THE STATIONARY BOUSSINESQ PROBLEM UNDER SINGULAR
FORCING*
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Abstract. In Lipschitz two and three dimensional domains, we study the existence for the so-
called Boussinesq model of thermally driven convection under singular forcing. By singular we mean
that the heat source is allowed to belong to H!(w, ), where w is a weight in the Muckenhoupt
class Az that is regular near the boundary. We propose a finite element scheme and, under the
assumption that the domain is convex and w~! € Aj, show its convergence. In the case that the
thermal diffusion and viscosity are constants, we propose an a posteriori error estimator and show
its reliability. We also explore efficiency estimates.
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1. Introduction. The purpose of this work is to study existence, uniqueness,
and approximation results for the so-called Boussinesq model of thermally driven
convection. While this problem has been considered before in different contexts and
there are such results already available in the literature [3, 10, 15, 21, 33, 41, 42, 43],
our main source of novelty and originality here is that we allow the heat source to
be singular, say a Dirac measure concentrated in a lower dimensional object so that
the problem cannot be understood with the usual energy setting; as it was done, for
instance, in [10, 21, 33, 42, 43]. Let us make this discussion precise. Let 2 C R?, with
d € {2,3}, be an open and bounded domain with Lipschitz boundary 092. We are
interested in existence, uniqueness, and approximation of solutions to the following
system of partial differential equations (PDESs) in strong form:

—div(y(T)Vu) + (u-V)u+ Vp=gT, inQ,

divu =0, in Q,
(1) . . _ :

—div(k(T)VT) + div(uT) = A, in €,

u=0, T=0, on Jf).

The unknowns are the velocity u, pressure p, and temperature T of the fluid, re-
spectively. The data are the viscosity coefficient v, gravity g, the thermal diffusivity
coefficient x, and the externally applied heat source . Our main source of interest
is the case of a rough H, so that standard energy arguments do not apply to obtain
suitable estimates. We will make precise assumptions quantifying this below.

Our presentation will be organized as follows. We collect background information,
and the main assumptions under which we shall operate in section 2, where we also
introduce a notion of solution for (1); see Definition 6. Existence of solutions is
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presented in section 3. The numerical analysis of problem (1) begins in section 4,
where we introduce a finite-element-like numerical scheme, show that it always has
solutions, and that these converge. Section 5 continues the numerical analysis by
introducing an a posteriori error estimator for our problem and showing its reliability.
We also explore efficiency estimates. Finally, a series of numerical experiments are
presented in section 6. We show the performance of the devised error estimator within
an adaptive loop and explore our model beyond what our theory can handle.

2. Notation and main assumptions. Throughout this work d € {2,3} and
Q C R4 is an open and bounded domain with Lipschitz boundary 0. If W and Z are
Banach function spaces, we write W — Z to denote that W is continuously embedded
in Z. We denote by W’ and || - ||y the dual and the norm of W, respectively.

For £ C Q open and f: E — R, we set

]{Efdx_ﬁ/Efdx, |E|:/de.

Given p € (1,00), we denote by p’ its Holder conjugate, i.e., the real number such
that 1/p+1/p’ = 1. By a < b we mean a < Cb, with a constant C' that neither
depends on a, b, or the discretization parameters. The value of C' might change at
each occurrence. If the particular value of a constant is of relevance, then we will
assign it a name. For instance, throughout our work, by Cy_,o we shall denote the
best constant in the embedding H{(Q) — L*(Q).

2.1. Weighted function spaces and their embeddings. A weight is a locally
integrable and nonnegative function defined on R?. If w is a weight and p € [1, 00),
we say that w belongs to the so—called Muckenhoupt class A, if [18, 35, 45]

p—1
[@] 4 :=sup <][ wdx) <][ w!/(=P) dx) < oo, pe€(1,00),
? B B B

1
w| 4 i=su wdz | su < 00, =1,
e, e (f, =0r) g <o 7

where the supremum is taken over all balls B in R%. In addition, Ay, = Up>1 Ap.
We call [@]4,, for p € [1,00), the Muckenhoupt characteristic of w. B
Distances to lower dimensional objects are prototypical examples of Muckenhoupt
weights. In particular, if K C € is a smooth compact submanifold of dimension
ke€{0,1,...,d — 1} then, owing to [22, Lemma 2.3 item (vi)], we have that

di(z) = dist(z, )~

belongs to the class A, provided a € (—(d — k),(d — k)(p — 1)). This allows us to
identify three particular cases:
(i) Let d > 1 and z € Q, then the weight d7 € A, if and only if o € (—d, d).
(ii) Let d > 2 and v C Q be a smooth closed curve without self intersections. We
have that d € Ay if and only if o € (—(d —1),d — 1).
(iii) Finally, if d =3 and ' C Q is a smooth surface without boundary, then d* € A,
if and only if @ € (—1,1).
Since the aforementioned lower dimensional objects are strictly contained in 2, there
is a neighborhood of 02 where the weight has no degeneracies or singularities. In fact,
it is continuous and strictly positive. Inspired by [22, Definition 2.5], this observation
motivates us to define a restricted class of Muckenhoupt weights.
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DEFINITION 1 (class A,(D)). Let D C R? be a Lipschitz domain. Forp € (1,00)
we say that w € A, belongs to Ap(D) if there is an open set G C D, and positive
constants € > 0 and w; > 0, such that:

{z € Q:dist(x,0D) < e} C G, w € C(G), w; < w(r) Vreg.

Remark 2 (df € A2(Q) and d;* € A;). Let z € Q and « € (d — 2,d). Define
d.(z) = |z — z|. Then, we have that the weight dJ is such that df € A(?) and
dz_a € A

From the Ap—condition and Holder’s inequality follows that an A,~weight satisfies
the so-called strong doubling property [45, Proposition 1.2.7]: Let w € A, with p €
(1,00) and E C R? be a measurable subset of a ball B C R?. Then,

1BI\"
(2) @w(B) < Cpw 18| w(E).
The following embedding results will be of importance in our analysis.

PROPOSITION 3 (weighted embedding). Let p € (1,00) and w € A,. There is
0 > 0 such that if

d
k 1, ——
e[,d_1+5],

then Wy'P (w, Q) < L* (e, Q). If, in addition, Seng(w) € Q then, the embedding is
compact for 1 <k <d/(d—1). Here, Sqng(w) denotes the set of singularities defined
in [28, Section 4.1].

Proof. Reference [20, Theorem 1.3] guarantees that the embedding is continuous.
The compactness of the embedding follows from [28, Theorem 4.12]. O

PROPOSITION 4 (embedding with different metrics). Let 1 < p < ¢ < 00, w €
Ap, and p € Ay. If the pair (p,w) satisfies the compatibility condition

1 1
i(p(BT))/q(w(BF‘)>/p<1 0<r<R
R \ p(Br) w(B;) ~ -
then, we have that, W, (w, Q) < Li(p, ).

Proof. See [36, Theorem 6.1]. O

PROPOSITION 5 (boundedness). Let d € {2,3} and w € As. For every g €
L>°(Q), 0 € H}(w,Q), and v € H§(Q2), we have that

/ fg - vdx
Q

If, in addition, the weight satisfies w1 € Ay, then provided r € H} (w™1,Q), we have

(3) < CenllgllLe @ IVOL2 (@)l VViL2()-

v -Vrde
Q

(4) < Ce2| VL2 @) IVOllL2(w,0) IVTlIL2 (-1 ,0)-

In both estimates, the constants depend only on Q) and w.

Proof. Since the weight @w € As, we have that it satisfies the strong doubling
property (2) with p = 2. Thus, for 0 < r < R and ¢ < d/(d — 1), we have

r B, | 1/q w(BR) 1/2<(£)1+d/q |BR|<1
R \|Br| @(By)) TR B ™
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We thus invoke Proposition 4 with p = 2 and p = 1 to conclude that H}(w,Q) <
L1(Q) provided ¢ < d/(d — 1). Consequently, for ¢ < d/(d — 1), we have

‘/ fg - vdx
Q

Notice that ¢’ > d. Choosing ¢ = d/(d—1) and utilizing a standard Sobolev embedding
yields estimate (3).

We now prove inequality (4). To accomplish this task, we first notice that =1 €
A; implies w € L>°(Q). Second, since Proposition 3 guarantees the existence of € > 0
such that H}(w, Q) < LF¢(w,Q), for p = 2d/(d— 1), we can conclude the existence
of £ >2d/(d— 1) and m < 2d such that m~! + /=1 = 1/2 and

/HV-Vrd:v
Q

< llgllue @ 10l a@) 1 VIlLa (@) < l18lue@) VO 22w, IVILe (@)

1/m
< @)l gy IVl o) 101l e,y | V7 21,0

(5)

1/m
S @l o) IVVliLe@) V0] 2 (w0 | V721 ),

where we have also used a standard, unweighted, Sobolev embedding to handle the
term involving v. This yields (4) and concludes the proof. O

2.2. Main assumptions and definition of solution. Having described the
functional setting that we shall adopt and some of its more relevant properties, we
can precisely state the assumptions under which we shall operate.

e Domain: Let d € {2,3}. We assume that  is a bounded domain in R? with
Lipschitz boundary 9Q2. When dealing with discretization, we shall further assume
that  is a polytope.

e Gravity: The gravity is a constant vector g € R?. We set g = |g|.

e Viscosity: The viscosity is a function v € C%1(R) that is strictly positive and
bounded, i.e., there are positive constants v_ and v such that v_ < vy and

v <v(t)<vy VieR

e Thermal diffusivity: The thermal coefficient is a function x € C%1(R) that is,
moreover, strictly positive and bounded, i.e., there are positive constants x_ and
k4 such that k_ < k4 and

ko <k(t) <Ky VEER.
To quantify the oscillation of the thermal diffusivity we shall introduce

A(k) == % € (0,1].

e Weight: We assume that we have a weight @ € A3(Q) such that @™ € A; and
Ssing(w) € Q. A canonical example of this scenario is given in Remark 2; [28,
Example 4.4] shows that |Sging(ww)| = 0.

e Heat source: We allow the heat source to be singular, and we quantify this by
assuming that it belongs to the dual of a weighted space. Namely, we assume that
He H Hw,Q) = H} (w1, Q).

With these assumptions at hand we can define our notion of solution.
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DEFINITION 6 (weak solution). We say that the triple (T,u,p) € H}(w,Q) x
H}(Q) x LE(Q) is a weak solution to (1) if

/ W(MVu:Vv+(u-Viu-v—pdivv—-Tg-v) dz =0,
Q

(6) / gdivudz =0,
Q
/ (k(T)VT -Vr —Tu-Vr) dz = (H,r),
Q

for all v.€ H{(Q), ¢ € LA(Q), and r € H}(w™1,Q). Here, (-,-) denotes the duality
pairing between Ha (w1, Q) and its dual H ™ (w, Q).

We immediately comment that, owing to our assumptions on data and definition
of solution, all terms in this definition are meaningful; see Proposition 5.

3. Existence of solutions. The main goal in this section is to show that prob-
lem (1) has, under the assumptions stated in Section 2.2, a solution in the sense of
Definition 6. We proceed in several steps.

3.1. The Navier—Stokes equation with prescribed temperature. We be-
gin by making a simple observation. Given 6 € H} (@, ), let us consider the following
problem: Find (u,p) € H}(Q) x L3(2) such that

/(V(H)Vu:Vv—i—(u-V)u-v—pdivv) dxz/@g-vdx vv € HY(Q),
Q Q

(7)
/quivud:vzo Vg € L3(Q).

We present the following result regarding existence and uniqueness of solutions to
(7). We will make use of the fact that, on Lipschitz domains, the divergence operator
is surjective from H(Q) to L3(Q) [11, 12]. This implies that there is a constant B,
that depends only on d and 2, for which

divvgdx
(8) Bllqllz2@) < sup 7‘[9
veri@) [Vvireo)

Vg € L3(9).
THEOREM 7 (existence and uniqueness). For every 0 € H}(w, Q) problem (7)

has at least one solution. In addition, if CpCe19||VO||L2(w,0) < V2, where Cp is a
constant that depends only on Q and d, then this solution is unique and satisfies

Ce,lg
v_

[Vullrz(o) < [VOlL2(w,0);

Ce19 v C? Ce19
Pz < LIVl (1425 + CE2E ) )

where Cy_o is the best constant in the embedding H{(Q) — L*(Q) and B is the
constant appearing in estimate (8).

Proof. Since 0 € Hi(w, ), the function ¥(x) := v(f(z)) is bounded, measurable,
and strictly positive. Define the functional

fg:V»—)/Gg-vdx.
Q
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Owing to Proposition 5 we have that 7 € H™(2). In addition, Proposition 5 also
shows that

[ Foller-—1(0) < CerllgllLe@)IVOlL2(w,0) = Ce19/|VO|L2(w,0)-

Thus, the standard theory of existence and uniqueness under small data (or large
viscosity) for the Navier—Stokes equation applies [44, Chapter II, §1].

We now obtain the claimed estimates. The bound on u follows from standard
energy arguments and the bound on Fy. The bound on p is obtained from (8). Indeed,
using the first equation in (7), inequality (8) yields

Blpllz2(9) < v+lIVullLz) + Cio[Vullaq) + [|Folla— o)

Substitute the obtained bounds in terms of V8 to conclude. 0

3.2. The stationary heat equation with convection. Here, we study the
existence of solutions to a stationary heat equation with convection and under singular
forcing. Namely, given s € L>®(Q) with 0 < 3 < 3 < 34, u € H}(Q), and H €
H'(w,Q), we consider the following stationary heat equation: Find T' € H}(w, Q)
such that

(9) /Q (VT -Vr—Tu-Vr)de = (H,r) Vre Hj(w ' Q).

As a first step, we state a well-posedness result for the case u = 0.

PROPOSITION 8 (well-posedness for u = 0). There is a constant Ao, depending
only on Q and w, such that, if A() > Ay, problem (9) with u = 0 is well-posed.
This, in particular, implies that

»VT -Vrdz
(10) VT ||L2(w,0) < C  sup Jo#VT - Vrde

VT € Hj(w, Q).
reH} (w=1,Q) |\V7"|\L2(w71,9) 0

The constant C,, depends only on Ao, A(x), Q, d, and @.
Proof. See [40, Theorem 12]. 0
We now study the case with nonzero convection.
PROPOSITION 9 (well-posedness for u # 0). Assume that A(s) > Ag, where Ag
is defined in Proposition 8. If
(11) CoCe 2l Vullrz) < g <1,

then problem (9) is well-posed. This, in particular, implies that the solution T of
problem (9) satisfies the estimate

Cs

VT lL2(w,0) < Ca(@)|Hlla-1(w,9), Cu(q) = -

Proof. Let us introduce the linear map A : Hg(w, Q) — H!(w, Q) via
(AT, r) := / »VT -Vrde, VT € Hj(w,Q), Vr € Hy(w ', Q).
Q

Clearly, A is a bounded linear operator and, moreover, owing to the inf-sup estimate
(10), A iS invertible Wlth HA71||£(H*1(W,Q),Hé(w,ﬂ)) S C,{.
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Given u € H}(Q), we introduce the map By : Hg(w,Q) — H ™! (w, Q) defined by
(BuT,r) = —/ Tu-Vrdz, VT € H(w,Q),Vr € Hy(w ', Q).
Q

Estimate (4) shows that By, is a bounded linear map which satisfies the estimate

1Bull (22 (w,0), 51 (w.02)) < Ce2||VullL2q).

Since it will be needed later, we now show that By is compact. Let {T,,},>0 be a
bounded sequence in H} (o, 2). Since Proposition 3 guarantees that, for k < d/(d—1),
the embedding H}(w, Q) — L**(w,) is compact, we conclude the existence of a
subsequence {7, };>0 of {1}, }n>0 such that T,,, — T* in Hj(w,Q) and T,,, — T* in
L?4/(d=1) (5, Q) as j T co. Thus, estimate (5) yields

1BuTrn; = BuT™|| -1 (w,0) S 1 Tn; — T || p2as@-1) (m,0[IVUllL2 () = 0, j 1T 00.

This shows that {BuT}, } ;>0 converges in H~!(zw, 2) and thus that By is compact. We
notice that, in view of (5), the map By is well-defined on the space L*¥/ (=1 (7, Q).
With this notation, we have that problem (9) can be written as

(A+B)T =H — (I+A BT = A 'H

in H=!(w, Q). Since A~!B, is continuous, assumption (11) implies that this problem
has a unique solution, because

IA™ Bull (13 (w,0)) < CoeCls]

Moreover, we have the estimate

Vullpz) <g < 1.

A~ Hﬁ(H*l(w,Q),Hé (w,Q))

s

1-—

IVT|L2(w,0) < I1H] g1 (,0) < q||HHH*1(w,Q)-

1 — A= Bull £(# (w,9))
Notice that Cg(q) = C../(1 — q) depends only on ¢, Ag, A(3), Q, d, and w. O

3.3. Existence of solutions. Having studied each one of the subproblems sep-
arately, we proceed to show existence of solutions to (6) via a fixed point argu-
ment. To accomplish this task, we define the map § : H}(ww, Q) x H}(Q)x L3(Q) —
H(w,Q) x HY(Q)x L3() by F(0,u,p) := (T,u,p), where (T, u,p) solves

(12) /Q (v(@)Vu:Vv+ (u-Vu)-v—pdivv) dz = /QHg vdr Vv € Hy(Q),
(13) /quivudaczo Vg € L3(9),

(14) /Q (k(O)VT-Vr —Tu-Vr) de = (H,r) Vre Hi(w ', Q).

Note that the definition of (T, u, p) implies solving a stationary Navier—Stokes equation

with prescribed temperature 6 and a stationary heat equation with convection u. The
following result shows that the map § is well-defined. To concisely state it we define

v_ . v_ 1
(15) %T - {9 S H&(W,Q) . ||v9||L2(w)Q) S S}, S = 90671 mln{C—P, m},
1
= ! : 2 < = —
(16) B, = {u € HY(@) : [Vulue < G}, 6= g

Ce 1% C2 Ce
(1) B, = {p € 3O : pllowy < P}, P =g (14 25 4 Shmzfeat)
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and B = Br x B xB,.
PROPOSITION 10 (F is well-defined). Assume that A(k) > Ao, where Ay is
defined in Proposition 8. If the heat source H € H~'(w, ) satisfies the estimate

S S
1 H 1 < J—

then § is well-defined on B. In addition, we have F(B) C B.

Proof. Let 8 € Br. Invoke Theorem 7 to conclude the existence of a unique
(u,p) € H(Q) x L3(2) that solves (12) and (13). Moreover, u and p satisfy the
estimates

Ce19 Cerg v— 1
Vv < = Vo < = =G
I UHL2(Q) = I HL2(w,Q) =0 901 20,.C. s )
C. v Ccz.,,C,
[pll20) < élg|\V9HL2(w,sz) (1 + i + %’19|V9|L2(w,n)) <P

Consequently, u € B, and p € B,. Now, since A(k) > Ay and u € B, we invoke
Proposition 9, with ¢ = 1/2, to conclude that there exits a unique T that solves (14).
Moreover, the condition on H guarantees that

[VTllL2(w,0) < Ca(1/2)|H]a-1(w0) < S,
which implies that T € 8. We have thus proved all the statements. a
As a last preparatory step we show that the mapping § is weakly continuous.

LEMMA 11 (weak continuity). The mapping § : B — B is weakly continuous.

Proof. Let the sequence {(0n,un,pn)}n>0 C B be such that (6,,un,p,) —
(0,u,p) in H} (w,Q) x H{(Q)x L3(£2). As the set B is closed and convex, it is weakly
closed. Therefore, (6,u,p) € B. Set (Tp,un,pn) = F(On,un,pn) and (T,u,p) =
(0, u,p). We must show that (T, un,pn) — (T, u,p).

Owing to the reverse Holder inequality [18, Theorem 7.4] we have that, for some
€ > 0, the embedding H} (w, Q) — W1+€(Q) is continuous. Since W11+¢(Q) is com-
pactly embedded in L'*¢(Q), we obtain that 6,, — 6 in L'*¢(Q). The continuity of
implies then that x(6,) — x(6) almost everywhere in €; see [9, Theorem 7]. Now, since
{(Thn,Un, Pn)In>0 C B is bounded, we can extract a weakly convergent subsequence
{(Tnis uni, Pr) Yezo such that (To, , un,, P, ) — (T, 0, p) in Hg (o, Q) xHg () x L3($2)
as k 1 0o. The previous discussion shows that, for every r € H& (w1, Q), we have

/ (00, ) VT, -Vrde = [ &(O)VT-Vrds, k7 oo.

Q Q

Similar arguments for the remaining terms that comprise the definition of § show that,
in the limit, we must have ('T', U,p) = §(6,u,p). Consequently, ('T', i,p) = (T,u,p).
Since problem (12)—(14) admits a unique solution, any convergent subsequence con-
verges to the same limit, which implies that the whole sequence must do so to (T, u, p),
which established the desired weak continuity of §. d

We now proceed to obtain existence via a fixed point argument.

THEOREM 12 (existence).  Assume that A(k) > Ao, where Ay is defined in
Proposition 8. If the heat source H € H~'(w,Q) satisfies (18), then there is a
(T,u,p) € Hi(w, Q) x HY(2) x LZ(Q) that solves (1) in the sense of Definition 6.
Moreover, we have that (T,u,p) € B.
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Proof. We wish to invoke the Leray—Schauder fixed point theorem [16, Theorem
8.8] for the map § over B = Br x By x B, where By, By, and B, are defined in
(15), (16), and (17), respectively. Notice that 9B is nonempty, closed, bounded, and
convex. Since Proposition 10 already showed that F(28) C 9B, it remains to show the
compactness of §. In other words, we must improve on Lemma 11 by showing the
weak—strong continuity of §. To accomplish this task, let {(6,, un,pn)}n>0 C B be
such that (0, un,pn) — (0,u,p) € B, in Hi(w,Q) x HY(Q) x LE(Q), as n T co. We
already now, via Lemma 11, that (T, upn, pn) = F(0n, Un, pn) — F(0,u,p) = (T, u, p),
in H}(w,Q) x H{(Q) x L3(Q).

Let r € H}(w™1,Q). Invoke the problems that (T,,u,) and (T,u) satisfy and
observe that the difference et , := T — T,, verifies the relation

/ (k(60n)VeT, —eTpu) - Vrde = / (Tp(u—uy,) + (k(0,) — k(0)) VT) - Vrdaz,
Q Q

i.e., eTp is the solution to a heat equation with convection; the problem that was
studied in §3.2. Let us denote the functional on the right hand side of this expression
by H,. Since u € B, and A(k) > Ay, we can invoke Proposition 9 to conclude that

Vet nllL2(w,0) < Cu(1/2)[Hall g1 (w,0)-

The arguments that led to (5) show the existence of m < 2d and ¢ > 2d/(d — 1) such
that

T,(u—u,) Vrd
“up JoTn(u—uy,) Vrde

SIVTalle(w,o)llu— uglum @) — 0,
TEHé(wfl)Q) HVTHLZ(w*17Q) ( s ) ( )

where we have also used the compact embedding H{(2) < L™(). For the second
term we observe that, since k is continuous, and hence bounded, we have that (x(6,,)—
k(0))VT = 0 in L?(w, Q). In conclusion, T, — T in H}(w, Q).

An argument similar to that used to obtain uniqueness for the stationary Navier—
Stokes equation, cf. [44, Chapter II, §1], shows that u, — u in H}(Q). Finally, (8)
implies that p, — p in L3(1).

The theorem is thus proved. ad

4. Discretization and convergence. Let us now study a finite—element—like
scheme to approximate the solution of (1). To that effect, we assume that we have
at hand, for each h > 0, finite dimensional spaces W), C Hg(w,Q) N H} (w1, ),
X, € H(Q), and M), C L3(Q) that are dense in the limit. Moreover, we assume
that the pair (Xp, M}) is compatible, in the sense that there is a constant 5 > 0 such
that, for all A > 0,

di d
(19) Bllanllz20) < sup M

th e My,
vneX, IVVhllLe)

We also assume that the H}(Q) projection onto W), is Hi(ww®!, ) stable. In other
words, there is a constant v > 0 such that, for all h > 0,

Vry -V, d
(20) NVralLawsi o) < sup Jo Vra , de

= V¥, e W,
onewn IVOL|lL2 (w10

Finally, we assume that there is an interpolation operator mw : H}(w™1,Q) — W),
which is stable and has suitable approximation properties: For all r € Hi(w ™1, Q),
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we have

h—0
(21) HVT‘—WTHL%W*I,Q) 5 HVTHL%w*l,Q)a ||V(7TwT‘ — T)”L?(w*l,Q) :> 0.

Examples of triples verifying our assumptions are plentiful within the finite el-
ement literature. Pairs that satisfy (19) can be found, for instance, in [14, 19, 26].
In addition, [17, Theorem 3.2 and Corollary 3.4] shows that if 2 is convex, and W},
consists of continuous functions that are piecewise polynomials of degree k > 1 over
a quasiuniform mesh of €2 of size h, then our assumptions on the weight w guarantee
that (20) holds. Finally, in this setting, [36] constructs interpolants that satisfy (21).

As in the continuous case, we will say that a triple (Tx, up, pn) € Wi x Xp, X Mj,
is a discrete solution to (1) if

1
/ (U(Th)vuh : Vv, + (uh . Vuh) -V + 5 divupuy - vy
Q
—prdivvy, — Trg-vy) de =0,

/ qn divup dx = 0,
Q

/ (K(Th)VTh . VT‘h — Thuh . VT‘}L) dx = <H,Th>,
Q

for all v, € Xy, gn € My, and r;, € Wj. Our main objective here will be to show
that, under similar assumptions to Theorem 12, problem (22) always has a solution
and that, as h — 0, these solutions weakly converge, up to subsequences, to a solution
of (1) in the sense of Definition 6.

4.1. A discrete stationary heat equation with variable coefficient. As a
first step to achieve our goals we must prove a discrete version of Proposition 8. The
proof of the following result is, essentially, an adaption of [13, Proposition 8.6.2].

PROPOSITION 13 (weighted stability). If >z € L>®(Q) is such that 0 < s_ < 3 <
»4 and

(23) A 2 = { a1 (1- 51 )},

2%+

then, for all h > 0, we have that

Vry, - VO, d
(24) %Hvrhum(wﬂ,mg sup Jo 7V Von du Vi € Wi,

oney | VOnllLz(m®1,0)

where v > 0 is the constant appearing in estimate (20).

Proof. As mentioned above, the proof essentially follows the perturbation argu-
ment developed in [13, Proposition 8.6.2]. Let us define the bilinear form

B, : Hy(w®',Q) x HY (@™, Q) = R, B,.(r,0) := / (1 - 1) Vr-Vdz.

Q 7t
Note that, for r € H} (w*!,Q) and 0 € H} (=T, Q),

[Boc(r,0)] < (1 = AG)[IVrllLz (@1, VO|L2 (w1 ,0),
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and that )
/ Vr-V0dz = B,.(r,0) + —/ »Vr-Vodz.
Q Q

et

Thus, owing to (20) we have that, for any h > 0 and any r, € Wy,

1 f %VTh . V@h dx
v+ AG) = 1) |VrnllLzimsr o) < — sup =k .
( ( ) )H ||L ( ) At 0,€W), ||vehHL2(w¥1,Q)

The restriction on A(3) allows us to conclude. O

With the previous result at hand, we can show that a discrete version of (9)
always has a solution for sufficiently small convection and that, more importantly,
the discrete solutions are uniformly bounded with respect to h. Given s € L*(Q)
with 0 < s < 3¢ < 3¢y, u € HY(Q), and H € H (w,Q) we consider the following
problem: Find T} € W}, such that

(25) / (%VTh -Vry, —Thu - VTh) dz = <7‘[, ’I”h> Vry, € Wy,
Q

COROLLARY 14 (well-posedness). Assume that A(3) > A1, where Ay is defined
in (23), and that u € H}(Q) satisfies

2Ce,2
THVUHL2(Q) <g¢<l

Then, for every h > 0, problem (25) has a unique solution. Moreover, Ty, satisfies
h||L2(w, H-1(w,)"
VT2 (w,0) 0—q H (w.Q)

Proof. Repeat verbatim the proof of Proposition 9 replacing (10) by (24) and C,,
by 2/7. d

4.2. Existence and stability. Having studied a discrete diffusion equation with
variable coefficient on weighted spaces, we can proceed and show that, under similar
assumptions to Theorem 12, our discrete problem (22), always has solutions and that,
moreover, these are uniformly bounded with respect to h > 0. This will be the first
step to show, via a compactness argument, the convergence of discrete solutions to a
solution of (1), in the sense of Definition 6.

We proceed via a fixed point argument. We define, for each h > 0, the map

Sh: Wh x Xpx My, = Wi x X X XMy, (0n,un, pr) = Su(0n, un, pr) = (Th, un, pn)

by the following procedure: Let the pair (up, pn) € Xp X M} be a solution to

1
/ (u(@h)Vuh s Vv 4 (up - Vug - vy, + B div upuy, ~vh) dz
Q
(26) —/ prdivvyde = | Opg-vydr Vv, € Xy,
Q Q
/qhdiVUthE:O thEMh,
Q

and Ty € W), be defined as the solution to

(27) / (H(oh)VTh -Vry, — Truy - V’I”h) dz = <7‘[,Th> Vry, € Wy,
Q
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For reasons similar to the continuous case, this map is well-defined, if we restrict
it to a ball of appropriate size. To quantify that, we introduce

) . . v_ |
= : = - Cp
B {gh € Wi 1 [|[VOh|lL2(w,0) < S} - 9Cer i { Cp’ 4C. 2 } ’
%ﬁ = {uh e Xy : ||VlthL2(Q) <G ’ G = 46,'78,27
i ) Ce _ C2 Ce ~
%Z: {phEMh pnllze) < Pypy P= [;195<1+Z_++%’195>,

and B" = %% X %ﬁx%g. Notice that neither S, G, nor P are dependent on the
parameter h > 0.

PROPOSITION 15 (Fj, is well-defined). Assume that A(k) > A1, where Ay is
defined in Proposition 13. If the heat source H € H~'(w,Q) satisfies the estimate
vS
1HI -1 (,0) < T

then, for every h > 0, the mapping F1, is well-defined on B". Moreover, F,(B") C
B,

Proof. The proof essentially repeats that of Proposition 10. For this reason, we
only sketch it. Let (05, up,pn) € B". Since we have skew symmetrized the convective
term, we know that problem (26) always has a solution which satisfies

Ce,lg
v_

1 -
[Vun|Lz@) < V_Hehgl|H*1(Q) < IVOL|L2(w,0) < G,

Blpnllr2@) < villVunliLz @) + CiallVanlieq) + 10n8lla-10) < BP,

where we used (3) and the fact that 6, € B2, to obtain the estimate for u, and
the inf-sup condition (19) for the estimate of py. In addition, we observe that the
conditions on the data for this solution to be unique are met [25, Theorem IV.3.1].
Corollary 14, with ¢ = 1/2, then implies that problem (27) has a unique solution,
which satisfies

4 N
IVThllL2(w) < ;”,HHHfl(w) <5,

where we used the assumption on H. Thus, as we intended to show, §}, is well-defined
on B" and F,(B") c B". 0

We conclude by showing existence of solutions, via a fixed point argument.

THEOREM 16 (existence). Assume that A(k) > A1, where Ay is defined in Propo-
sition 13. If the heat source H € H(w, Q) satisfies the estimate

7S
1H] 51 (,0) < T
then, for every h > 0, there is a triple (Tp,up, pn) € B Wy, x Xy, x My, that solves
(22).
Proof. Since we are now in finite dimensions, we will apply Brouwer’s fixed point
theorem [16, Theorem 3.2]. For that, we only need to verify the continuity of Fy.

This is achieved by repeating verbatim the proof of Lemma 11 and using that we are
in finite dimensions to pass from weak to strong convergence. a
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4.3. Convergence. The results of the previous section show that, provided the
heat source H and the oscillation of k are not too large, then for every A > 0 problem
(22) has a solution, and that this family of solutions remains bounded uniformly
in h > 0. We can then pass to a (not relabeled) weakly convergent subsequence
(Thyun,pr) — (T,u,p). We will show here that this limit must be a solution to (1),
in the sense of Definition 6.

We begin with some notation. We define

By = {0 € Hy(@.9) ¢ |[VOlusmey < S}, 5 =BrnWe §=min{s.5).
B = {ue HYQ) : |Vullao < G}, B = By 11Xy, G = min

{
B, = {p € L2(Q) : pll g < 15} , Bh =B, N M,, P =min {P,P} :

%:%T X %u X %p, and H:min{%g, Qg }
THEOREM 17 (convergence). Assume that A(k) > Ay, where Ay is defined in
Proposition 13. If the heat source H € H~'(w, Q) satisfies

1#H | -1y < H,

then the family {(Th,un, pn) C B w0 of solutions to (22) converges weakly (up to
subsequences) to an element of B. Moreover, this limit is a solution to (1) in the
sense of Definition 0.

Proof. The assumptions guarantee that we can invoke Theorem 16 to ascertain
the existence of (Ty,up, pn) € BA x B x %Z that solve (22). Moreover, since B% x

%ﬁ X %Z - %, this family of solutions remains in a bounded set, and we can extract

weakly convergent subsequences which for simplicity of notation we do not relabel.

Let us denote this limit by (T,u,p) € B, and show that it is a solution to (6).

Observe now that:

e The compact embedding H}(w, ) <> L*¢(Q) implies, by continuity of v and
K, that we have v(Ty) — v(T) and x(Ty) — &(T) almost everywhere in Q.

o Let ¢ € C§°(2) with zero average, and ¢, € M), be its L>-projection onto Mj,.
Then we have that

/ gdivudzx
Q

where we used that uj is discretely solenoidal, the strong convergence g, — ¢ in
L3(9) and the weak convergence div up — divu. In conclusion u is solenoidal.

e We now show that the pair (T, u) satisfies the heat equation with convection. Let
now r € H}(w™!,Q) be arbitrary and introduce r, = mwr € W, where the
operator my is the one that satisfies (21). The almost everywhere convergence of
#(Tx) then implies

< +

/ (¢ — gn) divup dx
Q

/ qdiv(u — up)dz| — 0,
Q

/ K(Tp)VTh - Vrpde = / K(Tp)VTy - Vrde —I—/ K(Tp)VTh - V(ry, —r)de
Q Q

Q
= [ &(M)VT - Vrdz.
Q

Finally, let k > 2d/(d — 1) such that we have the compact embedding H*(Q) <>
L™(Q), with k=1 +m~1 = 1/2, i.e., m < 2d. Consequently, up — u in L™(2). This
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is sufficient to assert that
/ Trup - Vrde — / Tu- Vrdz.
Q Q

e It remains to deal with the momentum equation, but most of the terms are standard
here and have been treated in several other works, see for instance [37, 38, 39, 23, 27].
The only somewhat nonstandard term is

/ Trhg - vy de,
Q

but the estimates of Proposition 5 can be used to assert convergence of this term
as well.
In conclusion, the limit is a solution and the theorem is proved. a

5. A posteriori error estimates. In this section, we design and analyze an
a posteriori error estimator for the finite dimensional approximation (22) of problem
(6). To be able to do so, in addition to the assumptions stated in section 2.2, we shall
require that:

e The viscosity v and the thermal diffusivity x are independent of the temperature,
i.e., they are positive constants.

In addition, to be able to develop an explicit a posteriori error estimator and show
its reliability, we must be more specific in the structure of the discrete spaces we are
dealing with. For this reason, in addition to the assumptions of section 4, we assume
that, for A > 0, the spaces W},, X}, and M}, are constructed using finite elements over
a conforming and shape regular mesh ., = {K} of Q. In this setting, however, the
parameter h does not bear the meaning of a mesh size. Rather, it can be thought of
as h = 1/k, where k € Ny is the index set in a sequence of refinements of an original
partition . For definiteness, we select the pair of discrete velocity/pressure spaces
(X, M) from the following (popular) options:

1. The lowest order Taylor Hood element [30], [46], [19, Section 4.2.5], which is defined
by

(28) Xy ={vh € C(Q): VK € T, vi|k € Po(K)*} NH(Q),
(29) My, ={qn € LFQ)NC(Q) : VK € T, qn|x € P1(K)}.

2. The mini element, which is considered in [7], [19, Section 4.2.4] and is defined by

(30) Xy ={va € C(Q): VK € T, vi|k € [P1(K) &B(K)]*} N Hj(Q),
(31) My, ={qn € LIQ)NC(Q) : VK € T, qn|x € P1(K)},
where B(K') denotes the space spanned by local bubble functions.

Both pairs satisfy the compatibility condition (19) and are such that X; C H{(Q)
and M, C L3(2). We will set the finite element space W}, as

Wy, = {w, € C(Q): VK € Fp,wp|k € Pe(K)} N HY(Q),
where k = 2 when the Taylor-Hood element (28)—(29) is used to approximate the

velocity and pressure variables and k& = 1 for when the mini element (30)—(31) is
considered. Notice that, for any @ € Ag, W), € Wy (Q) C H} (w1, Q).
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We begin our analysis by introducing some preliminary notions. We define the
temperature error et, the velocity error e,, and the pressure error e, as follows:

er: =TTy € H}(w,Q), e,:=u—u, € H}Q), e,:=p—pneLi(Q).
We also define, for an open set D C 2, the following norms on the space H}(w, D) x
H}(D) x L*(D):
I (w, w, s)lI5 = v VWlIEep) + | divwlZe(py + 151220y + V0l E2(e,p)s
[(w, w, )5 = v VWlEep) + Isll72(p) + | Vlliz(w,p)-

5.1. Ritz projection. To perform a reliability analysis for the devised a pos-
teriori error estimator we shall introduce a so—called Ritz projection (p, ®,1) of the
residuals. This projection is defined as the solution to the following problem: Find
(o, ®,9) € Hi (w,Q) x H{(Q) x LE(Q) such that

(32) / V- Vrdz =7(r), vr € HY (w1, 9Q),
Q
(33) 1// V®: Vvdr = Z(v), vv € HY(Q),
Q
(34) [ vade =@, vae LQ)
Q

where the functionals Y € H }(w,Q) , 2 € H1(Q), and ¥ € LZ(Q) are defined,
respectively, by

T(r):= / (kVer - Vr —Te, - Vr —etuy, - Vr) du,
Q
E(v) ::/ (vVe, : Vv —epdivy
Q
1
+(u-Ve,-v+(ey- Vup - v+ B diveyup - v —erg- v) dz,

X(q) := —/ gdive,dz.
Q

The following result yields the well-posedness of problem (32)—(34). Recall that,
by Cy_s2 we denote the best constant in the Sobolev embedding H}(2) < L*(Q2). To
shorten notation we define

C? 3
B(u,up) = % (||vu||L2(Q) + §||vuh|L2(Q)> ;o A(u,up) =14 DB(u,up).

PROPOSITION 18 (Ritz projection). Problem (32)—(34) admits a unique solution
(o, ®,1) € Hi (w,Q) x H{(Q) x L3(). In addition, we have the estimate

CiC2,
(36) (o, @, )5 < 391(u,Uh)2+2T’||VT||i2(w,m V| Veull3z o

) 3
+ |l dlveuH%z(Q) + ;||ep||2L2(Q)

392082,1

2
+ +2C7 (k+ Ce2||VunlLz@) ™ | IVerlfz (w0
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where C denotes the constant in the inf-sup estimate (10) with » = 1.

Proof. Since = € H™1(Q), the Lax—Milgram Lemma immediately yields the exis-
tence of a unique ® € H}(£2) that solves problem (33). In addition, estimate (3) and
the standard Sobolev embedding H}(Q) — L*(Q2) yield

(37)  VV[IV®|lL2(0) < Au, un) V|| VeullL2 ()

1 gce,l
+ \/—;Hep”w(sz) + NG [Ver|lL2(w,0)-

On the other hand, since e, € H}(2), similar arguments reveal the existence and
uniqueness of ¢ € L2(Q) that solves problem (34) together with the bound

(38) [9llz20) < [Idiveul|L2(o)-

Next, we invoke the inf-sup condition (10) for the variational form of the Dirichlet
Laplace operator on weighted spaces to conclude that there exists a unique ¢ €
H}(w,Q) that solves (32). In addition, we have that ¢ satisfies the estimate

(39) [IVelliz(ma) < C1 [6l|Ver|lLz(m,.0) + Ce2l VT lL2(m,0) | VeulL2)
+Ce2|IVer|lL2 (w0 [[VunllL2@)] ,

where C denotes the constant in the inf-sup estimate (10) with s = 1.
The desired estimate (36) thus follows from collecting estimates (37), (38), and
(39). This concludes the proof. O

5.2. An upper bound for the error. We now prove that the energy norm of
the error can be bounded in terms of the energy norm of the Ritz projection, which
in turn will allow us to provide a computable upper bound for the error.

THEOREM 19 (upper bound for the error). Assume that the solutions to (6) and
(22) are such that the following inequalities hold:

302 ., 1
maX{CnCe,m 2: VunllLzo) < 16
2
(40) Cis <L
» [VullL2(q) < 16
gOnOe 1Ce 2 15
9onbente2) g <2
» IVT|L2(w,0) < 162

Then, we have that

|||(eT7 €u, ep)”‘ﬂ 5 |H((p7 ®, "/J)H‘Qv

where the hidden constant is independent of (eT, ey, ep) and (p, ®,v) but depends on
v and the constant involved in the inf-sup condition (8).

Proof. We divide the proof in six steps.
Step 1. We first bound ||Ver||p2(,0). Owing to Proposition 8 we have that there
is a positive constant C, such that the following inf-sup condition holds:

kVer - Vrdzx
(41) IVerlpsm <G sup  darver-Vrde
refl(w-1,9) [IVrlLe@-1,0)
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To estimate the right hand side of (41) we rewrite equation (32) as

/WeT-wdx:/ (Tew - Vr +etuy, - Vr+ Ve -Vr)de Vre Hy(w ', Q).
Q Q

Utilize the inf-sup condition (41) and estimate (4), twice, to obtain

[Ver|lLz(w,0) < Cx (Ce2IVT lL2(w.0) | VeullL2 @)
+Ce2|IVerllL2 (w0 VunlLe @) + VelL (w.0) »
which, upon utilizing the first estimate in (40), yields the bound

15
(42) EHVGTHH(W,Q) < Cr (CeaVT L2 (o IVeullLz ) + Vel (w,0) -

Step 2. We now control ||ep|| £2(n). To do this, we rewrite equation (33) as follows:
/erdivvd:v = /Q (vVe, : Vv + (u- Ve, - v+ (e, - Vuy - v
—|—% diveyup -v—erg-v—vVe®: Vv) dr =: X(v) Vv e Hj(Q).
The standard inf-sup condition for the divergence (8) thus yields the estimate

Bllepllz@) < 1Xlla-1(0)-

Moreover, Sobolev embeddings and estimate (3) imply that

1]l 0) < v ([ VeullLz) + V@Il (o))
+ B(u, up)v||VeyllLz() + Ce19lIVer||L2(w,0)-
To conclude this step, we invoke (42) to arrive at

160,108119

(43)  Bllepllz(o) < v(IV®lL2(o) + [VeullLz()) + 15

16Cnce,lce,2g
15v

||V<P|\L2(w,n)

+ |B(u,up) + IVTlL2(w,0) | YIIVeullL2(o)-

Step 3. Set v = e, in (33) and ¢ = —e, in (34). Adding the obtained relations,
and using the skew symmetry of convection when the first argument is solenoidal, we
see that

V[IVeulliz ) < vIV[IL2 o) VeullLz ) + 191 L2 llepll 2o
3C7%
+ #||VUh|\L2(Q)V|\Veu|\%2(n) + Cengl|Ver|lLz (.ol VeullLz ()
Estimate (42) and Young’s inequality imply that

v(1 = e1)[|Veullf2iq) < VIV®IL @l VeullLz ) + lepll 2o ¢l L2
16Cnce,lce,2.q

3C3 .,
+ 2—;”vuh”L2(Q)+ 15y

||VT||L2<W,Q>} AVeulZae

16Cnce,lce,2.q 2 2
Ce, (T IVellLe(w,0)-
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The pressure error estimate (43), and repeated applications of Young’s inequality
imply that, for some € € (0,1)

(1= )l Veulltz () < CepvlIVIi2 o) + Cewlltliz i) + Cepul VoIt @0

302 16Cnce,lC€,2‘q
[ﬂHVUhHL%Q) + T”VTHL%’Q)} VIVedlia

2v
160}%06,106,29

2
|9 T | Vel

1
+ 3 {%(u, up) +

Now, estimates (40) imply that we can choose € € (0, 1) so that
V[Veulfziy S VIV + 101 7200) + IVl (.00

where the hidden constant depends on €, B, and v.
Step 5. The previous estimate combined with estimates (42) and (43) yield

IVer|z(ma) + VIIVeultzi) + lesllZ2i) S 1VOlR2(w0) + VIVl () + [¥1720)-

Step 6. Conclude with the obvious observation that, since dive, € L3(f2), (34)
implies
| diveul|r2(0) < [[¥]lL2(0)-

The claimed upper bound for the error has been obtained, and the theorem has
been proved. a

5.3. A residual-type error estimator. In this section, we design an a poste-
riori error estimator for the finite dimensional approximation (22) of problem (6). To
be able to do so, we will assume that the singular forcing H has a particular structure,
that is:

e The singular forcing term #H has the form H = hd,, where J, corresponds to the

Dirac delta supported at the interior point z € 2 and h € R.
To handle such a singular forcing term, we introduce the weight d7, where d,(z) :=
|z — 2| and a € (d — 2,d). We must immediately notice the following two important
properties: First, owing to Remark 2, we have that the weight d7 is such that dY €
A2(Q) and d;“ € A;. Second, §, € H1(d?,Q); see [32, Lemma 7.1.3] and [29,
Remark 21.18]. Simply put, all the assumptions we have made so far apply to this
particular choice of H and weight.

5.3.1. Notation. Before presenting and analyzing our a posteriori error esti-
mator we first need to introduce and set some notation. We recall that .9}, = {K}
is a conforming and shape regular partition of  into closed simplices K with size
hi = diam(K) ~ |K|'/¢. We denote by . the set of internal (d — 1)-dimensional
interelement boundaries S of .Z},. For S € ., we indicate by hg the diameter of S. If
K € 9, we define .7k as the subset of .¥ that contains the sides of K. For S € .,
we set Ng = {KT, K}, where KT, K~ € 9, are such that S = KT N K~. For
K € 9, we define the following stars or patches associated with the element K

(44) NKIZ{K/E%ZyKﬁyK/#(D}, SKZ:{K/EQ}I:KQK/#(Z)}.

In an abuse of notation, below we denote by N and Sk either the sets themselves,
or the union of its elements.
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5.3.2. A posteriori error estimator. We define an error estimator that can
be decomposed as the sum of two contributions: a contribution related to the dis-
cretization of the stationary Navier—Stokes equations and another one associated to
the discretization of the stationary heat equation with convection and singular forcing.

To present the contribution related to the stationary Navier—Stokes equations, we
define, for an element K € 9} and an internal side S € .7, the element residual Zx
and the interelement residual s as

R = (vAup — (up - V)up — 3 divuguy — Vp, + Thg) |,

Fs = [(vVup —ppl) - n],

where (Ty,up, pn) denotes a solution to the discrete problem (22) and I € Rx9
denotes the identity matrix. For a discrete tensor valued function vy, we denote by

[vh - n] the jump, which is defined, on the internal side S € . shared by the distinct
elements KT, K~ € Ng, by

(45)

[vi-n] = vilgs -vT +vi|lg--n.
Here n*,n~ are unit normals on S pointing towards K+, K—, respectively. With
Zk and _fg at hand, we define, for K € 7}, the element indicator
(46) Ex = Wi | Zx |32y + | divunlZecg) + hxcll s |2 am0\00) -

We now introduce the contribution associated to the stationary heat equation
with convection. To accomplish this task, we define, for K € .7}, and an internal side
S € .7, the element residual Rg and the interelement residual Jg as

ERK = (IQAT}I — Up - VTh — diV uhTh) |K7

35 = [[(HVTh — Thuh) ’I’L]]

With R and Js at hand, we define, for K € 9}, and a € (d — 2,d),

(48) €% = W DE Rk |72y + e DE 3517 20m\00) + b|h3 " # ({2} N K),

where Dg := maxgzck | — z|. For a set E, by #(F) we mean its cardinality. Thus
#({z} N K) equals one if z € K and zero otherwise. Here we must recall that we
consider our elements K to be closed sets.

With all these ingredients at hand, we define the local error indicator £2- :=
&% + €2 and the a posteriori error estimators

S sr| ehzzlz ozr;‘{] : 5,3::[254 :

KeTy, Keay, Keo,

(47)

(49) &y =

5.4. Reliability estimates. We present the following global reliability estimate
for the estimator &j,.

THEOREM 20 (global reliability). Let (T, u,p) € H(dS, Q) x H(Q) x L3() be a
solution to (6) and (Th,up, pp) € Wi, X Xj, X My, be its finite element approzimation
obtained as solution to (22). Let o € (d—2,d). In the framework of Theorem 19, we
have the following a posteriori error estimate:

(50) |H (eTv euvep)lnﬂ 5 Eny

where the hidden constant is independent of the continuous and discrete solutions, the
size of the elements in the mesh T, and #},.
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Proof. We proceed in several steps.
Step 1. Invoke Theorem 19, and the obvious bound || div ®[[z2(q) < [[V®|l12(q)
to arrive at the estimate

(et eus ep) IE S ||V<P|\i2(dg,sz) + ||V‘I’||i2(sz) + ||7/1||%2(Q)-

It thus suffices to bound [|[V®||12(q), [[¥]l22(0), and |[Ve|L2@e q)-

Step 2. We control ||[V®||2(q). To accomplish this task, we invoke equation
(33), the fact that (T, u, p) solves problem (6), and an integration by parts formula to
conclude that, for every v € H}(£2), we have

(51) I::/VV‘I’:VVdI: Z /%K-vdx—FZ//S-vds.
Q K s

Keo, Ses

Denote by I, the Clément interpolation operator. We utilize the first equation of
problem (22) with v, = Iv and an integration by parts formula, again, to arrive at

I= Z /%K-(V—Ihv)d:c—i—Z/S/s-(v—lhv)ds.

Keay, K Ses

We now invoke standard approximation properties for the interpolation operator Iy
and a scaled trace inequality to conclude that

1
sy <hK||‘%K”L2(K)|VVHL?(SK)"' > h[2(||/S|L2(S)|VV|L2(SK)>'

Key, SES K

Set v = @, use the Cauchy Schwarz inequality in R#7* and the finite overlapping
property of stars to obtain

2
(52) V@20 < < > WRlZx iz k) +hK||/S||i2(aK\aQ)> :
Keay,

Step 3. In this step we bound |[9]|12(q). Set ¢ =4 in (34). This yields

[0 = [ waivands < 3 [lzaodivunllsao
( ) Q KeZy,
53

1
2
< ( Z ”diV”h|L2(K)> %1l L2 ()

KeT,

Notice that we have used that fQ qdivudz = 0 for every g € L3(9).
Step 4. Estimates (52) and (53) immediately yield that

(54) (IV@l2e(@) + 1112 ) ( > £K> = &i.

KeZy,

Step 5. Our goal now is to bound [[Vi|r2(ge,q). To accomplish this task, we
invoke the problem that ¢ solves, i.e., problem (32), and the fact that (T,u, p) solves
(6). These arguments, combined with an integration by parts formula, yield

II ::/V(p-VTdJ::(f)5Z,T>+ Z /ERKTd:r+ Z/ﬁsrds,
Q K S

Key, Ses
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for every r € H}(d; %, Q). We recall that R and Js are defined in (47). Invoke the
discrete problem (22) and an integration by parts formula, again, to arrive at

IT=(hd,,r — mwr) + Z /K%K(r—wwr)d:v—i— Z /S(Ks(r—wwr)ds,

Keo, ses

where we recall that 7y denotes the quasi-interpolation operator onto Wj, con-
structed in [36], that satisfies (21). We control (hd,,r — mwr) on the basis of [1,
Theorem 4.7] and stability and interpolation estimates for my derived in [36]. In fact,
let K be such that z € K, then

a_d 2414
|(hoz,m — mwr)| S |f)|h12( - 7TW7°||L2(d;a,K) + |h|h12< V(- 7TWT)”L?(d;ﬂ,K)
ai1-42
S |f)|h12< ’ HV7°HL2(d;a,$K)-

Notice now that
/ Ric(r — mwr) dz < [Ree ol — mwrl 2
K

S h DRk 220 |Vl (4o si0)»

where we have used [4, Proposition 4]. Similar arguments yield, upon using [4, Propo-
sition 5], the control of the jump term. We can thus invoke the inf-sup condition (10)
to arrive at the estimate
Jo V- Vr
(55) IVolloue S sup  22VE YT <,
reH:(d7>,Q) [ THL2(d;‘1,Q)

Step 6. Collecting the estimates (54) and (55) we obtain the reliability bound
(50). This concludes the proof. O

5.5. Efficiency estimates. In this section, we analyze efficiency properties for
the local error indicator £k on the basis of standard bubble function arguments [47].
Before proceeding with such analysis, we introduce the following notation: For an
edge, triangle or tetrahedron G, let V(G) be the set of vertices of G. With this notation
at hand, we introduce the following standard element and edge bubble functions. Let
K e 9, and S € .. We define

(56)  Yro=@d+D" J[ ANgxr Ys=d* J] Ak with K € Ns.
vev(K) veVv(s)

In these formulas, by Ak, we denote the barycentric coordinate function associated
to v e V(K).

We will also make use of the following bubble functions, whose construction we
owe to [1, Section 5.2]. Given K € J},, we introduce ¥ g, which satisfies 0 < Uy < 1,

(57) Wie(z) =0, |K|5/K\11de, IV ke ) < B

and there exists a simplex K* C K such that Rx := supp(¥x) C K*. Notice that,
since W satisfies (57), we have that, for every m € N

1
(58) 100l 22(rx) S Y EOl 2Ry VO € Pr(RK),
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where the hidden constant depends on m, but does not depend on 6 or K. Given
S € ., we also introduce an edge bubble function ¥g, which satisfies 0 < ¥g < 1,

(59) Us(z)=0,  |8] < / Usds,  [VUslieire) < hs',
S

and Rg := supp(V¥s) is such that, if Ng = {K, K'}, there are simplices K, C K and
K. Cc K’ such that Rs C K, UK, C KUK'.

The following identities are essential to perform the upcoming efficiency analysis.
Invoke (51), (33), and (35) to arrive at

60) > /K@K-vdﬂz

Key, Ses

//5~vds:/VV‘I>:Vvd:17:/(VVeu:Vv
s Q

Q
. 1.
—epdivv+ (u-V)e, - v+ (e, V)u, - v+ idlveuuh-v—e-rg-v dx

for all v € H}(£2). We recall the reader that Zx and _Zg are defined in (45). Similarly,
for every r € H}(d;“,Q), we have

(61) Z /Kfﬁxrdw+ Z/S3STdS+<f)5z,T>:/QVg0-VTd:E

Keoy, Ses

= / (kVer - Vr —Te, - Vr —etuy, - Vr) dz.
Q

In order to be in position to prove an efficiency result, we must obtain higher
integrability of the velocity in our problem in the case d = 3. The following result
provides this.

PROPOSITION 21 (higher integrability). Let d = 3, a € (1,3), and (T,u,p) €
HY(dS,Q) x H{(Q) x L3(Q) denote the solution to (6) in the sense of Definition 6
with k and v constant, and H = ho,, with z € Q. Then we have that

SIVulls ) < C,
where C' denotes a positive constant.

Proof. We recall that we are assuming that the domain € is at least Lipschitz.
Write the momentum component of the stationary Navier Stokes equations as

—vAu+Vp=gT — (u-Vu)u
In three dimensions we have that Vu € L3(£), and since a € (1, 3) that gT € L2(€).
Owing then to [34, Corollary 1.7] (with « = —1 and ¢ = 2) the result follows. 0
Our efficiency result is as follows.
THEOREM 22 (efficiency). Let (T,u,p) € Hj(d2, Q) x H}(2) x LE(Q) be a solution
to (6) and (Tp,up, pr) € Wi, x Xy, X My, be its finite element approximation obtained

as solution to (22). Let a € (d —2,d). In the framework of Theorem 19, we have the
following efficiency estimate:

62) 62 5 D (llerlios.son + 7wl ey + leolFagaer ) + 1divelZaey,
K’'eSk

where the hidden constant is independent of the continuous and discrete solutions, the
size of the elements in the mesh T, and #},.



A BOUSSINESQ PROBLEM 23
Proof. We examine each of the contributions of &% separately so the proof involves
several steps.

Step 1. Let K € ;. We bound the term h%(H%’KH%z(K) in (46). To accomplish
this task, we first utilize estimate (58) and write

(63) ||92K||iz(,<):/ |92K|2dx5/ |@K|2\11de:/ Ry - O dr,
K K K

where Ok 1= UV XK. Set v = O as a test function on identity (60) and utilize that
supp®@x C K* C K. We proceed differently according to the spatial dimension. If
d = 2, then we have

(64) / Rr - Ok da < (v||VeullLz (k) + llepll2(x)) [VOK||L2(x)
K
+ lIglle () leT [l L2 e 1) 1Ok [lL2@ -, k) + <||U|L2(K)|Veu|L2(K)

1
+ llewllLe ) I VunllLz ) + §|Veu|L2(K)||Uh|L2(K>) [©x[|L(x)-

while basic arguments reveal that | VO |[r2(x) < by | %k |lnz(x) and [|Ok || (x) <
hi | %k |2 (1) With these estimates at hand, we utilize (63) and (40) to obtain

Now, observe that [1, estimate (5.6)] yields @kl 2-a x) S D}a/2|\%K|\L2(K)

(65) Wicll 2k L) < letlTaae i) + 2 leallf o) + llesllZagr) -

a

Observe that D> = (maxgex |z — 2])72 < h? < hy', because hx < Dy and

~

a € (0,2); see [1, Section 5.2] for details. If d = 3, we proceed as follows:
(66) [ Ok do < (v Teuluoo + el 2) VO iz
+ lgllee () lleTll L2 ) 1Ok L2, k) + {|U||L3(K)|Veu||L2(K)
el Vullsao + Vel (o + gl ) 1@l

We thus invoke ||©k||Ls(x) S hi' @k ||L2(x) and similar arguments to the ones used
to treat the two dimensional case to conclude that (65) holds also for d = 3.

Step 2. Let K € 7 and S € .. We bound hKH/SHiQ(S). Define Ag := ¥g_Zs,
where #g and Ug are as in (45) and (59), respectively. Basic properties of ¥ g yield

(67) ||/s|\iz<s>:/S|/s|2dss/s|/s|2wsds:/S/S-Asds.

Notice that supp Ag C K. U K. CNg. Setting v = Ag in (60) yields

//S-Asdsz Z / (uVeu:VAs—epdivAS—i—(u-V)eu-AS
S

K’'eNs K’

+(eu . V)uh -Ag + % diveyup - As —etg-Ag — Xk - As) dx.
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On the other hand, by shape regularity, we have that

1 _1 1 1
[As|lLzxry = [K'12]S]72 |AslL2cs) = hi | Asllueis) = hioll sl (s),
_1
IVAs|L2(y S higrllAsllzen = hig? | Fsllies)-

In view of (67), the estimates for Ag previously stated, and the arguments that
yield estimate (65) for || #Zk ||L2(k+), We are capable of obtaining that

hacl Zsllias) S D2 (lerlifaqs s + 2 el ey + lepllEzer ) -
K'eNs

Step 3. We now bound the residual term associated with the incompressibility
constraint. Since divu = 0, for any K € .7, we have

[ div unl7ecry = [ diveu]|F2 k-

Finally, combining all the previous results (62) follows. d

THEOREM 23 (efficiency). Let (T,u,p) € Hg(dS, Q) x H(Q) x LE(Q) be a solution
to (6) and (Th,upn, pr) € Wi, x Xy, X My, be its finite element approximation obtained
as solution to (22). Let a € (d — 2,d). In the framework of Theorem 19, we have the
following efficiency estimate:

(68) €% < Z ((V2 + “2)||VeT||i2(dg,Kf) + V2hi_(2||eT||2L2(d§‘,K’)
K'eNs

12| Veullfeen + VP hi2leulEa i )

where the hidden constant is independent of the continuous and discrete solutions, the
size of the elements in the mesh T, and #},.

Proof. We proceed in several steps.
Step 1. Let K € 7. We bound hi D | Rk |72 in (48). Define ¢ := Ui R,
where Rk and U are as in (47) and (57), respectively. Invoke (58) to arrive at

(69) 1Rk 2a ) S /K R d.

Set r = ¢ € Hi(d;*, Q) as a test function in (61). Utilize that Rx = supp ¢x C
K* C K and the property ¢x(z) = 0 to obtain

(70) /KSRKgbK dz = /KWeT- (2 VU R + U5 VRK) do
- /KT(\I/Keu) 2V Rk + U VRE) da
- /K(\I/KeT)uh C(2VU xR + U VRE) dr =: T+ 11+ I1L.
We first observe that [4, Proposition 8] yields

(71) 12V xRk + O VRE 2(a-e 1) S b D IRkl 20 -
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We now proceed differently according to the spatial dimension. If d = 2, we utilize
(5) and (71) and estimate II as follows:

1S || Tllnigae 0 1V kel lua o b D 1% | 22 o)
(72) S I Tlna@e. o) hid IV (P ren) e o bt i 198 | 2 )
1/2 — — —a/2
Svhyl (R leullnecxy + | Veullnzcx)) b Dy / 1Bk L2 (k)

where we have also used [24, Lemma I1.3.2] and the smallness assumption (40). We
now control the term III. To accomplish this task, we utilize (5) and (71) to obtain

a/2
/ 1Bk | L2 (k)

I S (|9 ket oo ) lunlls (o g Dy
(73) S IV (W ker) |2 e ) lunllua@ b D 198l 22
S v (hitllerll 2o k) + [ Verlia@e k) hig D™ 119K | 2 x)-

Here, we have also used ||Vrer|pi(ge, k) S IV(Yxer)|lL2@e, k), which follows from
[20, Theorem 1.2]. A collection of the estimates obtained for IT and IIT yields

(74) /K%KsbK dz < [k Ver|L2(e k) + vhil? (Rt lewllLe (i) + | VeullLe )

+ v (Rt llerll e, ) + I Verlve@e, ) e D 1%k | 22 x0)-
Consequently,
(75) Wi DRk lie i) S (6% + 1) Verlfa@e ) + V7 hi | Veull i)
VP hillletl|Fa@e ) + V25 leullfe )
Similar arguments yield the following bound for the the three dimensional case:
- IS T lwoqae a0 1@ eullue o pr D™ 1% 22 0x)
_ — —a/2
S v (i lleulleeqo) + | Veullez ) b D™ 19l 2o

upon utilizing [24, estimate I1.3.7], and
TS (| @ cer| o, ol unllee o hic D™ 19
Svhil® (i llerllae i) + 1 Verlinae 1) B D™ 19 L2xc)-
Here, we have used the estimate ||Vrcer|[z3(go, k) S h}(/6||V(\I/KeT)||Lz(dg7K), which
follows from [20, Theorem 1.2]. Consequently,
a 1/3
(78) Wi DR lRk ey < (5° + h ) [ Ver e sy + 71 Veull oy
—5/3 -
Vi llerlliae o + Vil leulEa
Step 2. Let K € 93, and S € Sk. The bound of hKD?‘<||3s||2L2(S) follows similar

arguments as the ones developed in Step 2 upon utilizing (75) and (78). In fact, we
have, in two and three dimensions,

he Dl 3sliz S D ((’/2 + 1) Ver|fa e, ko + V2R letllTae ko
K'eNs

2| Veullfa ey + V2Rl o )
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Step 8. We now control the term |h|h% 24 ({2} N K) in (48). Let K € 9j,, and
notice first that, if TN {z} = @), then estimate (68), follows from the estimates derived
in the previous steps. If, on the other hand, K N {z} = {z}, then we must obtain a
bound for the term |h|h}"<+2_d. To do so we follow the arguments developed in the
proof of [1, Theorem 5.3] that yield the existence of a smooth 1 such that

n(z) =1, |nllr=@ =1, [Vnllz=@) =hx', @ :=supp(n) C Sk,

where Sk is defined in (44). With this function at hand, define r, := hn? €
Wy () C Hi(d;*,Q) and notice that

|p|? = (hos,ry) = /(HVT -Vr, —Tu-Vr,)dz
Q
= / Vo Vr,dz + / (kVTh - Vry — Truyp - V) de,
Q Q

where we have used equation (32). We thus apply similar arguments to the ones
used in the previous steps, integration by parts, and basic estimates to arrive, in two
dimensions, at

6* < Kl VerllL2@e,si0) IV llLe@-o.s.)
1/2 _
+vhl? (M leullieesi) + I Veullasi) 10VllLza-e s

+ v (b lletllzo@e,sx) + IVerllLoe,s)) 10VllLa@-« sx)

+ Z HSRK“L%K/)HTUHL?(K’) + Z ||3S||L2(S)H7"n||L2(S) )
K'€7,:K'CSk S€F SISk

where we have also used the the smallness assumption (40). Using the shape regularity
of the mesh, in conjunction with the fact that, since z € K, hx ~ Df, the bounds

d—2 o d—1
2

2 2

d
IVillLe@-a,sx) S I s Amllesey S hiks nllees)y S P s

allow us to conclude that
< h%*% v h1/2 v
bl < hi (k+v)ll eTHLZ(dg,SK) +vhi”|l eu||1,2(sK)
—1/2 _
vhi leulliasie + vhi el s0)

d—2_a a 1 a
+ Y b (e DE IRkl Y b DE sl )-
K'€7,:K'CSk S€SK1:SZOSK

The estimate in three dimensions being similar.
Finally, combining all the previous results (62) follows. d

6. Numerical experiments. In this section we conduct a series of numerical
examples that illustrate the performance of the a posteriori error estimator we have
devised and analyzed in section 5. The examples have been carried out with the help
of a code that we implemented using C++. All matrices have been assembled exactly
and global linear systems were solved using the multifrontal massively parallel sparse
direct solver (MUMPS) [5, 6]. The element and interelement residuals are computed
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with the help of quadrature formulas which are exact. To visualize finite element
approximations we have used the open—source application ParaView [2, §].

For a given partition .7},, we solve (22) with the discrete spaces Xy, M}, and
W), given by (28), (29), and the space of continuous piecewise polynomial functions
of degree two, respectively. To be precise, to adaptively solve the nonlinear system
(22) we proceed as in Algorithm 1. We comment that, in Algorithm 2, for an initial
partition 75, the initial guesses T9 € W}, and (uf, p?)) € X}, x W}, are obtained as the
respective solutions to the following problems:

/ nVT% -Vry de = (H,ry) Vrp, € Wy
Q

and

/ I/VU?L : Vvy — / p% divvy dx = / T?Lg vy dez, / qp div u% dz =0,
Q Q Q Q

for all v, € X}, and g, € My, respectively. Once the discrete solution is obtained, we
compute, for all K € 9, the local a posteriori error indicators £k, defined in Section
5.3.2, to drive the adaptive mesh refinement procedure described in Algorithm 1. A
sequence of adaptively refined meshes is thus generated from an initial mesh.

Algorithm 1 Adaptive Algorithm

Input: Initial mesh 5, interior point z € €2, and parameters v, k, b, and « € (0, 2);
1: Solve the discrete problem (22) by using Algorithm 2;

2: For each K € 9}, compute the local error indicators £x defined in Section 5.3.2;
3: Mark an element K € 9}, for refinement if

1
Ex > = max Ekr;
K =9 gice, “K"

4: From step 3, construct a new mesh, using a longest edge bisection algorithm [31].
Set i < i+ 1, and go to step 1.

Algorithm 2 Fixed-Point Algorithm
Input: Initial guess (T%, u?l, pY) € Wy, x Xp, x My, and tol = 1078,
1: For i >0, find (u}fl,p;:rl) € X}, X My, such that

. . , 1 o .
/ <1/Vu2+1 2 Vv + (U, - V)u?l v + 3 div uﬁluﬁj'l . vh) dx — / pﬁj‘l div vy, dz
Q Q

= / T}'Ig-vhd:v Vv € Xp,.
Q
Then, TZ'H € Wy, is found as the solution of
/ (kYT Ve, — ToF it - Vi) da = (862, 1) Yy, € W
Q

2: If (T3 upt, pit ') — (T, ul, pi)lls > tol, set ¢ + i+ 1, and go to step 1.
Otherwise, return (T, up, pr) = (TZ“, u}fl, pzﬂ).

Finally, we denote the total number of degrees of freedom by Ndof = dim(W3) +
dim(Xy) + dim(AMp,).
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We now explore the performance of the devised a posteriori error estimator in two
problems with homogeneous Dirichlet boundary conditions on convex and non—-convex
domains. In all the numerical experiments we have considered v = x = 1, g = [1,0]T,
h =1, z=(0.5,0.5), and different values for the exponent of the Muckenhoupt weight:
a €{0.1,0.5,1.0,1.5,1.9}. We let

(i) ©=(0,1)2, for example 1, and
(i) Q= (-1,1)2\[0,1) x [-1,0), for example 2.

In Figures 1 and 3 we present, within the setting of examples 1 and 2, respectively,
experimental rates of convergence for the error estimator £,. We also present the
initial meshes used in the adaptive algorithm. We observe that optimal experimental
rates of convergence are attained for all the values of the parameter o that we have
considered. We also observe that a better value of the estimator, at a fixed mesh,
can be obtained for values of a closer to two. We notice that, when « is small,
after a certain number of adaptive iterations, there are elements K around z such
that |K| ~ 10716, This makes impossible more computations within the adaptive
procedure.

In Figures 2 and 4 we present, for examples 1 and 2, respectively, a series of
meshes obtained after 30 adaptive iterations. We observe that most of the refinement
is concentrated around the singular source point. For the case of example 2, and after
30 adaptive refinements, the adaptive loop also concentrates the refinement around
the reentrant corner when « € [1,2).

Finally, in Figure 5 we present, for the setting of Example 2 with « = 1.5, |up|,
its associated streamlines, the pressure py, and the temperature T;, over a mesh con-
taining 16105 elements and 8178 vertices; the latter being obtained after 65 iterations
of our adaptive loop.

En

102 tH-6—a=0.1
—a—a =05
—-O—a=1.0

108} *—a =15 N
——a = 1.9 N
- - -Ndof !

1074

Fi1c. 1. Ezample 1: Experimental rates of convergence for the error estimator £, considering
a €{0.1,0.5,1.0,1.5,1.9} (left) and the initial mesh used in the adaptive algorithm (right).
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