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Darcy’s problem coupled with the heat equation under singular forcing:
analysis and discretization
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We study the existence of solutions for Darcy’s problem coupled with the heat equation under singular
forcing; the right-hand side of the heat equation corresponds to a Dirac measure. The studied model al-
lows thermal diffusion and viscosity depending on the temperature. We propose a finite element solution
technique and analyze its convergence properties. In the case that the thermal diffusion is constant, we
propose an a posteriori error estimator and investigate reliability and efficiency properties. We illustrate
the theory with numerical examples.

Keywords: nonlinear Darcy’s equations, singular heat equation, Dirac measures, finite element approxi-
mation, a posteriori error estimates.

1. Introduction

In this work we are interested in the analysis and discretization of the temperature distribution of a fluid
in a porous medium modelled by a convection—diffusion equation coupled with Darcy’s law. To make
matters precise, we let Q C R? be an open and bounded domain with Lipschitz boundary 90Q. We
are interested in the analysis and discretization of the following system of partial differential equations
(PDEj) in its strong form:

v(T)u+Vp = f inQ,
diva = 0 inQ,
—div(x(T)VT)+div(uT) = g inQ, (1.1)
un = 0 ondQ,
T = 0 ondQ.

The unknowns are the velocity field u, the pressure p, and the temperature 7 of the fluid, respectively.
The data are the viscosity coefficient v, the thermal diffusivity coefficient x, the external density force f,
and the external heat source g. The viscosity and thermal diffusivity coefficients may depend nonlineary
on the temperature 7. In (1.1), n denotes the unit outward normal vector on d2. In this work we
are particularly interested in the case that g = §,, where &, corresponds to the Dirac delta distribution
supported at the interior point z € Q.

The analysis and discretization of the heat equation coupled with Darcy’s law by a nonlinear viscos-
ity depending on the temperature have been studied in a number of works. To the best of our knowledge,
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the first article that considers such a problem is Bernardi et al. (2018). In this work the authors derive
existence of solutions, without restriction on the data, by Galerkin’s method and Brouwer’s fixed point
theorem (Bernardi et al., 2018, Theorem 2.3); uniqueness is established when the data are suitably re-
stricted (Bernardi et al., 2018, Theorem 2.6). In addition, the authors of Bernardi et al. (2018) propose
and analyze two numerical schemes based on finite element methods and derive optimal a priori error
estimates. Recently, the results of Bernardi ez al. (2018) have been complemented and extended in Dib
et al. (2020), where the authors introduce a new non-stabilized method and prove, for a sufficiently
small mesh-size, existence and uniqueness of a solution; a priori error estimates are also derived. Later,
in Dib et al. (2019), the authors devise and analyze a posteriori error estimators for the two numerical
schemes considered in Bernardi ez al. (2018). In the recent work Gatica et al. (2022), the authors analyze
a new fully—mixed finite element method based on the introduction of the pseudoheat flux as a further
unknown. The authors prove the unique solvability of the underlying continuous formulation, present
a discrete formulation, and derive a priori error estimates. We conclude this paragraph by mentioning
the work Bernardi et al. (2016), where a different coupling of Darcy’s system with the heat equation is
analyzed: the viscosity v is constant but the exterior force f depends on the temperature. In this work,
the authors provide existence and uniqueness results and analyze a spectral discretization.

When, in system (1.1), with smooth forcing, the Darcy’s system is replaced by the stationary Navier—
Stokes equations, we arrive at the classical and generalized steady state Boussinesq problems Lorca &
Boldrini (1996); Tritton (1988). These problems, which are particular instances of an incompressible
nonisothermal fluid flow model, have been extensively studied over the last decades; it is thus no surprise
that their analysis and approximation, at least in energy—type spaces, are very well developed. For a
variety of finite element solution techniques used to discretize the classical and generalized steady state
Boussinesq problems, we refer the interested reader to the following nonextensive list of references:
Boland & Layton (1990); Bernardi et al. (1995); Farhloul ef al. (2000); Allali (2005); Ci bik & Kaya
(2011); Deteix et al. (2014); Oyarzia et al. (2014); Colmenares et al. (2016); Almonacid et al. (2019);
Allendes et al. (2018, 2020, 2021); Almonacid & Gatica (2020); see also the references therein. To
conclude this paragraph, we mention the work Allendes et al. (2021), where the authors study, on the
basis of weighted estimates and weighted Sobolev spaces, existence and approximation results for a
Boussinesq model of thermally driven convection under singular forcing; a posteriori error estimates
are also analyzed.

To best of our knowledge, this is the first work that analyzes problem (1.1) with singular data. Our
main source of difficulty and interest here is that the external heat source is rough or singular. As a
result standard energy arguments do not apply; the fluid velocity and the temperature lie in different
spaces. In addition, the temperature T exhibits reduced regularity properties: T € WO1 P(Q)\ H(Q),
with p < 2. This and the fact that the velocity component of a solution to the Darcy’s problem has very
low regularity, namely, u € Hy(div, Q), complicate both the analysis of the continuous problem and the
study of discretization techniques. Regarding discretization, we devise suitable adaptive finite element
methods (AFEMs) to solve (1.1). These techniques are motivated by the fact that 7" exhibits reduced
regularity properties. In what follows we list what, we believe, are the main contributions of our work:

o Existence of solutions: We introduce a concept of weak solution within the space Hy(div, Q) x

L3(Q) x WO1 ?(Q), with p < 2, and show, on the basis of a fixed point argument, the existence of
solutions; see Theorem 3.4.

* Discretization: We discretize the coupled system (1.1) by using the Raviart-Thomas finite el-
ement space of order zero, piecewise constant finite elements, and continuous piecewise linear
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finite elements for the velocity, the pressure, and the temperature, respectively. Under suitable
assumptions on data we prove, in Theorem 4.3, the existence of discrete solutions and, in The-
orem 4.4, the existence of a subsequence that weakly converges to a solution of the continuous
problem.

* A posteriori error estimates: We devise a residual-based a posteriori error estimator for the pro-
posed finite element discretization of system (1.1) that can be decomposed as the sum of three
individual contributions: one contribution that accounts for the discretization of the heat equation
and two contributions related to the discretization of the Darcy’s system. We prove, in Theorem
5.1, that the devised error estimator is globally reliable. We explore local efficiency estimates in
Section 5.3.

The rest of the manuscript is organized as follows. We set notation and collect background informa-
tion in Section 2. In Section 3, we introduce a notion of weak solution for problem (1.1) and analyze the
existence of solutions. A numerical discretization technique for problem (1.1) is proposed in Section 4,
where we also analyze convergence properties of discretizations. In Section 5, we design and analyze
an a posteriori error estimator for the proposed finite element scheme. We derive global reliability prop-
erties and explore local efficiency estimates. Finally, a series of numerical experiments are presented
in Section 6, which illustrate the theory and reveal a competitive performance of AFEMs based on the
devised a posteriori error estimator.

2. Notation and preliminaries

Let us set notation and describe the setting we shall operate with.

2.1 Notation

Letd € {1,2} and & C R be an open and bounded domain. We shall use standard notation for Lebesgue
and Sobolev spaces. The space of functions in L?(¢&) that have zero average is denoted by L3(&). By
W™r(0), we denote the Sobolev space of functions in L"(&') with partial derivatives of order up to m
in L"(0); m denotes a positive integer and 1 < r < eo. We denote by W' (&) the closure with respect
to the norm in W""( ) of the space of C* functions compactly supported in &. We use uppercase bold
letters to denote the vector-valued counterparts of the aforementioned spaces whereas lowercase bold
letters are used to denote vector-valued functions.
Let us introduce some spaces utilized in the analysis of Darcy’s problem:

H(div,0) = {ve L*(0) :divveL*(0)}
and Hy(div, 0) := {ve H(div,0) : v-n|y3, = 0}. We equip both spaces, H(div, @) and Hy(div, 0),
with the following norm:

1
. 2
¥l i= (V120 + idiv vIZs ) )

We also introduce V(&) := {v € Hy(div, 0) : div v = 0}.
To perform an a posteriori error analysis, we will make use of the so-called curl operator. When
d =2, we define, forv e H'(0) and v = (vi,v,) € H'(0),

curl v:= ﬂ—ﬂ cur]v-—%_ﬂ
"\ 0w ) Tox; Ox
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With this operator at hand, we define H(curl, Q) := {v € L*(2)? : curl v € L*(Q)}.

If # and 2 are Banach function spaces, we write % — 2 to denote that % is continuously
embedded in 2°. We denote by #' and || - || the dual and the norm of #/, respectively. Given
p € (1,00), we denote by p’ its Holder conjugate, i.e., the real number such that 1/p+1/p’ = 1. The
relation a < b indicates that a < Cb, with a constant C that neither depends on a, b, nor the discretization
parameters. The value of C might change at each occurrence.

We finally mention that, throughout this work £ C R? is an open and bounded polygonal domain
with Lipschitz boundary 0.

2.2 Darcy’s equations

We begin this section by recalling the fact that, on Lipschitz domains, the divergence operator is surjec-
tive from Hy(div, Q) to L% (): there exists B > 0 such that (Bernardi er al., 2018, inequality (2.14)),
(Dib et al., 2019, inequality (2.13))

div vd
inf  sup Joadivvdx gy @2.1)
qeL3(2) very (div.2) || VI[a@iv.e) lall2 @)

We introduce the following weak formulation of standard Darcy’s equations: Find (u, p) € Hy(div, Q) x
L3(£) such that

/(nu~v—pdivv)dx = /f~vdx Vv € Hy(div, ),
Q Q

2.2)
/qdivudx ~ 0 Vg € L2(Q).
Q
Here, f € L?(Q) and 1 denotes a function in L=(2) that satisfies
n-<n(x)<ny forae x€Q, n-,n+ >0. (2.3)

The next result follows from the inf-sup theory for saddle point problems (Ern & Guermond, 2004,
Theorem 2.34).

THEOREM 2.1 (well-posedness of Darcy’s equations) Let f € L?(Q) and 1 € L*(£2) be such that (2.3)
holds. Then, problem (2.2) admits a unique solution (u,p) € Ho(div,Q) x L3(2). In addition, the
following estimate holds:

[allr@iv.e) +IPll2@) < Iflze):

where the hidden constant is independent of the data f,  and the solution (u,p).

3. The coupled problem

The main goal of this section is to show the existence of weak solutions for problem (1.1). As a first
step, we introduce the set of assumptions under which we will operate and set a weak formulation.

3.1 Main assumptions and weak formulation

We will operate under the following assumptions on the viscosity and diffusivity coefficients.



DARCY’S PROBLEM COUPLED WITH A HEAT EQUATION UNDER SINGULAR FORCING 5 of 31

* Viscosity: The viscosity Vv is a function that is strictly positive and bounded, i.e., there exist
positive constants v_ and v such that

vo<v(s)<vy VseR. (3.1)
In addition, we assume that v € C%!(RR) with Lipschitz constant C ¢, i.e.,

|V(S1) — V(S2)| < Cg|S1 —S2| Vsi,s0 € R.

* Diffusivity: The thermal coefficient x is a strictly positive and bounded function, i.e., there exist
positive constants kK and x such that

K. <k(s) <kp VseR. (3.2)

We also assume that x € C%!(R).

3.2 Weak solutions
We adopt the following notion of weak solution.

DEFINITION 3.1 (weak solution) Letfe L?(Q),z€ 2, and p < 2. We say that (u,p, T) € Ho(div, Q) x
L2(2) x W, P(£) is a weak solution to (1.1) if

/(V(T)u~v—pdivv)dx = /f~vdx Vv € Hy(div, 2),
Q Q

/ q div udx
JQ
/Q(K(T)VT-VS—TuVS)dX = (5.8 vsew (@)

0 Vq € L3(Q), (3.3)

Here, (-,-) denotes the duality pairing between Wol’p/ (Q)and W—P(Q) := (Wol’p/ (Q)).

The following comments are now in order. The asymptotic behavior of solutions x to second order
elliptic problems with homogeneous Dirichlet boundary conditions and 0, as a forcing term is dictated
by |Vx(x)| & |x —z| ! (Krasovskil, 1967, Theorem 3.3). On the basis of a simple computation, this
asymptotic behavior motivates us to seek for a temperature distribution within the space WO1 P(Q) for
p < 2. On the other hand, we notice that, owing to our assumptions on data and definition of weak
solution, all terms in problem (3.3) are well-defined. In particular, in view of Holder’s inequality, we
have the following bound for the convective term:

‘/ Tu-VSdx
Q

2
where we have utilized the standard Sobolev embedding WOI”’ (Q) — L7 (2) (Adams & Fournier,
2003, Theorem 4.12, Case C); C, denotes the best constant in such an embedding.

< ||u||L2(Q)HTHL%(Q)HVSHL,,/(Q) S Celulli2o)IVTllLr@) VSl )y B4

3.3 A problem for the single variable T

To analyze problem (3.3), we follow the ideas in (Bernardi et al., 2018, Section 2.2) and observe that
(3.3) can be rewritten as a problem for the single variable 7. In fact, for a given temperature 7', the first
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two equations in problem (3.3) correspond to a Darcy’s problem that, in view of Theorem 2.1, admits
a unique solution (u,p) € Hy(div,2) x L3(£2). We notice that the variables u and p can be seen as
functions depending on 7. This motivates the notation (u,p) = (u(7),p(7T)). Problem (3.3) is thus
equivalent to the following reduced formulation (Bernardi et al., 2018, Section 2.2): Find T € Wol’l7 (Q),
with p < 2, such that

/;Z(K(T)VT VS—Tu(T)-VS)dx = (5.,5)  VSeW,"(Q), (3.5)

where u(7') € Hy(div, Q) denotes the velocity component of the solution (u(7'),p(7)) to the following
problem: Find (u(7),p(T)) € Ho(div, Q) x L§(£2) such that

/ (V(T)u(T) -v—p(T) divv)dx = / f-vdx Vv € Ho(div, Q),
e Q (3.6)
/Qq divu(T)dx = 0 Vq € L3(Q).

3.4 A stationary heat equation with convection

In this section, we study the existence and uniqueness of solutions for a stationary heat equation with
convection and singular forcing. To accomplish this task, we begin our studies by introducing the
function & € L™(£), which is such that

E CEKx)<E, forae.xe Q, E_ & >0. 3.7

In addition, we assume that & is uniformly continuous. With this function at hand, we introduce the
following weak version of the aforementioned stationary heat equation with convection:

T W 7(Q): /Q (EVT-VS—Tv-VS)dx = (5.,5) VSeW " (Q). (3.8)

Here, p is such that 4/3 —e < p <2, where € >0,ve L?(Q),z€ Q,and I /p+1/p' = 1.
We present the following well-posedness result.

PROPOSITION 3.2 (case v=10) Let £ € L*() be such that (3.7) holds. Assume, in addition, that & is
uniformly continuous. Then, problem (3.8) with v = 0 is well-posed. This, in particular, implies that

Jo EVR-VSdx

VR EW,)"(Q), (3.9)
VST, o™

[VR||Lr@) <Ce  sup
sew (@)

with a constant C¢ depending on &, p,and Q.

Proof. The well-posedness of problem (3.8) on Lipschitz domains with v = 0 for p such that4/3 — ¢ <

p <2 and € > 0 follows, for instance, from (Shen, 2005, Theorem B). Notice that & is bounded and

uniformly continuous. With such a result at hand, the inf-sup condition (3.9) thus follows from (Ern &

Guermond, 2004, Theorem 2.6). O
We now analyze the case with nonzero convection.

PROPOSITION 3.3 (case v # 0) Let & € L*() be such that (3.7) holds. Assume, in addition, that & is
uniformly continuous. If
C§Ce||v||Lz(_Q) <a<l, 3.10)
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2,
with C, being the best constant in the Sobolev embedding WO1 P(Q) — L7 (£2), then problem (3.8) is
well-posed. This, in particular, implies that the solution 7 € WO1 P(Q) of problem (3.8) satisfies

C
”VTHLI’(Q) < C(XHSZ”W*LP(,Q)u Co = 1T§ 4/3_8 <p<2 (3.11)

o’

Proof. We begin the proof by introducing the map .27 : Wol’p(.Q) — W=bP(Q) by
(AT,S) = /Q EVT-VSdx, VT € WP (Q), ¥S e Wl ().

It is clear that <7 is linear and bounded. In addition, in view of the inf-sup condition (3.9), we conclude
that <7 is invertible and ||.<7 Hg(Wfl'p(Q)’WOl,p(Q)) <Ce.

Let v € L?(R). Let us also introduce the map %y : WOI’P(.Q) — WP (Q) by
(BT,S) = _/Q Tv.VSdx, VT e W P(Q), vS e W7 ().

The map %y is linear and, in view of (3.4), bounded. In fact, we have

H%VTHW*LI’(Q)
= Sup —=

< ColVllp2q.
rewirgy VTl

||<%V||$(W01'p(9>’wfl,p(9>>

We thus employ the previously defined linear and bounded maps .7 and Ay to rewrite problem (3.8)
as the following operator equation in WO1 P(Q): (I+o/ ' B,)T = o7/'5,. We now observe that the
boundedness of the maps .7 ~! and %y combined with assumption (3.10) yield that the .# (Wol’p (£))-
norm of the map <7 ~! %, is bounded by Ce CeHVHLz(_Q) < o < 1. This bound, in view of (Zeidler, 1986,
Theorem 1.B), allows us to conclude that problem (3.8) admits a unique solution. The desired bound
for T can be obtained directly from the aforementioned operator equation. In fact, we have

|| 1”3 Lr(Q Wl’p Q Cé
VT (W 317( )7 ( )) S 5
H HIJ Q < — . || Z”W Lr(Q g 1 H Z”W Lr(Q)-
( ) 1 — H’Q{ 1%VH$(”0LP( ( ) o ( )

Q))

This concludes the proof. (]

3.5 The coupled problem

We now proceed to analyze the existence of solutions for problem (3.5)—(3.6) on the basis of a fixed
point argument. Let p < 2 and let .7 : W()I’P (Q)— Wol’p () be the map defined by .% (0) = &, where {
denotes the solution to the following problem: Find § € WO1 ?(Q) such that

/ (K(0)VL-VS— Cu(0) - VS)dx = (5..5) VSew " (Q). (3.12)
Ja
We recall that 1/p+1/p’ = 1. Notice that the definition of { implies solving, for a prescribed tem-

perature 6 € WO1 7(Q), a Darcy’s problem with viscosity v(6). Since v satisfies the estimates in (3.1),
Theorem 2.1 guarantees the existence of a unique solution (u(6),p(6)) for such a problem. Once this
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solution is obtained, the stationary heat equation (3.12), with the nonzero convection u(6), is thus solved
to obtain § € Wy " (Q).

As a first instrumental result, we prove that the mapping .%# is well-defined. To accomplish this task,
we introduce the ball

By i= {6 €W "(Q) : [VOlLra) < Cyll&lly-1oa) b
where C ] is as in (3.11). Since it will be useful in the analysis that follows, we define

€= (2C.Cy) !, (3.13)

where C, is defined as in (3.4) and Cy corresponds to the constant involved in the inf-sup condition (3.9)
when & is replaced by k.

LEMMA 3.1 (& is well-defined) Let p such that 4/3 —& < p < 2 and € > 0. Let f be such that
HfHLZ(Q) < €v_, where v_ is as in (3.1). Then, the map .% is well-defined on By and, in addition,
F(Br) C Br.

Proof. Let 0 € Br. Invoke Theorem 2.1 to conclude the existence of a unique pair (u(6),p(6)) €
H(div, Q) x L3(Q) solving (3.6) with T = 6. In addition, by testing v =u(0) in the first equation of
(3.6), we immediately obtain the estimate
[a(6)[l2(q) < V:1||f||L2(Q) <C=(2C.Cx) ",
upon utilizing definition (3.13). Consequently, u(6) satisfies the bound (3.10) with a = % We are
thus in position to apply the results of Proposition 3.3 to conclude the existence of a unique solution
Ce Wol,p(_Q) to (3.12) satisfying ||V [ Lr(a) < C% H6Z||W,1,,,(_Q). We have thus proved that § € By. O
We now proceed to obtain an existence result for problem (3.5)—(3.6) via a fixed point argument.

THEOREM 3.4 (existence) Under the assumptions of Lemma 3.1, there exists a solution (u,p,T) €
Hy(div, Q) x L3(Q) x Wol’p(Q) for problem (3.3). In addition, we have that T € Br.

Proof. We proceed on the basis of the Leray—Schauder fixed point theorem for the map .% : By — Br
(Deimling, 1985, Theorem 8.8), (Zeidler, 1986, Theorem 2.A). In order to apply such a theorem, we
first observe that, directly from its definition, the set 87 is nonempty, closed, bounded, and convex.
Additionally, Lemma 3.1 guarantees that % (87) C B7. It thus suffices to prove that .# is compact.

Let {6, },>0 C Br be a sequence such that 6, — 6 € WOI”’(.Q) for p < 2. Since B is closed and
convex, it immediately follows that B is weakly closed. This implies that 6 € B7. Define §, := .7 (6,)
and { := .7 (0). In what follows, we prove that §, — ¢ in WOI’P () as n 1 eo. To accomplish this task,
we invoke the problems that { and {, satisfy and observe that the difference e; , := £ — , verifies

/Q (K(e,,)ve,;n—eg’nu(e)) -VSdx = /Q [§n(u(0) —u(6,)) + (k(6,) — x(0))VE]- VSdx := (g,,S),

/
for all S € WO1 7(Q), ie., e¢, solves a heat equation with nonzero convection. Notice that, since
[w(6)|lr2() < €, we can invoke Proposition 3.3 to immediately arrive at

IVeg nllLr(e) < Cyllgnllw-1r(0)- (3.14)
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Let us now study convergence properties of {g, },>0 as n 1 eo. To accomplish this task, we analyze
each term compromised in the definition of g, separately. We first invoke Holder’s inequality and the
embedding W, 7 (2) < L2?/2-)(Q) to arrive at

| &i(u(8) —u(6,))-vsdx < 10 2o, 10(8) = u(@)lu3(@) 19511
<V Lo 10(0) ~u(8) 20 VS 0

C, being the best constant in the aforementioned embedding. Let us now estimate the term ||u(6) —
u(6,)l|;2(q) in the previous inequality. Invoke (3.1), add and subtract the term /v(6)u(6), and utilize
a triangle inequality to obtain

lu(6) — u(Bh)llr2() S I1V/V(6:) (u(6) ~u(6,)) 12(a
S 1v(0)2u(8) — v(6,)2u(6,) ly2ay + [ (V(6,)2 = v(0)2)u(0) 12y = T+1IL

Since 6, — 0 in WO1 7 (Q), we invoke the compact embedding WO1 P(Q) — L*(2) (Adams & Fournier,
2003, Theorem 6.3, Part I) to obtain the strong convergence 6, — 8 in L?>(£) as n 1 . An application
of (Bernardi et al., 2018, Lemma 2.1) thus reveals that I — 0 as n 1 co. On the other hand, since V is con-
tinuous and uniformly bounded, the strong convergence 6, — 6 in L*(Q) guarantees that v(6,) — v(8)
in L2(Q) (Bartle & Joichi, 1961, Theorem 7). Invoke the boundedness of v, the fact that u(0) € L*(Q),
and the Lebesgue dominated convergence to conclude that II — 0 as n 1 oo. To control the remain-
ing term in g, we proceed with similar arguments upon noticing that k is continuous and uniformly
bounded, which imply that (x(6,) — x(6))VE — 0 in L”(). Therefore, in view of (3.14), {, — { in
WO1 P(Q) as n 1 . We have thus proved that the weak convergence 6, — 6 in WO1 () implies the
strong one §, — ¢ in WO1 P(Q) as n 1 eo. This shows that .% is compact and concludes the proof. O

4. Finite element approximation

In this section, we describe and analyze a finite element solution technique to approximate solutions
to problem (3.3). We begin our analysis by introducing some terminology and a few basic ingredients
Brenner & Scott (2008); Ciarlet (2002); Ern & Guermond (2004). We denote by .7, = {K } a conforming
partition, or mesh, of Q into closed simplices K with size hx = diam(K). Define & := maxg, g, hx. We
denote by T = {7}, },~0 a collection of conforming and shape regular meshes .7},. We define .7 as the
set of internal one-dimensional interelement boundaries y of .7,. For K € .7, let .} denote the subset
of . that contains the sides in . which are sides of K. We denote by .44, for y € .7, the subset of .7,
that contains the two elements that have ¥ as a side. In addition, we define stars or patches associated
with an element K € .7, as:

N =K € Ty SxNI 0, N =U{K' € F,: KNK' #0}. (4.1)

In an abuse of notation, below we denote by 4% and 4% either the sets themselves or the union of its
elements.

Given a mesh .7, € T, we define the finite element space of continuous piecewise polynomials of
degree one:

Vi = {S, € C(2) : Sylk € P1(K) VK € Z,} NW, " (),
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where p/ > 2. Notice that, for each i > 0, Vj, € W, ' (Q) € W, 7 (Q).
We denote by I, the Lagrange interpolation operator and immediately notice that, since WO1 P! (Q)—

C(Q), I, is well-defined as a map from WO1 P /(.Q) into V;, (Ern & Guermond, 2004, Example 1.106). The
following error estimate can be found in (Ern & Guermond, 2004, Theorem 1.103): for each K € .7},

IS — Sy < x| VS Iy VS € Wy (K). (4.2)

With this estimate at hand, a trace identity yields, for y € ., the estimate

IS — ISl oy S hf IVSllLr(sy) VSE W, (). 4.3)
To approximate the pair velocity—pressure that solves problem (3.6), we consider the Raviart—
Thomas finite element space of order zero (R7p):
X, := W, NHy(div, Q),
O :={an € L*(Q) : anlx € Po(K) VK € 3} NLG(R),
where W), := {Vh € H(div,Q) : v | = akx+bg, ax € R, bg € R? VK € %} The spaces X, and Qy,

satisty the following discrete inf-sup condition (Roberts & Thomas, 1991, Theorem 13.2): there exists
B > 0, independent of the discretization parameter /, such that

"~ qn div vad i
inf sup —JeWdvvidx s, (4.4)
€0 v,eX, |1 Vallaaiv,2)llanll2 )

Let us introduce the interpolation operator P, : H' (Q) NHy(div, Q) — X},, which satisfies, for each
K € 7, the following error estimates (Roberts & Thomas, 1991, Theorem 6.3):

[V =Pp¥l2k) S AlIVVIlL2k) vv e H'(Q), 4.5)
[div(v—Pu¥)llr2) S AIVAiv V]2 Vv EH'(Q): divy e H'(Q). (4.6)

We also have the local error estimate (Dib et al., 2019, inequality (4.27)):
1
IV =Pi¥llaiy) S A7 IVVllagsy) WV EH'(Q). (4.7)

In addition, we observe that, for every v € L?(Q) and w € H(div, Q), the following density results
holds:

li
h—0 \ v,eX) h—0 \ w,eX),

lim( inf ||V_Vh|L2(Q>) =0, m< inf ||div (w—wh)||Lz(Q>) =0. (4.8)

Having described our finite element setting, we introduce the following discrete approximation of
problem (3.3): Find (uy, py, T;) € X, X Qp, X Vj, such that

/_Q (V(Th)llh -vy — pp div Vh)dX = /_Q f-vydx Vv, €X,,
/Q qpdivuds = 0 Vau € O, (4.9)
/Q(K(Th)VTh -VS, —Thuy - VSh)dX = <6Z,Sh> VS, € V.

The main goal of this section is to show that, under similar assumptions to those in Theorem 3.4,
problem (4.9) always has a solution for every & > 0. We also show that, as 7 — 0, the sequence of
solutions (uy, p, Tj,) weakly converge, up to subsequences, to a solution of the coupled system (3.3).
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4.1 A discrete heat equation

In this section, we prove a discrete counterpart of Proposition 3.3. To accomplish this task, we first
provide a discrete inf-sup condition which directly stems from (Brenner & Scott, 2008, Proposition
8.6.2).

PROPOSITION 4.1 (discrete stability) Let & € L™ (£) be such that (3.7) holds. Then, there exist 4, > 0
and € > 0 such that for all 0 < i < h, and R, € V},, we have

- VR, -VS,d
IVRA|[ (@) < Ce sup Jo SR, VSidx (4.10)

SHEV), HVSh”LP/(Q) 7

whenever 2 — € < p < 2. Here, 6‘5 is a positive constant that is independent of /.

Let £ € L=(Q) be such that (3.7) holds and let v € L?(Q). We introduce the following discrete
version of problem (3.8): Find Tj, € V}, such that

/(égvrh-vsh—Thv-vsh)dx:<6z,sh> VS) € Vi, @.11)
Q

With the result of Proposition (4.1) at hand, in the next result we show that, under a suitable small-
ness assumption on the convective term, problem (4.11) always has a discrete solution. In addition, we
show that discrete solutions are uniformly bounded with respect to the discretization parameter /.

PROPOSITION 4.2 (well-posedness) Let & € L™(Q) be such that (3.7) holds. There exist positive
constants &, and € such that, if

CeCel[Vli20) <@ <1, (4.12)

then the discrete problem (4.11) is well-posed for all 0 < & < h, whenever 2 — € < p < 2. In particular,
we have that the solution 7}, € V), of problem (4.11) satisfies the estimate

. ~ ¢
IVTillLr@) < CallSllw-1ni@)y  Ca=12g, PER-82). (4.13)

Proof. With the discrete inf-sup condition (4.10) at hand, the proof follows the same arguments as those
developed for the proof of Proposition 3.3. For brevity, we skip the details. O

4.2 Existence of discrete solutions

Having derived a well-posedness result for the discrete heat equation (4.11), we are now in position
to prove that our discrete system (4.9) always has a solution. In addition, we show that solutions are
uniformly bounded with respect to the discretization parameter 4.

We proceed via a fixed point argument and define, for each 4 > 0, the map .%, : V;, =V}, by 6, —
Z(0) = . Here, &, denotes the solution to the following discrete problem: Find &, € V}, such that

/Q(K(@l)VCh -VSy— G (6)) - VSp)dx = (8;,S,) VS, € Vi (4.14)

As in the continuous case, we note that the definition of {, implies solving a discrete Darcy’s problem
with a viscosity v(6;,) depending on the prescribed discrete temperature 6;,. The aforementioned discrete
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Darcy’s problem reads as follows: Find (uy,(6y,),p.(61)) € Xp, X O, such that

/(V(eh)uh(eh)'Vh—Ph(eh)diVVh)dX = /f'Vth Vv, € Xy,
Q Q

(4.15)
/Qh divu,(6,)dx = 0 Van € O
Q

In what follows, we prove that the mapping .%), is well-defined when it is restricted to a ball of an
appropriate size. To accomplish this task, we define the ball

B = {0, € Vit [V6illir(a) < Cilldllw-10@)}
where € ! is defined as in (4.13) with a = % As a final ingredient, we define

&= (2C.C) !, (4.16)

where C, is defined as in (3.4) and Cy corresponds to the constant involved in the discrete inf-sup
condition (4.10) with & being replaced by k.

LEMMA 4.1 (7, is well-defined) Let f be such that [|f[|;2(q) < ¢v_, where v_ is as in (3.1). Then,

there exist i, > 0 and € > 0 such that the map .7, is well-defined on B2 for all 0 < h < h,, whenever
2 — & < p < 2. In addition, we have .7, (B%) c B

Proof. Let 6, € %’}. In view of the discrete inf-sup condition (4.4), there exists a unique discrete
pair (w,(6y),pr(61)) € X, x Q) solving problem (4.15) (Ern & Guermond, 2004, Proposition 2.42).
Moreover, by testing v, = u,(6;) in the first equation of (4.15), we arrive at the following bound for the
discrete velocity field uy,(6;):

[0n(6) llr2(0) < VE'Ifl2) < €= (2C.Co) .

Consequently, uy,(6y) is such that C’KCeHuh(Gh)HLz(Q) < 1/2,1.e., u,(6y) satisfies (4.12) with o = 1/2.

We can thus utilize the results of Proposition 4.2 to guarantee the existence of a unique §, € Vj, solving

(4.14). In addition, Proposition 4.2 also yields &, € %}}. This concludes the proof. U
We now provide the existence of discrete solutions via a fixed point argument.

THEOREM 4.3 (existence) Under the assumptions of Lemma 4.1, there exist i, > 0 and € > 0 such that
(4.9) admits a discrete solution (uy, py,Tj,) € Xj, X Oy x Vj, forall 0 < h < hy, whenever2 — e < p < 2.
In addition, we have that 7}, € %?.

Proof.  Since we are in finite dimensions, we apply Brouwer’s fixed point theorem (Deimling, 1985,
Theorem 3.2). To be able to invoke such a theorem, we only need to verify the continuity of .%;,. This is
achieved by repeating the arguments utilized within the proof of Theorem 3.4 in combination with the
fact that, since we are in finite dimensions, we can pass from weak to strong convergence. O

4.3 Convergence
We present the following convergence result.

THEOREM 4.4 (convergence) Let f be such that |[f]|;2(o) < V- min{C, ¢}, where v_ is given as in

(3.1) and ¢ and ¢ are defined in (3.13) and (4.16), respectively. Then, there exist € > 0, h, > 0, and a
nonrelabeled subsequence {7}, }o<n<p, such that 7, — T in WO1 P(Q),as h |0, whenever2 —e < p < 2.
The limit point 7 solves problem (3.5) and (u(7T),p(T)) € Ho(div, Q) x L3(£2) solves (3.6).
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Proof. In view of the assumption on f, Theorem 4.3 allows us to conclude that, for every i > 0, the
discrete coupled system (4.9) admits at least a solution (uy, ps, 7). On the other hand, Theorem 4.3 also
guarantees that {7}, }o<<p, is uniformly bounded in WO1 P (£2) while (Bernardi et al., 2018, inequalities
(3.13)) yield, for every i > 0, the bounds

ez < VIl Pallzie) < B7HA+vE V) lIflq)-

Consequently, we have that (up to a subsequence) (uy,, py, T;,) — (u,p, T) in L2() x L*(Q) x Wy 7 (L),
as h ] 0, whenever2 —e < p < 2.
In what follows we prove that

() (ap,pn) — (w,p) in Ho(div, Q) x L3(L), as 7 | 0, and that

(i) (u,p,T)=(u(T),p(T),T) € Hy(div, Q) x L§(2) x WOI”’(.Q) solves system (3.3) or, equivalently,
problems (3.5) and (3.6).

We first prove (i). Let q € C5(£2). We invoke the weak convergence u, — u in L?(2) to immedi-
ately arrive at

/qdivuhdx:—/ Vq-uhdx%—/Vq-udx:/ g divudx, hlO0.
Q Jo Q Ja

Consequently, u, — u in H(div,Q) as h | 0. The continuity of the normal trace operator (Girault &
Raviart, 1986, Theorem 2.5) implies that u-n|yo = 0 and thus that u € Hy(div, Q). The fact that
p € L3(Q) is trivial.

The rest of the proof is dedicated to prove (ii). Let us start by proving that (u(7),p(7)) = (u,p) €
H(div, Q) x L3(£2) solves Darcy’s system (3.6).

Letv € Cj(£2) and let v;, € X;,. A simple computation reveals that

5= ‘ [ 0w vi—p div v —v(T)u- v div v)dx
Q

< ‘/ (V(T)us — v(T)u) - vdx
JQ

+‘/ v(Th)uy - (v, — v)dx =I1+1I+1I+1V.
Jo

+ ’/ (p—pp) div vdx|+ ’/ pp div (v —vy)dx
Q Q

The density results stated in (4.8) immediately reveal that II, IV — O as 4 | 0. Since divv € Lz(.Q) and

pr — pin L(Z)(.Q), it is also immediate that IIT — 0 as / | 0. To control the term I, we first notice that

./é(v(Th)uh —v(T)u) -vdx = /

(v(Ty) = v(T))uy, - vdx+/ v(T)(u, —u)-vdx.
Q Q

Since the embedding WO1 P(Q) < L1(Q) is compact for ¢ < 2p/(2— p) (Adams & Fournier, 2003,
Theorem 6.3, Part I) and v is continuous and uniformly bounded, we have that v(7;,) — v(T) in L(£),
ash |0, forqg<2p/(2—p) (Bartle & Joichi, 1961, Theorem 7). This and the weak convergence u, — u
in L?(Q) reveal that T — 0 as /2 | 0. Consequently, J — 0 as & | 0, which reveals that the limit point
(u,p) € Ho(div, ) x L3(£) solves the first equation in (3.6). To prove that the velocity field u satisfies
the second equation in (3.6), we let q € Cy'(£2) with zero mean and qj, € Q) be its L?—projection onto
QOy,. Hence, in view of the strong convergence q; — g in L% (L), we obtain

‘/ (g div u—qj, div u)dx
Q

< ‘/ (9 —qy) div udx
Q

+‘/ qp div (u —uy)dx| — 0,
Q
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as 1 | 0. Consequently, the pair (u,p) solves (3.6).

It remains to prove that T € WO1 ?(Q) solves (3.5) with u = u(T). To accomplish this task, we let
S € Cy () and S, € V). Set S, = I,,S, utilize Holder’s inequality, the assumptions on k, the Lebesgue
dominated convergence, and standard properties of the interpolation operator 7, to obtain

<

/Q (k(T)VT -VS — k(T;,)VT}, - VS;)dx

/Q (k(T) — k(T))VT - VSdx

+ ‘/ K(T,)V(T —T) - VSdx .0, ash 0.
Q

+ ‘/Q K(T;,) VT, V(S — Sp)dx

Finally, to prove that [, Thuy, - VS,dx — [, Tu-VSdx, as i | 0, we invoke similar arguments to those
developed in the proof of Theorem 3.4 and the convergence result \/V(T;,)u,(7,) — +/V(T)u(T) in
LZ(.Q), as h | 0, which follows from (2.23) in (Bernardi et al., 2018, Lemma 2.1). This proves that
T e Wol’p(.Q) solves (3.5) with u = u(7') and concludes the proof. O

5. A posteriori error analysis

In this section, we devise and analyze an a posteriori error estimator for the coupled system (3.3). We
obtain a global reliability estimate and investigate local efficiency results. To perform an analysis, in
addition to the assumptions stated in (3.1), we shall require that:

e The thermal diffusivity K is a positive constant, and

e The forcing term f € H' () and [£lli2(@) < V- min{C, €}; cf. Theorem 4.4.

In what follows we comment on the assumption f € H! () (see also the discussion in (Dib et al.,
2019, Section 4)): To obtain the identity (5.16) we utilize the Green’s formula of (Girault & Raviart,
1986, Theorem 2.11, Chapter I) on each element K € 7. (Girault & Raviart, 1986, Theorem 2.11,
Chapter I) also guarantees that the tangential trace T¢ : v — v- T|y¢ is a linear and continuous operator
from H(curl, &) into H~'/2(€) for any Lipschitz domain &. The additional regularity f € H(curl, Q)
would thus seem sufficient. However, in order to have a local and integral representation of the residual
on the interior sides ¥ we assume that f € H' () so that the interelement residuals [(f— v(7},)uy,) - 7],
defined in (5.39), are well-defined in L(y).

The existence of a solution (u, p,T) € Ho(div, Q) x L3(Q) x WOI’P () to system (3.3) is guaranteed
by Theorem 3.4 for p < 2. Theorem 4.3 guaantees the existence of € > 0 and &, such that the discrete
problem (4.9) admits a solution (uy,p;, 7)) € X X Q) x V), forevery 0 <h < h,and2—€e < p < 2.
Within our a posteriori error analysis setting, since we will not be dealing with uniform refinement, the
parameter i does not bear the meaning of a mesh size. It can thus be thought as & = 1 /k, where k € N
is the index set in a sequence of refinements of an initial mesh or partition .%.

5.1 A posteriori error estimators

In this section, we devise an a posteriori error estimator for the finite element approximation (4.9) of
system (3.3). The proposed error estimator will be decomposed as the sum of three individual contribu-
tions: one contribution that accounts for the discretization of the heat equation with convection and two
contributions related to the discretization of Darcy’s system.

Let us begin our analysis by introducing some notation. Let wy, be a discrete tensor valued function
and let y € .7 be an internal side. We define the jump or interelement residual of wj, on y by

[wh-n] :=n" - wy[s +07 Wy,
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where n™ and n™ denote the unit normals to ¥ pointing towards K™ and K, respectively; K™, K~ € 7},
are such that K™ # K~ and 0K+t NdK~ = y. Similarly,

[wi-t] =" Wi + T Walg,

where T and T~ denote the unit tangents to ¥; cf. Figure 1. Notice that 7 and n* are orthogonal;
similarly 7~ and n™.

FIG. 1. Representation of the tangent and normal vectors, respectively, on K+ and K.

5.1.1 Heat equation with convection: local indicators and a posteriori error estimator. Let K €
be a simplex and y € .% be an internal side. We define the element residual K¢ and the interelement
residual Jy as

Ry = (—VTh-llh—ThdiV llh)|1(7 Jy = [[(KVTh—Thllh)'n]]. 5.1

With the residuals K¢ and 7, at hand, we define a local indicator £, k¢ associated to the underlying finite
element discretization of the heat equation on the basis of three scenarios. First, if z € K and z is not a

vertex of K, then
1

2
Epk = (hK p+h2|\5’<l<||[£p(1() +hKH]7||[L’P(8K\¢9Q)) " (5.2)

Second, if z € K and z is a vertex of K, then

<=

k= (MR Rellp ) + |34 o000y ) (5.3)

Third, if z ¢ K, then the indicator Ep,k 1s defined as in (5.3).
The following comments are now in order. We first recall that we consider our elements K to be
closed sets. On the other hand, the Lagrange interpolation operator I;, is well-defined over the space

WO1 P '(.Q) with p/ > 2. Since [}, is constructed by matching the point values at the Lagrange nodes, we
have the basic property

(S—IiS)(z2) =0  VSeW, " (Q), pr>2,9K € .
Here z denotes a vertex of K. This simple observation points in the direction of explaining the discrep-

ancy between definitions (5.2) and (5.3).
With the previous indicators at hand, we define the corresponding error estimator

1
)4
Ep 7= ( Y zg),{> , p<2. (5.4)
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5.1.2  Darcy’s problem: local indicators and a posteriori error estimator. The devising and analy-
sis of residual-type a posteriori error estimates for Raviart—-Thomas finite element approximations of
Darcy’s problem are not as simple as for the Laplace’s equation. In fact, two difficulties prevent the
success of the straightforward application of frequently used arguments. First, traces of functions in
H(div, Q) are only contained in H~'/2(9Q) (Girault & Raviart, 1986, Theorem 2.5) and, for an in-
ternal side 7, the corresponding jump term [p;,In] does not belong to H 1/ 2(y) (Brezzi & Fortin, 1991,
Section II1.3.3); I denotes the identity matrix. The second difficulty is given the fact that the space
H(div, Q) is anisotropic Braess & Verfiirth (1996); for solenoidal functions the H(div, 2)-norm and
the L?(Q)-norm coincide. The authors of Braess & Verfiirth (1996) circumvent these difficulties and
devise an a posteriori error estimator that is reliable and efficient in suitable mesh-dependent norms; see
(Braess & Verfiirth, 1996, inequality (3.12)) and (Braess & Verfiirth, 1996, Theorem 3.3). However, the
devised error estimator for the natural norm in H(div, Q) x L?(Q) is only reliable; the derived efficiency
estimate (Braess & Verfiirth, 1996, inequality (4.20)), that involves a negative power of A, is not opti-
mal. Later, the author of Carstensen (1997) provides reliable and efficient a posteriori error estimates
in the natural norm in H(div, Q) x L?(Q); the difficulties arising from the anisotropy of the norm are
circumvented by utilizing a Helmholtz decomposition of square-integrable tensors.

Inspired by the developments in (Dib ef al., 2019, Section 4), and in view of the assumption that
f € H'(Q), we apply the curl operator to the the first equation of Darcy’s system (3.6), in its strong
form, to obtain

curl(v(T)u) =curl f in Q.

Let K € 9, and y € .. We define the element and interelement residuals
R = curl(f— v(T),)uy), Jy == v(Th)uwy,) - 7], (5.5)
Ry = f—V(Th)llh—Vph, /y;: [[phnﬂ. (5.6)
With these ingredients at hand, we define local error indicators

1
~ 2
ek = (IRIRk 200 + 3 o000y ) 5.7)

1
2

S = (W12 gy + 1l A2 k0 ) (5.8)

and a posteriori error estimators associated to Darcy’s system as

1 1

@::(Z e@)j, @@y::(Z @@,%)7. (5.9)

Keo KeT

5.2 Reliability estimates
In this section, we obtain a global reliability estimate for the total a posteriori error estimator
Eg =F,7+Cs+E7. (5.10)
The following result is instrumental to perform our analysis.

LEMMA 5.1 (auxiliary result) Let v € V(£), where V() is defined as in Section 2. Then, there exists
a unique function ¥ € H{ () such that

v =curl ¢, ||19||H1(_Q) S ||V||L2(.Q)'
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The hidden constant is independent of ¢ and v.

Proof.  The proof of the existence of a function ¢ € H'(£) satisfying the desired properties can be
found in (Girault & Raviart, 1986, Chapter I, Theorem 3.1). The correction of © € H'(Q) satisfying
the needed boundary condition is available in (Dib et al., 2019, Appendix A). O

As a final preparatory step, we define the discretization errors associated to the temperature, the
velocity, and the pressure, respectively, as follows:

er =T -1y, ey :=u—uy, €, :=PpP—Ph

We are now ready to enunciate and prove the main result of this section.

THEOREM 5.1 (global reliability) Let (u,p,T) € Hy(div, Q) x L3(2) x Wol’p(Q) be a solution to (3.3)
with a forcing term f, which is such that [f||;2(o) < v- min{€,&}. Let (w;, py, 7j) € Xj x Op X V), be a
solution to the discrete system (4.9) for 0 < h < h,. Assume that

CMleullzoy <P, 0<p<l, (5.11)

where € = (2C,Cx) !, C, is the best constant in the Sobolev embedding W, 7 (Q) < L2/?~P)(Q), and
Cy is defined as in (3.11) with o = % Assume, in addition, that

Col|8llw-10(0) L) <p(1—p)v_€,  0<p<1, (5.12)
where % + # = 1 and C¢ denotes the Lipschitz constant of v. Then
[Ver|Lra) + lleullzo) + llepll2 @) S Ez- (5.13)

Here, the hidden constant is independent of continuous and discrete variables, the size of the elements
in the mesh .7}, and #.7,.

Proof. We begin by controlling the temperature error || Ver||»(q). To accomplish this task, we invoke
equation (3.5), an elementwise integration by parts formula, and Galerkin orthogonality to obtain

/Q (kVer +erey —eru—Tey) - VSdx = (5,5 — I,S)

+ ¥ [ Rels-nsiix+ ¥ [a(5-ns)ds 514
Keg 'K yes Y

for every S € WO1 P /(.Q). The element and interelement residuals, Rk and 9y, respectively, are defined in
(5.1). Hence, the inf-sup condition (3.9), Holder’s inequality, and the local interpolation bounds (4.2)
and (4.3) yield

1

IVer|loa) <Ce  sup / KkVer - VSdx
Q

sew” (@) ”VS”L”'(Q)

<CK<|eTII 2 (leullLzqo) + lulliz) +IT1 2 ”eUHLQ(Q)'i_C‘EPay)’
L27P(Q) L

= (@)
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2p
where C > 0. In view of this estimate, the embedding Wol’p(.Q) < LT5 (£2), the bound [|ul|y2o) < €=
(2C.C,)~ !, and the assumption (5.11), we deduce that

(1—p)IVerllr) < 4CECe|8.llw-1q) leully2(@) +2CCkEp, 7, (5.15)

where C, denotes the best constant in the embedding WO1 P(Q) — pr (Q) and Cy is defined as in (3.11)
with o = .

We now control the velocity error. Let v € V(), where V() is defined in Section 2. An appli-
cation of Lemma 5.1 yields the existence of a unique function ¥ € HJ () such that v = curl ¥ and
[91lm1(@) < IVl[iz@)- Utilize the pair (v,0) as a test pair in problem (3.6) to deduce, in view of an
elementwise integration by parts formula based on (Girault & Raviart, 1986, Theorem 2.11, Chapter I)
and Galerkin orthogonality, the identity

/ (v(Tew+ (v(T) = v(T)u) vox= ¥ / R (0 —.7,0)dx+ Y /dy (9 —.7,0)ds. (5.16)
Q Keg /K ves

Here, .%, : H& (2) — V,, denotes the Clément interpolation operator Brenner & Scott (2008); Ciarlet
(1978). We recall that the element and interelement residuals, SR and Jy, respectively, are defined in
(5.5). Since Vv is uniformly bounded, namely, Vv satisfies (3.1), (5.16) in combination with Holder’s
inequality, standard interpolation error estimates for .#, and the estimate || 9|1 (o) < [|¥|12(0)> Which
follows from Lemma 5.1, allow us to obtain that

V-leulliz @) < C2Cel[Ver|lLra)llullLr) +CE€7,  C>0. (5.17)

Replacing this estimate into (5.15) immediately yields ||Ver||rr() < Ep.7 + €7, upon utilizing as-
sumption (5.12). This bound combined with estimate (5.17) and assumption (5.12) yield the a posteriori
error estimate [|eul|y2(q) < Ep,7 + €7

We finally control the pressure error. Since e, € L%(.Q), we invoke the inf-sup condition between
H(l)(.Q) and L(Z)(.Q) (Girault & Raviart, 1986, Corollary 2.4, Chapter I), (Ern & Guermond, 2004, Corol-
lary B.71) to conclude the existence of v € H}(2) C Hy(div, Q) such that

leol20) = /Q epdivvdx, V¥l S lesllia- (5.18)

Set (v,0) as a test pair in Darcy’s problem (3.6) and utilize an elementwise integration by parts formula
to obtain

/Qv(Th)eu-vdX—i—/Q(v(T)—v(Th))u-vdx—/er div vdx
/,%’K v—Pw)dx— Y //y V_Pu)ds, (5.19)

Keo yes
where P;, : H' (Q) NHp(div, Q) — X, denotes the interpolation operator introduced in Section 4. On the
basis of the identities (5.18) and (5.19), Holder’s inequality, the Lipschitz property of v, the embedding

WO1 P(R) — L2/ (2”’>(Q), the interpolation error estimates (4.5) and (4.7), and assumption (5.12), we
obtain the estimate

lepll2@) < lleulliz@) + I Verllure) + &7
This estimate and the bound |[eu([2(o) + [|Ver|Lr (@) S Ep.o + € 7, which follows from (5.15) and
(5.17), allow us to conclude the desired a posteriori error estimate (5.13). ]
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5.3 Efficiency estimates

In this section, we study efficiency properties of the a posteriori error estimator E &, defined in (5.10), by
examining each of its contributions separately. To accomplish this task, we will invoke standard resid-
ual estimation techniques which are based on the consideration of suitable bubble functions Verfiirth
(2013); Ainsworth & Oden (2000). Before proceeding with such an analysis, we introduce the follow-
ing notation: for an edge or triangle G, let 7' (G) be the set of vertices of G. With this notation at hand,
we define, for K € .7, and y € ., the standard element and edge bubble functions

ok =27 [] M, o,=4 [ Mg, K cH, (5.20)
ve? (K) Ve ()

respectively, where Ay are the barycentric coordinates of K. We recall that .4} corresponds to the patch
composed of the two elements of .7}, sharing 7.

Inspired by references Alonso Rodriguez et al. (2014); Araya et al. (2006), we also introduce some
suitable bubble functions which are particularly useful for analyzing the indicators associated to the
discretization of the heat equation with convection (3.5). Given K € .7},, we define the element bubble
function ¢k as

Ok (x) == h?|x — 7] 2k (x) if 7 € K, Ok (x) == @x(x)if z& K. (5.21)

Given y € ., we define the edge bubble function ¢y as
Oy(x) == hy 2 [x—zPpy(x) ifz€ Ay, By(x) = @y(x) if 2 & A, (5.22)

where </Vy denotes the interior of .#y. We recall that the Dirac measure 0. is supported at z € Q: it can
thus be supported on the interior, an edge, or a vertex of an element K of the triangulation .7,.

Given y € ., we introduce the continuation operator IT, : L”(y) — L*(.#y) defined in (Verfiirth,
1998, Section 3). This operator maps polynomials onto piecewise polynomials of the same degree and
it will be useful for controlling the involved jump terms.

We now provide the following result (Alonso Rodriguez et al., 2014, Lemmas 3.1 and 3.2).

LEMMA 5.2 (bubble function properties) Let K € .7, y € .7, and r € (1,00). If S;|x € P{(K) and
Rp|y € Py(y), then

1

ISkl k) S 1Sh9% Nrky S NIShllrx)s
1

IRAl () S NRROy 11r(z) S I RRN (9

1
@y ILy(Ri) | (15) < By || Rl y) -

5.3.1 Local estimates for E, k. We now investigate local estimates for the local error indicators £
defined in (5.2) and (5.3).

THEOREM 5.2 (local estimate for £, ) Let (u,p,T) € Hy(div, Q) x L3(Q) x Wol’p(.Q) be a solution to
(3.3) with a forcing term f, which is such that [[f]|;2(o) < v—min{€, &}. Let (uy, py, Ti) € X X Q) X V),
be a solution to the discrete system (4.9) for 0 < i < h,. Then, for K € 7}, the local indicator EpK
satisfies the bound
< * *
Epk S IVerllur sy + HeTHLZ% e + lleullrz sy (5.23)
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where 4% is defined in (4.1). The hidden constant is independent of continuous and discrete solutions
(u,p,T) and (uy, ps,Tj), respectively, the size of the elements in the mesh .7, and #.7},.

Proof. We begin by noticing that similar arguments to the ones used to derive (5.14) yield the identity

/ (kVer-VS—Tey VS —eruy-VS)dx = (5.,8)+ Y / RiSdx+ Y / AySds, (5.24)
Q Keo et

for every S € Wy 7' ().

On the basis of identity (5.24), we proceed in three steps.

Step 1. Let K € 7},. In what follows, we bound the term hg|| Rk || (k) in (5.2)~(5.3). To accomplish
this task, we set S = @x Rx in (5.24), where ¢ is the bubble function defined in (5.21). Since ¢k is such
that (3., px Rx) = 0, we thus obtain

2
1Rl 72 ) < (IVerllue) + HT”L%(K)”eUHLZ(K) + HeTHLZ%(K)Huh”LZ(K))HV((PKKK)HLP’(K)v

where we have used the first estimate in Lemma 5.2. To control ||V(¢x R ) || (x)> we utilize standard
inverse estimates (Brenner & Scott, 2008, Lemma 4.5.3) and properties of @g to obtain

_ 2.2
IV (0xRe) lLrix) < bt 9k Rl i) ShE 1 Rell 2

In view of this bound, the estimate hK ; R ll2r (k) S M| Recll 12 (k) yields

h|| Rkl o k) S IVer lluei) + ||eT||L22Tpp(K> + [leall 2 (k) (5.25)

upon utilizing the stability estimate (3.11) and the fact that wy, is uniformly bounded in L?(Q).

Step 2. Let K € .7}, and ¥ € .. We now bound hK ||]7HL17 in (5.2)—(5.3). To accomplish this task,
we utilize the bubble function ¢y defined in (5.22). In fact, let us set S = ¢,I1(9y) in (5.24). We recall
that IT, denotes the continuation operator of (Verfiirth, 1998, Section 3). Standard arguments thus yield

19I5y S X i (IVer Lo +llerllmeir + lleallapen) 10T ()| ixer.
K'e ANy

where, to simplify notation, we have defined m =2p/(2 — p). We now notice that

17Ty () |7 <hp'||]y|\LP' [l Loy <hp' 2||]7HL2(7

The first estimate follows immediately from Lemma 5.2 and the second one is a consequence of a
scaled—trace inequality and an inverse estimate. With these estimates at hand, we can thus obtain

”]}’Hiz(y)s Z (IVer|lLen =+ ller | zm(xry + [l €ullr2 k) )% z ZHJYHLZ(;/)
K'e Ay

11
Th.is bound combined with the estimate /g, ” || 7| vy S 19ll2(y) allow us to conclude the desired
estimate

1
hllyllery) < Z (HV@THLP(K/)+H€T||Lm(1</)+HeuHL2(K'))- (5.26)
K'e Ny
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2-p
Step 3. Let K € .7;,. We now bound the remaining term hKT in (5.2). We first notice that, if
KN {z} =0, then the desired estimate (5.23) follows directly from the previous two steps. If, on the other
hand, KN {z} # 0 and z € K is not a vertex of K, then we must obtain a bound for the aforementioned
term. To accomplish this task, we invoke the smooth function u introduced in (Araya et al., 2006,
Section 3) which is such that

My = supp() C A, @) =1 [tl=ony =1 [Vile=en,) Shk'- (527

In addition to (5.27), the function u satisfies the estimates

Z 2-1 %
Illrongy She s IVl She o kg Shi - (5.28)

2

P
To bound the term & K" , we also need to introduce the set
LN ={ye S :yedK K € N,y €N}

Set § = u in (5.24) and then invoke Holder’s inequality and the estimates for u stated in (5.27) and
(5.28) to obtain

15 Y [(verlo +llerllum + llealluage ) 1VAlImge) 1Rl )]
K'e g

1
+ Y Hlepltlergn s Y mplnleg
YeS (AE) YeS (AE)

Z-1 Z
+ Y [hlp(f (IVerllLon + llerllLnxry + leulliz k) +hgil | Rer o | -
K'ety

Here, m =2p/(2 — p). In view of estimates (5.25) and (5.26), we can thus arrive at

2-p
s X (Ierluwy +llerllimn + lealliam ) (5.29)
K'e g
We conclude the proof by gathering the estimates (5.25), (5.26), and (5.29). 1

5.3.2  Local estimates for &x. We now analyze local estimates for the indicator &x defined in (5.8).
As an instrumental ingredient, we introduce a suitable approximation of the term v(7},) involved in the
definition of the element residual Zx given in (5.6). For K € .7, we define the linear approximation
Vi i WEP(K) 38 = vy(S) € Py(K) by

WS W= e [V + | [(TVS)may] - x-) 530

Here, |K| and ¢ denote the Lebesgue measure and the center of K, respectively. We notice that |[x —
¢| < hg and observe that vj, is invariant under affine transformations and that, if v(S)|x € P;(K), then
vi(S) = v(S) in K (Dib et al., 2019, Section 4.2).
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In what follows, and in addition to the assumptions stated in Section 3.1, we will assume that v €
W2=(R). This immediately implies the existence of a real number v/, such that v/(s) < v/, for all
s € R. In addition, we have that v/ € C%!(R) with a Lipschitz constant C'y,. With the assumption that
vew?r™ (R) at hand, basic computations, on the basis of definition (5.30) and (3.1), reveal the following
bound:

/ -1 L.p
V() l1(x) < Vi + Vi ki K] 7 [ VSio) Y8 € WH(K). (5.31)

Similar arguments also yield, for S,R € W!?(K) and p > 4/3, the following estimate:
.l
Vi) =i 20 < (VLIKIHV(S=R) [ocx)
L2P (K)
1
SCLIRIHIS=R] o VRl ) +C2IS-RI 2 . (532
L2 (K) L27P (K)
The following projection estimate is instrumental.

LEMMA 5.3 (projection estimate) Let (u,p,T) € Hy(div, Q) x ~L%(Q) X Wol’p(.Q) be a solution to (3.3)
with a forcing term f, which is such that ||f||L2(_Q) < v_min{€,}. Let (wy,pp, T;) € X, X QO X Vj, be a
solution to the discrete system (4.9) for 0 < i < h,. If v € W>*(R), and (5.11) and (5.12) holds, then,
for K € 9}, we have

(V(Th) = V(T w2 k) < |1Va(T) = v(T)|

~
N‘N
~=[®

P (K)

1—
+ hg

SIS
7 N\

leallege + [Verllo + llerll 2 ) (5.33)
L27P (K)

Proof. We begin with a simple application of the triangle inequality to obtain

(V(Ti) = Va(Ti))unll2 k) < [1(V(Th) = Va(Th)ealliz i) + 11V (Th) = Va(Ti)ull 2 ) =2 T+11 (5.34)

We first control the term I. To accomplish this task, we invoke the fact that v is uniformly bounded,
i.e., v satisfies (3.1), in combination with estimate (5.31) to arrive at

_1
LS lleall2h) + {1 +hg|K|" 7 ([ Ver|luo i) + HVTHLP(K))] leullrz k)
S leallay +x * (IVerllou + leallia) )

where we have also utilized assumption (5.11), the stability estimate (3.11), and the fact that |K| ~ h%(
To estimate II, we invoke, again, a triangle inequality to obtain

<[ (Va(Th) = va(T))ullL2 i) + 1 (Va(T) = v(T))ul |2 x) + | (V(T) = v(Ti)Jull2 () =2 Th + T + 113,
Holder’s inequality combined with the assumption (5.12) on u € L”'(Q) yields the estimate 1l <

1Va(Th) = vi(T) |l m iy ll@llLer ) S Ve (Th) — Vi(T)||zm(x)» where m = 2p/(2 — p). This bound, es-
timate (5.32), the fact that |K| ~ h%(, and the stability estimate (3.11) allow us to conclude that

1-2
I S IVerllo) + (14 ") ller llmeo.
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To control the terms I, and I3, we use Holder’s inequality and the Lipschitz property of v. These
arguments yield

1Ly < V4(T) = VD)l [0l s 103 < Corller mgo Il e

Consequently, in view of the fact that u € L”'(Q), we obtain

S (1 Verllo) + (1 ki ") lerllm ) + 1Va(T) = V(T llme)-

The desired estimate (5.33) thus follows from replacing the obtained ones for I and II into (5.34).
This concludes the proof. O
We now proceed to investigate local estimates for the error indicator & defined in (5.8).

THEOREM 5.3 (local estimate for &) Under the framework of Lemma 5.3, we have, for K € .7}, the
following local estimate for the error indicator &x:

2
e S (Tealuog +lerll g +1¥erlluing ) +lealizie

<K

+ her ( 1Vi(T) = (T +[[f— Pt > (5.35)
L (vl g Py

where 4% is defined in (4.1) and Pk denotes the L?(K)—orthogonal projection operator onto [Py (K)]>.
The hidden constant is independent of continuous and discrete solutions (u,p,7) and (wy,pp,T},), re-
spectively, the size of the elements in the mesh .7, and #.7,.

Proof. 'We begin the proof by noticing that similar arguments to the ones used to derive (5.19) yield,
for an arbitrary function v € H}(£2), the identity

/ V(T,)eu - vdx + / (V(T) —v(Ty))u-vdx — / ep div vdx
Jo Jo Jo

= KGZg ( /K(%f — Vi(Th)up — V) - vdx + /K (f— Pxf) - vdx

_./I'{((V(Th)—Vh(Th))llh'VdX)—y;y./);/y-vds. (5.36)

We now proceed in two steps.
Step 1. Let K € 7). We bound the residual term g || Zk ||y 2 (k) in (5.8). We begin with an application
of a triangle inequality to obtain

hi | Zx |2 k) < i || Pkt — Vi(Th)un — Vpal[ 2 k)
+ hic|(V(Ti) = Vi (Ti) Jwnll 2 ) + hx|If = Pkl 2 k). (5:37)
With the bound (5.33) at hand, it thus suffices to control the first term on the right-hand side of (5.37).

To accomplish this task, we set v = @xZx in (5.36), where Zx = (Pxf — v, (Tj,)w, — Vpy)|g. Standard
properties of the bubble function ¢x combined with basic inequalities and standard inverse estimates
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(Brenner & Scott, 2008, Lemma 4.5.3) yield
1%k 2 k) < lleallpze) + 11V(T) — V(Th)||L%(K>||u||LP’(K) +hg llepll 2 k)

+ €= ZPxfll2 ) + | (V(T) = Vi(T) w2 -

We now invoke the Lipschitz property that v satisfies, estimate (5.33), and the fact that u € L”'(Q), to
conclude that

2
hil| %k L2y S by <||ell|LZ(K)+|eT|L2LPP(K)+”VeT”L1’(K)>

ol +AxllvaT) =V 22+ Akl = Piflliae. 5-38)

I 2
L7 (K)
The desired estimate for hg||Z |2 k) follows from (5.37) and (5.38).
1
Step 2. Let K € .7, and y € Zk. We now bound the term /2| _Zy||2() in (5.8). To accomplish this

task, we set v = (pyHy( /y) in (5.36), where @y, denotes the bubble function defined in (5.20). Standard
properties of the bubble function ¢, and inverse estimates allow us to thus obtain the estimate

||/7Hi2(y)§ Y Hell||L2(K’)+h1;/lHePHL2(K/)+H‘@K'”LZ(K/)'i'”V(T)_V(Th)H El l[allLe )
K'eNy L2=P (K')

+ It = ProAll 2 k) + I (V(Th) — Vh(Th))“h|L2(K’):| oI (77) L2 (r)-

1
We now invoke the bound ||@,IT,(_#y) 12 x1y < hicll #ylli2(y)- the Lipschitz property that v satisfies,
the fact that u € L”' (), and estimates (5.33) and (5.38) to arrive at

: :
WA S L (b (e +Hlerl s+ I erlu
K'ety L7 (K)

+||€p||L2(K/)+hK’||Vh(T)—V(T)HL%(K/)ﬂLhK’Hf— Pl |- (5:39)

The desired local estimate (5.35) thus follows by collecting the bounds (5.37), (5.38), and (5.39).
This concludes the proof. 0

5.3.3 Local estimates for €. We now present local estimates for the local error indicator &g defined
in (5.7).

THEOREM 5.4 (local estimates for €x) Let (u,p,T) € Hy(div, Q) ><~L(2)(.Q) X Wol”’(.Q) be a solution of
(3.3) with a forcing term f which is such that [|[f|[ 2 o) < v-min{€, &}. Let (wy,ps, ;) € Xj X Q4 X Vjy
be a solution to the discrete system (4.9) for 0 < h < h,. If assumptions (5.11) and (5.12) hold and, for
eachK € 9, v| x 1s a polynomial, then the local error indicator € satisfies the local estimate

Cx Slleallizsg + Y hlleurl(f— Pef)|| 24
K'e Nk

1
+le + Y B[ — Zkh) - T][ 12, (5.40)
lerll 2z o y;ﬂK k(= Zk0) - 2] 2y
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where . is defined in (4.1) and Pk denotes the L? (K)—orthogonal projection operator onto [Po(K)]?.

The hidden constant is independent of continuous and discrete solutions, (u,p,7’) and (w,,pp, T;), re-
spectively, the size of the elements in the mesh .7, and #.7,.

Proof. Letv € V(). In view of Lemma 5.1, we deduce the existence of a unique function ¥ € H/} (Q)
such that v = curl ¥ together with the estimate [|9|;1 (o) < [|V]|12(q). With this setting at hand, we
invoke similar arguments to the ones utilized to obtain (5.16) to arrive at the identity

/Q v(T,)ey - vdx + /Q (v(T)—v(Ty))u-vdx = K;g [/K curl( Pkt — v(T),)u;,)¥dx

/Kcurl(f—QKf)ﬁdx} +Y§7 [/Y[[(f—WKf)-c]]ﬁds+/y[[(9Kf—v(Th)uh)-r]]ﬁds . (5.41)

We now proceed in two steps.
Step 1. Let K € 7). The goal of this step is to control the residual term hg [|Rk/||;2(x) in (5.7). To
accomplish this task, we begin with a simple application of a triangle inequality to obtain

hi | Rk Nl 12 (k) < B[l earl( Pk — v(Ti)wy) || 12 (k) + h[leurl(f — Zkf) | 12k (5.42)
It thus suffices to control the first term on the right-hand side of the previous expression. To accomplish

this task, we define Ry := curl( Zxf — v(Tj,)u,)|x. We thus set v = curl(Rix@x) and © = Rk Pk in
(5.41), invoke standard inverse estimates, and basic properties of the bubble function @k to obtain

1Rkl 2y S g IIV(T) — V(Th)||L22Tpp(K> [ullLr k) + bk lleullz ) + lleurd(f — Zx)]| 2 ) -
The Lipschitz property that v satisfies combined with assumption (5.12) thus yield

hic | Rl 2 (k) S lleallig) + lerll 2 « + hi || eurd(f — Zxf) | 2 k) - (5.43)

The desired bound for the residual term thus follows directly from (5.42) and (5.43).

~ 1
Step 2. Let K € .7, and y € Fk. We define Jy = [(Zkf — v(T};)uy) - ] and bound hg[|Jy |2, in
(5.7). Invoke a triangle inequality to arrive at

1 [ 1
hicl3vllz2(p) < hklSvllz2 ey + hicll[(E = Z&E) - 2]l 2 - (5.44)

1.
In view of (5.44) it thus suffices to bound the term Ay |[Jy[[,2(;). To accomplish this task, we set & =

IT,(3y) @y, where @y corresponds to the bubble function defined in (5.20), and v = curl(IT,(J,)¢@,) in
(5.41). Invoke basic properties of @y to arrive at

. _1 1
ISvllzg S ) <hK/2||eu||L2(K')+hK/2||V(T)_V(Th)| 2 el
K'cH L2P (K')

1 1o
+ hi||eurl(f — Zgof) || 2 k) + by | Rge ||L2(K’)> + (&= ZAh) - Tl 2y
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~ P
where we have also used the estimate [|@,I1,(3y)||;2x) < hgllJyll12(5)- Consequently, the Lipschitz
property that v satisfies, estimate (5.43), and the regularity assumption u € L”'(Q) yield

| 1
eyl S L (IeulL2(K/>+|Ier||Lzzpp(K/>+hz</lcurl(f—%/f)lle(Kq) +hg (6= Zk0)- 2]l 2 -
K'eny

The combination of the estimates obtained in Steps 1 and 2 concludes the proof. O

6. Numerical experiments

In this section, we present a series of numerical examples that illustrate the performance of the devised
error estimator E # defined in (5.10). The examples have been carried out with the help of a code that
we implemented using C++. All matrices have been assembled exactly and global linear systems were
solved using the multifrontal massively parallel sparse direct solver (MUMPS) Amestoy et al. (2000,
2001). The right-hand sides, local indicators, and the error estimator were computed by a quadrature
formula which is exact for polynomials of degree 19. To visualize finite element approximations we
have used the open source application ParaView Ahrens et al. (2005); Ayachit (2015).

For a given partition .7, we solve the discrete system (4.9), within the discrete setting X;, x Qj, X Vj,,
by using the iterative strategy described in Algorithm 1. Once a discrete solution is obtained, we
compute, for each K € .7}, the local error indicator Eg, defined by

Ex = Epk+ Cx + &k, (6.1)

to drive the adaptive procedure described in Algorithm 2. A sequence of adaptively refined meshes is
thus generated from the initial meshes shown in Figure 2.

(A1) (A2)

FIG. 2. The initial meshes used in the adaptive algorithm when the domain Q is a square (Example 1) or a two-dimensional
L-shaped (Example 2).

In the numerical experiments that we perform we go beyond the presented theory and consider a
series of Dirac delta sources on the right-hand side of the temperature equation. To be precise, we
consider g =Y 4 6,. Here, & corresponds to a finite ordered subset of £ with cardinality #2. Within
this setting, we modify the error estimator £, o, associated to the discretization of the heat equation, as
follows:

1
P
Epg = ( ) f;K> , p<2, (6.2)

Keo
where, for each K € .7, the local error indicators Ep,x are given now as follows: if z € ZNK and z is
not a vertex of K, then

7

2—

EP;K = < Z hK p"'h%”RK'Z}J(K)+hK||]V|ZP(aK\a_Q)> . (6'3)
2€EPNK
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If z€ NK and zis a vertex of K, then

1
i = (ARIRK ) + 11 o 00 ) 6.4)

If 2N K = 0, then the indicator £, k is defined as in (6.4). We notice that the previous modification is
not needed if #2 = 1; (6.2) and (5.4) coincide.

Algorithm 1: Iterative Scheme.

Input: Initial guess (u,p), 7)) € X), X Q x V; and tol=10"8;
1:Fori>0, find (uj',pi™) € X}, x Q) such that

/ V(T vy, — pi divivy)dx = / f-v,dx Vv, €X,,
Q Q
/ qy, div uj;“dx =0 Yap, € Q.
Q
Then, Th"+1 € Vj, is found as the solution to

/Q(KVT,;‘“ VS, — T VS dx = Y (8.,8,) VS, € Vi
€9

2:0F |(u) L pi L T — (ul, pl L T)F)| >tol, set i <— i+ 1 and go to step 1. Here, | - | denotes the
Euclidean norm.

Algorithm 2: Adaptive Algorithm.

Input: Initial mesh .%, finite subset 2 C Q, viscosity coefficient v, thermal diffusivity k, and
external source f;

1 : Solve the discrete problem (4.9) by using Algorithm 1;

2 : For each K € .7; compute the local error indicator Eg defined in (6.1);

3 : Mark an element K € .7 for refinement if;

1
Ex > — max Eg/;
2KeZ; K

4 : From step 3, construct a new mesh 7, using a longest edge bisection algorithm. Set
i< i+1and go to step 1;

We consider two problems with homogeneous Dirichlet boundary conditions whose exact solutions
are not known. We finally mention that, in the numerical experiments that we perform, we violate the
assumption that v is piecewise polynomial; cf. Theorem 5.4.
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Example 1: We let Q = (0, 1)?, the thermal coefficient k = 1, the viscosity function v(s) := sin(s) +2,
the external density force f(x1,x;) := (x;x2(1 —x1)(1 — x),0), and

2 ={(0.25,0.25),(0.25,0.75),(0.75,0.25), (0.75,0.75}.

In Figure 3 we report the results obtained for Example 1. We present, for different values of the integra-
bility index p € {1.2,1.4,1.6,1.8}, experimental rates of convergence for each contribution of the total
error estimator, a finite element approximation of the temperature 7j,, and an adaptively refined mesh.
We observe, in subfigures (B.1)—(B.4), that our devised AFEM delivers optimal experimental rates of
convergence for all the contributions of the total error estimator E  and for all the values considered
for the integrability index p. We also observe, in the adaptively refined mesh (B.6), that the adaptive
refinement is mostly concentrated on the points where the Dirac measures are supported (p = 1.6).

Estimator £, o Estimator & o Estimator &

10 e p=12 ©-p=
=p=14 Hp=
“-p=16 S-p=
>p=1.38 —>p=
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FIG. 3. Ex. 1: Experimental rates of convergence for the error estimators £, o (B.1), € & (B.2), &7 (B.3), and E & (B.4), for
p€{1.2,1.4,1.6,1.8}, a finite element approximation of the temperature 7}, (B.5), and the mesh obtained after 29 iterations of
the adaptive loop for p = 1.6 (B.6).

Example 2: We let Q = (—1,1)%\[0,1) x [~1,0), the thermal coefficient k = 1, the viscosity function
v(s) := e~ + 1, the external force £(x1,x2) == (10x2(1 —x1) (1 +x1),5x1 (1 —x2) (1 +x1)), and 2 =
{(-0.5,-0.5),(-0.5,0.5),(0.5,0.5)}.

In Figure 4 we report the results obtained for Example 2. Similar conclusions to the ones presented
for Example 1 can be derived. In particular, we observe optimal experimental rates of convergence for
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all the individual contributions of the total error estimator E & and for all the values considered for the
integrability index p (C.1)-(C.4). We also observe, in subfigure (C.6), that the adaptive refinement is

mostly concentrated on the points where the Dirac measures are supported and near to the region of the
domain that involves a geometric singularity (p = 1.6).
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FIG. 4. Ex. 2: Experimental rates of convergence for the error estimators £, o (C.1), € & (C.2), & (C.3), and E & (C.4), for

p € {1.2,1.4,1.6,1.8}, a finite element approximation of the temperature 7}, (C.5), and the mesh obtained after 23 iterations of
the adaptive loop for p = 1.6 (C.6).
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