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Abstract

We use the polyharmonic extension approach to develop a numerical technique for dis-
cretizing higher-order powers of the spectral fractional Laplacian (—A)® with s € (1, 2).
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1. Introduction

In their seminal 2007 work [§], Caffarelli and Silvestre introduced the harmonic exten-
sion approach to localize, in R¢, the fractional Laplacian of order between zero and one.
While these ideas were to some extent already known [I5], it is difficult to overstate the
impact of [8]. Any attempt to provide a comprehensive list of extensions and applications
would inevitably overlook important contributions. Therefore, we restrict the discussion
to noting that this work opened the door to a PDE-based approach for approximating
solutions to certain fractional diffusion problems; see [17, [2].

The original work [§] and the numerical developments [17} 2] were limited to fractional
powers of order between zero and one. One variant of the harmonic extension approach
is the use of polyharmonic extensions to study higher-order fractional powers of the
Laplacian, that is, (—A)® for s > 1. This was initiated in [19]E| and further developed in
[9, [T, 16, 4].

In this work, we inaugurate the numerical analysis of problems involving higher-order
fractional Laplacians. We focus on s € (1,2) and provide a numerical counterpart to
[9, TT1, (16 4]. Specifically, we develop a PDE-based approach for the numerical resolution
of the following problem. Assume d € N, s € (1,2), and let Q C IR? be a convex polytope.
Given f:Q — R, find v : Q — R such that

(=A)’u= fin Q. (1)
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Here, (—A)® denotes the spectral fractional Dirichlet Laplacian.
In our presentation, we use the context and notation from [I7, [2] and draw on several
results from these works.

2. Polyharmonic extensions

Let H be a separable Hilbert space, and let £ : D(L£) — H be a linear, unbounded,
positive, self-adjoint operator with discrete spectrum; that is, there exists {(Ag, ¥x) }ren
C Ry X H such that {pg }ren is an orthonormal basis of H and Log = Agyy for every
k € N. For s € R, we define the s-th power of £ in the sense of spectral theory as

Liw = Z Wik, Wi = (w, or) 2, k € N.
k=1

For s > 0, we define the Hilbert space

H5 = D(L?) = {w = ZWM% eEH : Hw||§{z = (w,w)ys = Z)\2|Wk\2 < oo} ,
k=1 k=1

where (v, w)ys = (L£3%v, L52w)y, for v,w € H. We identify (H3) with H® = {L%v
v € M} using the identity (L%, w) = (L£%/2v, L3/?w)q for v,w € Hj. Therefore, we
can write elements f € H,* as follows:

1
o] '] 2
f= ZFkQDk : 11l e = (Z )‘kst|2> < 00.
k=1

k=1

This extends the definition of the norm || - [z to s < 0. Note that £°: Hz — H " is
an isometry with inverse £7°.
We now follow [16, Theorem 1.2] to describe the polyharmonic extension approach
for s € (1,2). Let
b:=3-2s€(-1,1).

We introduce the weighted space L2?(y", Ry;H), with y — |y|® € A2(R), and define
Hi(ybaR-HH) = Hl(yb?IR-HH) n Lz(ybaR+;Hﬁ)7
HZ(y*, Ryi H) = H*(y* R H) N L2(y°, R HE).

On the weighted space L?(y®,Ry;H), we define the (unbounded) operators
1 b
Dyw = o d, (yb dyw) = — df}yw - ;dyw, Lew = Dyw + Lw.

Theorem 1 (extension). Let s € (1,2) and f € H;®. Ifu e H2(y*,Ri;H) solves

Liu=0in Ry x H, nfgyb dyu=0in H, — hfolyb dyLyu=d,f in H;®, (2)
y y
then u == u(0) € H$ satisfies L5u = f. Here, ds == 2° F?(;)S). Moreover, if
21—3
Cs = F(s)v w(z) = CSZSKS('Z)7 ’(/}k(y) = ¢( \% Aky)7 (3)
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where K denotes the modified Bessel function of the second kind of order s, then
u(y) = ZUkll)k(y)@m Uk = (U, k)1 (4)
k=1

2.1. Higher powers of the spectral fractional Laplacian

We now specialize Theorem [I] to the spectral fractional Laplacian. Let d € N and
Q2 C R? be a bounded convex polytope. Set H = L?(Q)) and £ = —A,, the Dirichlet
Laplacian. Then, H$ = H?*(Q2) and, recalling that C := £ x (0, 00),

L2(y* RysH) = L2 (y°, Ry L2(Q) = L2(y°,C),  [lwll72qye o) 1=/O yt’/ﬂ\ﬂ)lzdxdy‘

The spaces H, and HZ% are as follows: H, = H}(Q) and HZ = H*(Q) N H}(Q). Define
Or.C = 090 x (0,00). Then, [16] Section 5.3]

Hi(y° R H) = {we H' (y*,C) : wyp,c =0},
HE(y*, R H) = {we HL(y* Ry H) : y°Vwe HY (y™°,0)}.

Note that Lyw = Dyw + Lw = — df/yw — by tdyw — Ayw = —y~°div(y®Vw). Define
H?,(y°,C) = {w € H*(y*,0) : lifrolybwa =0, wg,c = OnWig,c = 0} .
y

We endow this space with the norm [I6] Section 5.3]

g = Mol = ([ [ttt vuasay)
A weak formulation for is as follows: find u € HZ,(y®,C) such that
/Cyb]Lbu}va dzdy = dg(f,trq U)HZS,HZ Vo € H?,(y",C). (5)
Theorem [1| then shows that u == trqu = (=A)~° f.

3. Regularity and truncation

We now justify truncating C to Cy = Q x (0,Y) for Y > 0. This relies on (4], which
coincides with [I7), (2.24)] and [2 (4.1)], taking into account that now s € (1,2).

Proposition 1 (exponential decay). For every a,b > 0, a < b, the function satisfies
Vb

|W%mmmw§ﬁﬁ@WWw®’hmw:ﬁ/AZﬁﬁ&hw)
= Ta
In particular, for every ) > \/%, we have
VALY
||Lbu||L2(y",Q><(y,oo)) < exp (— B ||f||H—S(Q)o (7)
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Proof. Owing to and the orthogonality properties of {¢x}7° |, we have

/ / ILou/? dzdy =

ZUzc Dotor(y) + Metor ()] or (@) dxdy

|Uk|2/ U (B + AP dy = 3 NIV (.,
k=1 k=1

where Ji(a,b)? = \;° fab y°|(Dp + Ap)¥x|?> dy. We now employ the change of variable

z = /Ay, formula [I6, (3.2)], denote by Dy the same operator as D, but with respect
to the variable z, use [12), (10.29.1)], or alternatively [16, (3.3)], and finally recall that v
is defined in to obtain

VArb B 2 VKb
Je(a,b)? = / 2 |(By + 10 dz = 42 / SK2 () de = L(@ b2 (8)

Aka )\ka

Finally, if we set a = ), b = 0o, and use the exponential decay of K [17), §2.5], we obtain

I(Y,00)2 < (Y, 00)? < 4c? exp(—\/)\ly)/ Zmax{3=25.0} expy(—2) dz < exp(—v/ A1),
0

which implies . 0
Define
limy o y°dyw =0 w = Opw =0
Hi,y(y°,Cy) = {weH2 °.Cy) : w0y ’ o = OnWia,c }
Lb,y(y V) (y",Cy) Wiy—y = @,w\y:y —0

If uy € Hy,, 3 (y°,Cy) solves the problem

/ ybLbuyLbU dedy = ds(f, tro U>HZS,H2 Vv € Hgby(yb,Cy), 9)
Cy

then uy = trq uy is an approximation of u, the soluton to , in the following sense.

Proposition 2 (exponential approximation). Let )Y > r If u and uy solve and
@, respectively, then we have

| LYY |-

Sl g o) S e (<

(@) =

Proof. The trace estimate follows from [I6] (1.5)], and the second estimate follows from
Proposition [l and an adaptation of [I7, Lemma 3.3] to compare and @ O

4. Discretization

The finite element discretization of @ is as follows. Fix ) > )\1_1/2, let {T,}hso be a
quasiuniform family of conforming triangulations of Q, and let {M s }aren be a, possibly
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graded, family of partitions of [0,)] with M = #M . In this setting, we define

SMuy) = {peCY[0,Y) : py, €Ps, m=1,...,M, p(¥) =p'(0) =p'(¥) =0},
W () = {vn € CHQ) :vpp € P VT € Th, vhjoa = Ontnjoe =0},
Vyna = W(Ih) @ S(Mur),

where P is any H? conforming finite element space, for example, the Hermite element
[6, Example 3.2.6], the Argyris element [6, Example 3.2.10], the composite HCT element
[10, Chapter VII, Section 46] [14], etc. [I8]. Since b € (—1,1) we have, for p € S(Myy),
y°p'(y) = 0 asy | 0. Thus, Vy i C Hi,y(y°,Cy). Let uypar € Vypu be the
solution to

/ ybLbuy7h7MLbUh7M dedy = ds<f, tro vh7M>, VU}MM € Vynm. (10)
Cy

Our numerical approximation is then wy j ar = trguy p ar.Conformity implies that a
Céa-type result is immediate. In addition, we can use the Cartesian product structure
of Cy as in [2, Lemma 7] to obtain the next result.

Theorem 2 (best approximation). Let uy solve @D and uy p. pr solve , respectively.
Let T, : H3(QY) — W(Z,) denote a linear projection that is stable in the sense that

IMpwllz@) S lwllz), AT w]|2) S [[Aw]2@)  Yw € Hy ().
Let also 11, : H*(y®, (0,Y)) = S(Mur) be a linear projection. Then,

[tra (uy —wy ) llg= @) S lwy = wynarllgz, 0

- Uh,,MIél‘l/g,h,M ||uy B Uh’]V[”H%b(ybvcy)

S Gd —1L)Deuy || L2¢ye ¢y + 1A (id =T uy | L2¢y0 )
+ [|Dp (id —TL, Juyl| L2(yo ey + |(id =1L, ) Aguy || L2¢y0 )

Proof. We first use a trace estimate. The minimum is Céa’s lemma. After that, it suffices
to set v, v = Il ® IIyuy, add and subtract Il uy, and use the stability of II,. ]

Remark 1 (regularity and rate of approximation). The derivation of error estimates for
the solution of requires estimating the interpolation errors described in Theorem
To do this, one uses the explicit representation of the solution as it has been done in
[17, 2]. This process is further complicated by the fact that fourth-order equations have
a limited regularity shift. For instance, [I3 Corollary 7.3.2.5] shows that, if d = 2, Q is
a convex polygon, and A2® € L?(Q), then ® € H3(Q) N HZ(2). This, however, does not
imply that u € H*(().

Remark 2 (nonconforming methods). The implementation of H2-conforming methods
in general domains is a complicated endeavor, and not every finite element library offers
ready-made elements for this purpose. One possible solution is to use nonconforming
methods such as discrete Kirchhoff triangles [3| §8.2.1], virtual elements [5], interior
penalty methods [I, [7], or other approaches. Obtaining analogues to Theorem [2| for
these methods should follow standard techniques and encounter the usual complications
associated with fourth—order problems. One must simply take advantage of the Cartesian
product structure of the domain and the problem.
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