). On the other hand, the estimate

(67) and the estimate (5.6) in [2] allow us to conclude

‖∇φK‖L2(d−α
z

,K) . h−1
K D

−α
2

K ‖R̃K‖L2(K), ‖φK‖L2(d−α
z

,K) . D
−α

2

K ‖R̃K‖L2(K),

respectively. With these bounds at hand, estimates (71) and (73) combined with the
the relation (72) and the smallness assumption (48) allow us to deduce the local a
posteriori bound

(74) h2KD
α
K‖R̃K‖

2
L2(K) . ‖∇eu‖

2
L2(dα

z
,K) + ‖ep‖

2
L2(dα

z
,K)

+h2K‖eu‖
2
L2(dα

z
,K)+(1+h2K)‖eu‖

2
L4(dα

z
,K)+h

2
KD

α
K‖|uT |uT −ΠK(|uT |uT )‖2

L2(K).

The desired estimate for the term h2KD
α
K‖RK‖2L2(K) thus follows from (70) and (74).

Step 2: Let K ∈ T and γ ∈ SK . In what follows we bound hKD
α
K‖Jγ‖

2
L2(γ). To

accomplish this task, we proceed by using similar arguments to the ones that lead to
(74) but now utilizing the bubble function ϕγ . Define the function Λγ = ϕγJγ , where
Jγ and ϕγ are defined in (52) and (66), respectively. We utilize the construction of
the bubble function ϕγ to deduce the bound

‖Jγ‖
2
L2(γ) .

ˆ

γ

|Jγ |
2ϕγ =

ˆ

γ

Jγ ·Λγ .(75)

Now, set v = Λγ in the identity (61) and use that Λγ(z) = 0 and that supp(Λγ) ⊆
Rγ = supp(ϕγ) ⊂ K∗ ∪K ′

∗ ⊂ ∪{K
′ : K ′ ∈ Nγ} to arrive at

(76)

ˆ

γ

Jγ ·Λγ = (∇Φ,∇Λγ)L2(Ω) −
∑

K′∈Nγ

ˆ

K′

R̃K′ ·Λγ

+
∑

K′∈Nγ

ˆ

K′

(|uT |uT −ΠK′(|uT |uT )) ·Λγ .
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In view of this identity, similar arguments to those developed to obtain (73) yield

(77)

ˆ

γ

Jγ ·Λγ ≤
∣

∣(∇Φ,∇Λγ)L2(Nγ )

∣

∣

+
∑

K′∈Nγ

(

‖R̃K′‖L2(K′) + ‖|uT |uT −ΠK′(|uT |uT )‖L2(K′)

)

‖Λγ‖L2(K′)

.
∑

K′∈Nγ

(

‖∇eu‖L2(dα
z
,K′) + ‖ep‖L2(dα

z
,K′)

)

‖∇Λγ‖L2(d−α
z

,K′) + ‖eu‖L2(dα
z
,K′)

· ‖Λγ‖L2(d−α
z

,K′) + ‖eu‖L4(dα
z
,K′)

(

‖∇Λγ‖L2(d−α
z

,K′) + ‖Λγ‖L2(d−α
z

,K′)

)

+
∑

K′∈Nγ

(

‖R̃K′‖L2(K′) + ‖|uT |uT −ΠK′(|uT |uT )‖L2(K′)

)

‖Λγ‖L2(K′).

The terms ‖∇Λγ‖L2(d−α
z

,K′) and ‖Λγ‖L2(d−α
z

,K′) can be controlled in view of (68) and

[2, estimate (5.8)], respectively. In fact, we have

(78) ‖∇Λγ‖L2(d−α
z ,K′) . h

− 1
2

K′ D
−α

2

K′ ‖Jγ‖L2(γ), ‖Λγ‖L2(d−α
z ,K′) . h

1
2

K′D
−α

2

K′ ‖Jγ‖L2(γ).

We also observe that ‖Λγ‖L2(K′) ≈ |K
′|

1
2 |γ|−

1
2 ‖Λγ‖L2(γ) ≈ h

1
2

K′‖Λγ‖L2(γ), as a con-
sequence of |K ′| ≈ h2K′ , |γ| ≈ hK′ , and standard arguments. With these ingredients
at hand, the inequalities in (77) allow us to arrive at

ˆ

γ

Jγ ·Λγ .
∑

K′∈Nγ

(

‖∇eu‖L2(dα
z
,K′) + ‖ep‖L2(dα

z
,K′)

)

h
− 1

2

K′ D
−α

2

K′ ‖Λγ‖L2(γ)

+
∑

K′∈Nγ

[

‖eu‖L2(dα
z
,K′)h

1
2

K′ + ‖eu‖L4(dα
z
,K′)(h

− 1
2

K′ + h
1
2

K′)
]

D
−α

2

K′ ‖Λγ‖L2(γ)

+
∑

K′∈Nγ

h
1
2

K′(‖R̃K′‖L2(K′) + ‖|uT |uT −ΠK′(|uT |uT )‖L2(K′))‖Λγ‖L2(γ).

The desired control for the term hKD
α
K‖Jγ‖

2
L2(γ) follows from replacing the previous

estimate in (75):

(79) hKD
α
K‖Jγ‖

2
L2(γ) .

∑

K′∈Nγ

(

‖∇eu‖
2
L(dα

z
,K′)+‖ep‖

2
L2(dα

z
,K′) + h2K′‖eu‖

2
L2(dα

z
,K′)

+ (1 + h2K′)‖eu‖
2
L4(dα

z
,K′) + h2K′Dα

K′‖|uT |uT −ΠK′(|uT |uT )‖2
L2(K′)

)

.

Step 3: Let K ∈ T . The control of ‖div uT ‖L2(dα
z
,K) follows easily from the

mass conservation equation div u = 0. In fact,

‖div uT ‖L2(dα
z
,K) = ‖div eu‖L2(dα

z
,K) . ‖∇eu‖L2(dα

z
,K).(80)

Step 4: Let K ∈ T . We now control the term associated with the singular source
δz. Let us first notice that if K ∩ {z} = ∅, then the desired estimate (69) follows
directly from the estimates derived in the previous three steps. If, on the other hand,
K ∩ {z} = {z}, we must obtain a bound for hαK |F|

2 in (53). To accomplish this task,
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we invoke the smooth function µ introduced in the proof of [2, Theorem 5.3], which
is such that

µ(z) = 1, ‖µ‖L∞(Ω) = 1, ‖∇η‖L∞(Ω) . h−1
K , supp(µ) ⊂ N ∗

K .(81)

With µ at hand, we define vµ := Fµ ∈ H1
0(d

−α
z
,Ω). Let us now invoke the fact that

(u, p) and (Φ, ψ) solve problems (14) and (39), respectively, to obtain

(82) |F|2 = 〈Fδz,vµ〉 = a(u,vµ) + b−(vµ, p) + c(u,u;vµ) + d(u,u;vµ)

= (∇Φ,∇vµ)L2(Ω) + a(uT ,vµ) + b−(vµ, pT ) + c(uT ,uT ;vµ) + d(uT ,uT ;vµ).

Since supp(µ) ⊂ N ∗
K , similar arguments to the ones utilized to obtain (73) yields

(83) |(∇Φ,∇vµ)L2(Ω)| . ‖eu‖L2(dα
z
,N∗

K
)‖vµ‖L2(d−α

z
,N∗

K
)

+
[

‖∇eu‖L2(dα
z
,N∗

K
) + ‖ep‖L2(dα

z
,N∗

K
)

]

‖∇vµ‖L2(d−α
z

,N∗
K
)

‖eu‖L4(dα
z
,N∗

K
)

[

‖∇vµ‖L2(d−α
z ,N∗

K
) + ‖vµ‖L2(d−α

z ,N∗
K
)

]

.

In view of the identity (82), the bound (83), and basic estimates on the basis of an
integrations by parts arguments, we obtain

|F|2 .
[

‖∇eu‖L2(dα
z
,N∗

K
) + ‖ep‖L2(dα

z
,N∗

K
)

]

‖∇vµ‖L2(d−α
z

,N∗
K
) + ‖eu‖L2(dα

z
,N∗

K
)

· ‖vµ‖L2(d−α
z ,N∗

K
) + ‖eu‖L4(dα

z
,N∗

K
)

[

‖∇vµ‖L2(d−α
z ,N∗

K
) + ‖vµ‖L2(d−α

z ,N∗
K
)

]

+
∑

K′∈T :K′⊂N∗
K

(

‖R̃K′‖L2(K′) + ‖|uT |uT −ΠK′(|uT |uT )‖L2(K′)

)

‖vµ‖L2(K′)

+
∑

K′∈T :K′⊂N∗
K

∑

γ∈SK′ :γ 6⊂∂NK

‖Jγ‖L2(γ)‖vµ‖L2(γ).

We now use the estimates

‖µ‖L2(γ) . h
1
2

K ‖µ‖L2(N∗
K
) . hK , ‖µ‖

L2(d−α
z ,N∗

K
) . h

1−α
2

K ,

and ‖∇µ‖
L2(d−α

z
,N∗

K
) . h

−α
2

K together with the fact that, since z ∈ K, we have that

hK ≈ DK , to conclude that

(84) |F|2 . h
−α

2

K |F|

[

‖∇eu‖
2
L2(dα

z
,N∗

K
)+‖ep‖

2
L2(dα

z
,N∗

K
) + h2K‖eu‖

2
L2(dα

z
,N∗

K
)

+ (1 + h2K)‖eu‖
2
L4(dα

z
,N∗

K
)

]
1
2

+ h
−α

2

K |F|

[

∑

K′∈T :K′⊂N∗
K

∑

γ∈SK′ :γ 6⊂∂N∗
K

h
1
2

K′D
α
2

K′‖Jγ‖L2(γ)

+
∑

K′∈T :K′⊂N∗
K

hK′D
α
2

K′

(

‖R̃K′‖L2(K′) + ‖|uT |uT −ΠK′(|uT |uT )‖L2(K′)

)

]

.

Replacing the estimates (74) and (79) in the previous bound allows us to conclude.
Step 5: Collect the estimates derived in the previous steps, i.e., estimates (74),

(79), (80) and (84) to arrive at the desired local efficiency estimate (69). This con-
cludes the proof.
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7. Numerical experiments. In this section, we present a series of numerical
examples that illustrate the performance of the devised error estimator Eα.

The numerical examples that will be presented have been carried out with the
help of a code that we implemented using C++. All matrices have been assembled
exactly, and the global linear systems were solved using the multifrontal massively
parallel sparse direct solver (MUMPS) [7, 8]. The right-hand sides, local indicators,
and the error estimator were computed by a quadrature formula which is exact for
polynomials of degree 19. To visualize finite element approximations, we have used
the open-source application ParaView [3, 9].

For a given partition T , we solve the discrete system (30), within the Taylor–
Hood discrete setting (26)–(27), with the help of the iterative strategy described in
Algorithm 1. Once a discrete solution is obtained, we compute, for eachK ∈ T , the
local error indicator Eα(uT , pT ;K), defined in (53), to drive the adaptive procedure
described in Algorithm 2. A sequence of adaptively refined meshes is thus generated
from the initial meshes shown in Figure 1.

(A.1) (A.2) (A.3)

Fig. 1. The initial meshes used in the adaptive algorithm, Algorithm 2, when (A.1) Ω = (0, 1)2,
(A.2) Ω = (−1, 1)2 \ [0, 1) × (−1, 0], and (A.3) Ω = ((−1.5, 1.5) × (0, 1)) ∪ ((−0.5, 0.5)× (−2, 1)).

Finally, we define the total number of degrees of freedom as Ndof := dim V(T )+
dim P(T ).

Algorithm 1 Iterative Scheme.

Input: Initial guess (u0
T
, p0

T
) ∈ V(T ) × P(T ), interior point z ∈ Ω, F ∈ R

2, and
tol=10−8. Set i=1;
1: Find (ui

T
, pi

T
) ∈ V(T )× P(T ) such that

a(ui
T
,vT ) + b−(vT , p

i
T
) + c(ui−1

T
,ui

T
;vT ) + d(ui−1

T
,ui

T
;vT ) = 〈Fδz,vT 〉,

b+(u
i
T
, qT ) = 0,

for all vT ∈ V(T ) and qT ∈ P(T ), respectively.
2: If |(ui

T
, pi

T
) − (ui−1

T
, pi−1

T
)| > tol, set i ← i + 1 and go to step 1. Otherwise,

return (uT , pT ) = (ui
T
, pi

T
). Here, | · | denotes the Euclidean norm.

7.1. Convex and non-convex domains. We explore the performance of the
devised a posteriori error estimator in problems with homogeneous Dirichlet boundary
conditions on convex and non-convex domains.

7.1.1. Convex domain. Let Ω = (0, 1)2, z = (0.5, 0.5)T, and F = (1, 1)T.
We explore the performance of the a posteriori error estimator Eα(uT , pT ;T ) when
driving the adaptive procedure of Algorithm 2. In particular, we investigate the
effect of varying the exponent α in the Muckenhoupt weight. To accomplish this task,
we consider α = {0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75}.



A BRINKMAN–DARCY–FORCHHEIMER MODEL UNDER SINGULAR FORCING 21

Algorithm 2 Adaptive Algorithm.

Input: Initial mesh T0, interior point z ∈ Ω, α ∈ (0, 2), and F ∈ R
2;

1: Solve the discrete problem (30) by using Algorithm 1;
2: For each K ∈ T compute the local error indicator Eα(uT , pT ;K) defined in (53);
3: Mark an element K ∈ T for refinement if;

Eα(uT , pT ;K) >
1

2
max
K′∈T

Eα(uT , pT ;K ′);

4: From step 3, construct a new mesh, using a longest edge bisection algorithm. Set
i← i+ 1 and go to step 1.

In Figure 2, we report the results obtained for Example 1. We observe that the
devised a posteriori error estimator Eα attains optimal experimental rates of conver-
gence for all the values of the parameter α that we have considered. We also observe
that most of the refinement is concentrated around the singular source point.

Eα(uT , pT ; T )

10
2

10
3

10
4

10
-2

10
-1

10
0

10
1

Ndof
−1

α = 0.25
α = 0.5
α = 0.75
α = 1.0
α = 1.25
α = 1.5
α = 1.75

(B.1) (B.2) (B.3) (B.4)

Fig. 2. Example 1: Experimental rates of convergence for the error estimator Eα(uT , pT ;T )
considering α ∈ {0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75} (B.1) and the meshes obtained after 20 adaptive
refinements for α = 0.5 (156 elements and 85 vertices) (B.2); α = 1.0 (192 elements and 105
vertices) (B.3); and α = 1.5 (304 elements and 167 vertices) (B.4).

7.1.2. Non-convex domain. Let Ω = (−1, 1)2 \ [0, 1)×(−1, 0] and F = (1, 1)T.
In Figure 3, we report the results obtained for Example 2. We observe that opti-

mal experimental rates of convergence are attained for all the values of the parameter
α that we have considered: α ∈ {0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75}. We also observe
that most of the refinement is concentrated around the singular source point and that
the geometric singularity is rapidly noticed for values of α such that α ≥ 1.

7.2. A series of Dirac delta points. We consider Ω = ((−1.5, 1.5)× (0, 1)) ∪
((−0.5, 0.5)×(−2, 1)) and go beyond the present theory and consider nonhomogeneous
Dirichlet boundary conditions and a series of Dirac delta sources on the right-hand
side of the momentum equation:

(85) −∆u+ (u · ∇)u+ |u|u+ u+∇p =
∑

z∈Z

Fzδz in Ω,

where Z ⊂ Ω denotes a finite set with cardinality #Z > 1 and {Fz}z∈Z ⊂ R
2. In

particular, we consider Fz = (1, 1)T for all z ∈ Z. Let us introduce the weight

ρ(x) =

{

dα
z
, ∃ z ∈ Z : |x− z| < dZ

2 ,

1, |x− z| ≥ dZ

2 , ∀ z ∈ Z,
(86)
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Eα(uT , pT ; T )
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Fig. 3. Example 2: Experimental rates of convergence for the error estimator Eα(uT , pT ;T )
considering α ∈ {0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75} (B.1) and the meshes obtained after 40 adaptive
refinements for α = 0.5 (534 elements and 280 vertices) (B.2); α = 1.0 (1917 elements and 994
vertices) (B.3); and α = 1.5 (2401 elements and 1247 vertices) (B.4).

u = (y(1 − y), 0)T

u = (0, 0)T

u = (0, 0)T

u = (0, 0)T

u = (0, 0)T

u = (0, 0)T

u = (y(1 − y), 0)T

u = (0, 0)T

z1

z2

b

b

Fig. 4. Example 3: T–shaped domain with Dirac delta source points located at z1 = (0, 0.5)
and z2 = (0,−1).

where dZ = min{dist(Z, ∂Ω),min{|z − z′| : z, z′ ∈ Z, z 6= z′}}. With this weight at
hand, we modify the definition of the spaces X and Y as follows:

X = H1
0(ρ,Ω)× L

2(ρ,Ω) \ R, Y = H1
0(ρ

−1,Ω)× L2(ρ−1,Ω) \ R.

It can be proved that the weight ρ belongs to the Muckenhoupt class A2 (see [4, Theo-
rem 6]) and to the restricted class A2(Ω). Define DK,Z := minz∈Z {maxx∈K |x− z|}.
We thus propose the following a posteriori error estimator when the Taylor–Hood
scheme is considered:

Dα(uT , pT ;T ) :=

(

∑

K∈T

D2
α(uT , pT ;K)

)
1
2

,(87)

where the local errors indicators are such that

(88) D2
α(uT , pT ;K) := h2KD

α
K,Z‖RK‖

2
L2(K) + hKD

α
K,Z‖Jγ‖

2
L2(∂K\∂Ω)

+‖div uT ‖
2
L2(ρ,K) +

∑

z∈Z∩K

hαK |Fz|
2.

In Figure 5, we report the results obtained for Example 3. We present the adaptive
mesh obtained after 60 adaptive iterations, the streamlines associated with the velocity
field uT , pressure contours, and velocity and pressure elevations. It can be observed
that the devised a posteriori error estimator attains an optimal experimental rate
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of convergence and that most of the refinement is concentrated around the singular
sources and the involved geometric singularities.

Dα(uT , pT ;T )

10
4

10
-2

10
-1

10
0

10
1

Ndof
−1α = 1.0

(C.1) (C.2) (C.3)

(C.4) (C.5) (C.6)

Fig. 5. Example 3: Experimental rates of convergence for the error estimator D1.0(uT , pT ;T )
(C.1); the mesh obtained after 60 adaptive refinements (4378 elements and 2263 vertices) (C.2);
streamlines for |uT | (C.3); elevation for |uT | (C.4); pressure contour (C.5); and elevation for the
pressure pT (C.6).
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[6] A. Allendes, E. Otárola, and A. J. Salgado, A posteriori error estimates for the stationary
Navier-Stokes equations with Dirac measures, SIAM J. Sci. Comput., 42 (2020), pp. A1860–
A1884, http://dx.doi.org/10.1137/19M1292436.

[7] P. R. Amestoy, I. S. Duff, and J.-Y. L’Excellent, Multifrontal parallel distributed symmet-
ric and unsymmetric solvers, Comput. Methods in Appl. Mech. Eng., 184 (2000), pp. 501
– 520, http://dx.doi.org/10.1016/S0045-7825(99)00242-X.

[8] P. R. Amestoy, I. S. Duff, J.-Y. L’Excellent, and J. Koster, A fully asynchronous multi-

http://dx.doi.org/10.1007/978-1-4939-6985-2
http://dx.doi.org/10.1051/m2an/2014010
http://dx.doi.org/10.1007/s10474-014-0389-1
http://dx.doi.org/10.1007/s10474-014-0389-1
http://dx.doi.org/10.1016/j.cma.2018.11.004
http://dx.doi.org/10.1137/19M1292436
http://dx.doi.org/10.1016/S0045-7825(99)00242-X


24 A. ALLENDES, G. CAMPAÑA AND E. OTÁROLA
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[34] J. Heinonen, T. Kilpeläinen, and O. Martio, Nonlinear potential theory of degenerate el-
liptic equations, Dover Publications, Inc., Mineola, NY, 2006. Unabridged republication of
the 1993 original.

[35] V. A. Kozlov, V. G. Maz’ya, and J. Rossmann, Elliptic boundary value problems in domains
with point singularities, vol. 52 of Mathematical Surveys and Monographs, American Math-
ematical Society, Providence, RI, 1997, http://dx.doi.org/10.1090/surv/052.

[36] L. Lacouture, A numerical method to solve the stokes problem with a punctual force in source
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[41] E. Otárola and A. J. Salgado, A weighted setting for the stationary Navier Stokes equations
under singular forcing, Appl. Math. Lett., 99 (2020), pp. 105933, 7, http://dx.doi.org/10.
1016/j.aml.2019.06.004.

[42] E. Otárola and A. J. Salgado, On the analysis and approximation of some models of fluids
over weighted spaces on convex polyhedra, Numer. Math., 151 (2022), pp. 185–218, http://
dx.doi.org/10.1007/s00211-022-01272-5.

[43] A. Russo and G. Starita, On the existence of steady-state solutions to the Navier-Stokes
system for large fluxes, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 7 (2008), pp. 171–180.

[44] T. Sayah, A posteriori error estimates for the Brinkman-Darcy-Forchheimer problem,
Comput. Appl. Math., 40 (2021), pp. Paper No. 256, 38, http://dx.doi.org/10.1007/
s40314-021-01647-8.

[45] K. Schumacher, Solutions to the equation div u = f in weighted Sobolev spaces, in Parabolic
and Navier-Stokes equations. Part 2, vol. 81 of Banach Center Publ., Polish Acad. Sci.
Inst. Math., Warsaw, 2008, pp. 433–440, http://dx.doi.org/10.4064/bc81-0-26.

[46] K. Schumacher, The stationary Navier-Stokes equations in weighted Bessel-potential spaces,
J. Math. Soc. Japan, 61 (2009), pp. 1–38.

[47] L. R. Scott and S. Zhang, Finite element interpolation of nonsmooth functions satisfying
boundary conditions, Math. Comp., 54 (1990), pp. 483–493, http://dx.doi.org/10.2307/
2008497.

[48] A. Shenoy, Non-newtonian fluid heat transfer in porous media, vol. 24 of Advances in
Heat Transfer, Elsevier, 1994, pp. 101–190, http://dx.doi.org/https://doi.org/10.1016/
S0065-2717(08)70233-8.

[49] R. Temam, Navier-Stokes equations, AMS Chelsea Publishing, Providence, RI, 2001, http://
dx.doi.org/10.1090/chel/343. Theory and numerical analysis, Reprint of the 1984 edition.

[50] A. Torchinsky, Real-variable methods in harmonic analysis, vol. 123 of Pure and Applied
Mathematics, Academic Press, Inc., Orlando, FL, 1986.

[51] B. O. Turesson, Nonlinear potential theory and weighted Sobolev spaces, vol. 1736 of Lec-
ture Notes in Mathematics, Springer-Verlag, Berlin, 2000, http://dx.doi.org/10.1007/
BFb0103908.

[52] C. Varsakelis and M. V. Papalexandris, On the well-posedness of the Darcy-Brinkman-
Forchheimer equations for coupled porous media-clear fluid flow, Nonlinearity, 30 (2017),
pp. 1449–1464, http://dx.doi.org/10.1088/1361-6544/aa5ecf.

[53] R. Verfürth, A posteriori error estimators for convection-diffusion equations, Numer. Math.,
80 (1998), pp. 641–663, http://dx.doi.org/10.1007/s002110050381.

[54] C. Zhao and Y. You, Approximation of the incompressible convective Brinkman-
Forchheimer equations, J. Evol. Equ., 12 (2012), pp. 767–788, http://dx.doi.org/10.1007/
s00028-012-0153-3.

http://dx.doi.org/10.5186/aasfm.2011.3607
http://dx.doi.org/10.1090/surv/052
http://dx.doi.org/10.1016/j.crme.2014.09.008
http://dx.doi.org/10.1016/j.crme.2014.09.008
http://dx.doi.org/10.1007/s10483-019-2487-9
http://dx.doi.org/10.2307/1995882
http://dx.doi.org/10.1007/s00211-015-0709-6
http://dx.doi.org/10.1016/j.jmaa.2018.10.094
http://dx.doi.org/10.1016/j.aml.2019.06.004
http://dx.doi.org/10.1016/j.aml.2019.06.004
http://dx.doi.org/10.1007/s00211-022-01272-5
http://dx.doi.org/10.1007/s00211-022-01272-5
http://dx.doi.org/10.1007/s40314-021-01647-8
http://dx.doi.org/10.1007/s40314-021-01647-8
http://dx.doi.org/10.4064/bc81-0-26
http://dx.doi.org/10.2307/2008497
http://dx.doi.org/10.2307/2008497
http://dx.doi.org/https://doi.org/10.1016/S0065-2717(08)70233-8
http://dx.doi.org/https://doi.org/10.1016/S0065-2717(08)70233-8
http://dx.doi.org/10.1090/chel/343
http://dx.doi.org/10.1090/chel/343
http://dx.doi.org/10.1007/BFb0103908
http://dx.doi.org/10.1007/BFb0103908
http://dx.doi.org/10.1088/1361-6544/aa5ecf
http://dx.doi.org/10.1007/s002110050381
http://dx.doi.org/10.1007/s00028-012-0153-3
http://dx.doi.org/10.1007/s00028-012-0153-3

	Introduction
	Notation and preliminaries
	Notation
	Weighted function spaces

	A Brinkman problem under singular forcing
	A Brinkman–Darcy–Forchheimer model
	Weak formulation
	Existence and uniqueness for small data

	Finite element approximation: a priori error estimates
	Basic ingredients and assumptions
	The scheme

	Finite element approximation: a posteriori error estimates
	Ritz projection
	An upper bound for the error
	A residual-type error estimator
	A quasi-interpolation operator
	Reliablity
	Local efficiency bounds

	Numerical experiments
	Convex and non-convex domains
	Convex domain
	Non-convex domain

	A series of Dirac delta points

	References

