THE SPECTRAL FRACTIONAL LAPLACIAN WITH MEASURE
VALUED RIGHT HAND SIDES: ANALYSIS AND APPROXIMATION
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Abstract. We consider the spectral definition of the fractional Laplace operator and study a
basic linear problem involving this operator and singular forcing. In two dimensions, we introduce
an appropriate weak formulation in fractional Sobolev spaces and prove that it is well-posed. As an
application of these results, we analyze a pointwise tracking optimal control problem for fractional
diffusion. We also develop a finite element scheme for the linear problem using continuous, piecewise
linear functions, prove a convergence result in energy norm, and derive an error bound in LQ(Q).
Finally, we propose a practical scheme based on a diagonalization technique and derive an error
bound in L?(f2) using a regularization argument.
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1. Introduction. The aim of this paper is to study the following boundary value
problem for fractional diffusion with a measure-valued right-hand side:

(1.1) (=A)’u=pin Q,

where  C R? is a bounded, convex polygon,
operator in the sense of spectral theory, s € (
section 2 for notation.

One motivation for studying (1.1) is an optimal control problem with pointwise
tracking. Let D C Q be a finite set of observable points, {u, },ep C R a set of desired
states, and a > 0 a regularization parameter. We introduce the cost functional

A)® denotes the fractional Laplace

%, 1), and p is a Radon measure; see

1 «
(12) J0) =5 3 ) — 1l + Slaleqa.
zeD

Given a function f and the control bounds a,b € R, which are such that —oco < a <
b < 0o, the pointwise tracking optimal control problem is: Find min J(u, ¢) such that

(1.3) (=A)’u=f+4¢qin Q, q€Qu={vel’Q):a<v(x)<bae z€0}.

One of the main difficulties in both the analysis and discretization of this control
problem is that the so-called adjoint problem, which is essential in the analysis, is a
fractional PDE with a singular right-hand side, similar to problem (1.1); namely:

(=A)p =) (u(z) — u)d, in Q.

zeD

Here, 0, denotes the Dirac delta supported at z.
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Several papers address the analysis of nonlocal equations with a measure as a
right-hand side; see, for example, [25, 12, 26, 20, 2, 7]. In particular, [26] consid-
ers general nonlinear (possibly degenerate or singular) integro-differential equations.
Despite these advances, most available results have been derived for problems in-
volving the integral definition of the fractional Laplace operator. To the best of our
knowledge, the analysis of problem (1.1) is not available in the literature. Regard-
ing discretization, the problem is open for both the spectral and integral definitions.
Therefore, our goal in this work is to develop a suitable weak formulation in fractional
Sobolev spaces, analyze this formulation, discretize it using finite elements, and derive
convergence results and error bounds.

We organize our presentation as follows. In section 2 we establish notation, define
the spectral fractional Laplacian, and present some of its properties. The analysis of
(1.1) is carried out in section 3. In section 4 we apply these results to analyze the
pointwise tracking optimal control problem (1.2)—(1.3). We establish existence and
uniqueness of an optimal solution and derive optimality conditions. With the results
of section 3 at hand, section 5 describes the discrete framework we shall adopt for
the numerical approximation of the linear problem (1.1). In particular, we define the
discrete Laplacian, its fractional powers, and recall some norms on discrete spaces that
arise from it. An ideal scheme, i.e., one that fully mimics the continuous framework
is developed and analyzed in section 6, where we show that this method converges
at an optimal rate in L?(2). However, this method is not amenable to practical
implementation. For this reason, in section 7, we present a practical scheme and show
that it converges, again in L?({2), with the same rate as our ideal scheme does. Some
qualitative numerical illustrations are presented in section 8.

2. Notation and preliminary remarks. We begin by introducing some rela-
tions that we will use in our work. A := B denotes equality by definition. C = D
stands for D := C. A < B means A < ¢B for a nonessential constant ¢ that may
change at each occurrence. A 2 B means B < A. Finally, A =~ B is the short form
for A< B<A.

Let Q C R? be a bounded, convex polygon. Throughout the text, we use stan-
dard notation for classical Lebesgue and Sobolev spaces. The space of finite Radon
measures on {2 is denoted by M(); see [16, Definition 1.9]. The duality pairing
between M (£2) and Cy(2) — the space of continuous functions in {2 vanishing on 952
— will be denoted by (-, ).

With respect to our problem data, we assume that s € (1,1) and that g € M(Q).

2.1. The spectral fractional Laplacian. We now briefly describe the con-
struction of the spectral fractional Laplacian [8, 10, 36]. For further details, we refer
the reader to [31, 3, 5].

The eigenvalue problem: Find (), ¢) € R x Hg(Q) \ {0} such that

(2.1) (Vo, Vo) r2) = Mp,v) 20y Yo € Hy(Q)
has a countable collection of solutions { (A, ¢x)}32; C RT x H(Q) such that {¢g}32,

is an orthonormal basis of L?({2) and an orthogonal basis of Hg () [4].
For r > 0 we define, in terms of the sequence of eigenpairs {(Ag, vx)}72,

(2.2) H'(Q) = {w =D ke Y Ailwl? < oo} :
k=1 k=1
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with norm

1
%} 2
(2.3) wllar @) = <Z >\2|wk|2> :

k=1

For r > 0, H () is the dual space of H"(2). The duality pairing between H~"(£2)
and H"(Q) is denoted by _,(-,-),. With _,.(-,-), we can extend the definition of the
norm in (2.3) to negative values of r. In fact, through this duality pairing, we can
identify an element f of H™"(Q) with a sequence {fx}32, such that

Z)‘Erflg = Hf”]%H*T(Q) < oo.

For s € (0,1) and w € C§°(Q2), we thus define the spectral fractional Laplacian as
8, 10, 36]

(2.4) (=A)°w = Z AL WE Pk, wy = / wey, dz.
Q

k=1

The operator (—A)® can be extended to H*(£2) by density: (—A)® : H(2) — H*(Q).
We note that (—A)?® is an isomorphism between H?*(£2) and its dual space H™* ().
Given the definition of the spectral fractional Laplacian in terms of {(Ax, ¢r) }52 4,
the spaces H"(2) are natural for problems involving this definition. However, in the
following analysis, we will need the relationship between H"(2) and the classical
fractional Sobolev spaces. To address this, we note that the spaces H"(€2) can also be
obtained as intermediate spaces in the sense of [27, Chapter 1]; namely, we have

H"(Q) = D((—=A)"7?).
For r» > 0 these spaces are Hilbert when endowed with the norm
[wllr = [(=2)""?w|| L2(0);

see also [27, Remark 7.6]. From this, the following characterization of the spaces
H" () can be derived; see [27, 30, 37, 19, 11, 6] for details.

PROPOSITION 2.1 (characterization of H"(Q2) for r € (0,2)). We have that

with equivalent norms. Moreover, if r € (1,2), then H"(Q) = H}(Q) N H"(Q), with
equivalent norms.

For future reference, it should be mentioned that the inverse of (—A)® can be
given by the so-called Balakrishnan formula; see [28, eq. (4.4)] or [4, Section 10.4]

(2.5) (—A)™* = M /Oo tlfzs(t2j _ A)71 dt.
& 0
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3. Analysis of the problem. We now begin the analysis of problem (1.1). For
this purpose, given s € (%, 1), we choose 6 € (1 — s, s) and define

(3.1) A:HT(Q) x HH(Q) — R, (v, w) = A(v,w) = Z)\kvkwk,

where
o0 o0
v = E Vi Pk, w = E Wk Pk -
k=1 k=1

It is clear that the parameters s and 6 satisfy the following important inequalities:
(3.2) 5—60>0, 1<s+0<2s<2.

Having defined the form A, we propose the following weak formulation for problem
(1.1): Find u € H*~%(Q) such that

(3.3) A(u,v) = (p, v), Yo € HH(Q).

The following remark is now in order.

Remark 3.1 (on the role of s and 6 in (3.3)). Note that s — 6 > 0 implies we
seek for a solution in a fractional Sobolev space with differentiability index s — 6 > 0:
H*~%(2). Second, since 1 < s + 0 < 2s, we have that H*~1(Q) — LP(Q) for every
p < p* =2/(2—s—0) [14, Theorem 6.7] and thus that H5+%(Q) — W' (Q) < C(Q)
[1, Theorem 4.12, Part II] because p* > 2. Consequently, u defines a bounded linear
functional on H**(Q), and the right-hand side of problem (3.3) is well defined.

To prove the well posedness of problem (3.3), it suffices to show that the conditions
of the so-called BNB theorem [15, Theorem 25.9] are satisfied.

THEOREM 3.2 (BNB). The bilinear form A is bounded and satisfies

(3.4) inf sup A, w) >1
vEH Y (Q) yyems+6(Q) [|v||gs - 9(9)||w|H5+9 ()

(3.5) inf sup A, w) > 1.
weH () pems—0 () [[V]lms-e (o) |wllme+o(0)

Consequently, for every u € M(Q), problem (3.3) has a unique solution u € H3~9(Q)
that satisfies the stability bound

(3.6) [l

Hs—6(Q) S ”NHM(Q)a

where the implicit constant depends only on s, 8, and €.

Proof. The boundedness of the bilinear form A is nothing but an observation. In
fact, if v € H*~?(Q) and w € H*+9 (), then

Z)\kvkwk
v :
<Z AL 07%2) <Z>\s+9|w |2> = ”'U”]H[S*NQ)Hw||HS+9(Q)-
k=1

k=1

’U w |_ _ (s 9)/2 s+9)/

Wi
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We now prove the inf-sup condition

sup Alv,w) > 1.

inf 2
veH*=0(Q) yem=+0(0) [1V]lm—o (@) [wllms+e (o)

(3.7)

To do this, we proceed as follows. Given v = Y77 vy € H79(2), we define

wy, = )\gevk, Wy ‘= Zwkgok.
k=1
With this definition it follows that A(v,w,) = ||v] ]%IS,Q(Q). In fact,
A(v,w,) = Z)‘ka ()\,;911;.3) = Zx\z_9|vk|2 = ||v] %s_e(g).
k=1 k=1
In addition, we have that
s+0 s+6|y—0 s—0
va||ﬂ2-115+9(§2) = Z)‘kJr |wk|2 = Z)‘k+ Ak Uk|2 = Z)‘k |Ulc|2 = HU”HZ&IM(Q)'
k=1 k=1 k=1
As a result, we obtain
sup A(v, w) > A(v, w,y) _1
weHs+0(Q) [|v] Hs—9(Q) [[w] Hs+0(Q) [[v] Hs—6(Q) [y | Hs+6(Q)
which implies the inf-sup condition (3.7).
The proof of the inf-sup condition
(3.8) inf sup A, w) >1
weH 0 (Q) yeps—o () [|V]lms-0 (@) |wllm+o(o)

is similar and it is omitted for the sake of brevity.

With the inf-sup conditions (3.7) and (3.8) established, we have shown that .4
satisfies all the conditions of the BNB theorem [15, Theorem 25.9].

Finally, since 1 < s 4+ 0 < 2s, we have that

(e, w) [wllco)

lullg-s—o@)= sup ———"— <|plrm@ sup

S lellme,
weHs+(Q) Hw||HS+9(Q) weHs+0(Q) [|w] @

Hs+0 (Q)

where we have used that ||w||c(q) < Cllw|[gs+e(q) with a constant C' that depends on
s, 0, and 2; see Remark 3.1 for details.

The desired result follows from a direct application of the BNB theorem [15,
Theorem 25.9], [32, Theorem 2.2]. This concludes the proof. |

Remark 3.3 (scaling). To gain intuition, we consider the case of y = ¢,, the
Dirac measure supported at the point z € Q. In this case, as shown in [9, Theorem
2.7], the fundamental solution (Green’s function) behaves as

G(x,2z) = |z —=z| 72125, x,z€Q, z#z

1

17—, we have

We note that, provided p <

diam
/ 1G(x,2)|P de = / rPC2429 d4r < o0,
Q 0
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Let now 3 be a multi-index. Then,
PG (x,2) =~ |z — 2|22~ 181 z,z€), x#z.

This implies that, provided |3] < 2s — 1, we have
diam Q
1086t 2 dnm [z B < o
Q 0

i.e., 908G € L?(Q2). Thus, we may want to set, at least formally, |3] = s — 6 so that
G(-,z) € H*~9(Q). However, for this to be possible, we must require

s—0<2s—1 o s+6>1.

This is consistent with the assumptions we have imposed on s and 0; see the inequal-
ities in (3.2) and Remark 3.1.

4. The pointwise tracking optimal control problem. We now apply the
results we have obtained so far, and precisely describe the pointwise tracking optimal
control problem introduced in section 1. We establish existence and uniqueness of an
optimal solution and derive first-order necessary and sufficient optimality conditions.

We recall that Q@ C IR? is a bounded, convex polygon, and that s € (%, 1). We
begin our analysis by introducing the bilinear form

(4.1) B:H(Q) xH*(Q) = R, (v,w)— Blv,w) = _((-=A)°v,w), = Z)\kawk.
k=1

Given § € L?(Q), we formulate the pointwise tracking optimal control problem as
follows: Find

(4.2) min {J(u,q) : (u,q) € H*(Q) x Qua},

subject to the state equation
(4.3) ueH*(Q): Bu,v) = / f+q)vdzr VYveH(Q).
Q

We recall that the functional J is defined in (1.2) and the set Quq C L?(f2) is defined
in (1.3). The control bounds a,b € R verify —co < a < b < co. A straightforward
application of the Lax-Milgram lemma shows that, for every ¢ € Quq, there is a
unique solution u € H*(Q2) to problem (4.3). In addition, since f + ¢ € L?(), it
follows directly from (2.2) that u € H?(2). Therefore, by invoking Proposition 2.1,
the fact that s > %, and the Sobolev embedding H?*(Q2) < C(Q); see [14, Theorem
6.7] and [1, Theorem 4.12, Part II|, we deduce that point evaluations of u are well-
defined and, consequently, so is the cost functional.

The next ingredient in the analysis is to introduce the control-to-state map
S: L*(Q) = H(Q) N C(Q), q— u:=38gq,

which maps ¢ € L?(Q2) to the unique u € H*(Q)NC(€) that solves (4.3). We emphasize
that, since s > 1, the Sobolev embedding H?*(Q) < C(Q) guarantees that S is well-
defined. Moreover, S is an affine and continuous map; specifically,

(4.4) [ul

w @) *[ulle@ S Ifllz@ + el @)
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With this operator at hand, we define the reduced cost functional

. ) 1 a
45)  J:Qua =R, ¢ jlg)=J(S¢.9) =3 > 18q(z) — el + §Hf1||2L2(Q)-
z€D

Let us now show the existence and uniqueness of an optimal control.
THEOREM 4.1 (existence and uniqueness). The pointwise tracking optimal control
problem (4.2)—(4.3) has a unique solution (u,q) € H*(Q) X Qqq.

Proof. The set Quq C L*(£2) is nonempty, closed, bounded, and convex. Therefore
it is weakly sequentially compact in L?(£2). Next we observe that the reduced cost
functional j is continuous and, since a > 0, it is strictly convex. Consequently, j is
weakly lower semicontinuous. We now note that the Sobolev embedding H?*(2) <
C(Q) is not only continuous but also compact [14, Corollary 7.2]. The assertion thus
follows by applying the direct method of the calculus of variations, as in the proof of
[39, Theorem 2.14]. Uniqueness follows from the strict convexity of j. ]

The following result is classical [39, Lemma 2.21]: the control § € Q,q is optimal
for problem (4.2)—(4.3) if and only if

(4.6) i@(@—9 >0 Vg€ Qqq.

To explore this variational inequality and to obtain first-order optimality conditions,
we introduce the so-called adjoint problem: Find p € H*~%(Q) such that

(4.7) Alp,v) = ((u(z) — u)dz,0) Yo € HT(Q).

zeD

Here, as before, 8 € (1 — s,s). An immediate application of Theorem 3.2 yields the
existence and uniqueness of the adjoint state p, along with its stability bound:

(4.8) [[pl

He—0(Q) S Z [u(z) —uzllo@) S Ifllzz) + llallzz@) + Z |uz],
z€D z€D

where we have used the stability bound (4.4).
We are now in a position to show first-order optimality conditions for our problem.

THEOREM 4.2 (optimality conditions). The control § € Quq is optimal for the
pointwise tracking optimal control problem (4.2)—(4.3) if and only if

(4.9) / (G+ad)(q—a)de>0 Vg€ Qua.

Here, p € H*=9(Q) is the unique solution to (4.7) with i = Sq.
Proof. From (4.6) we immediately deduce that, for every q € Quq,

(@10 0<i(@a- 0 = Y (Sa) - w)Sa - @) +a [ da-d

ze€D Q

The second term on the right hand side of the previous expression is already present in
(4.9), so we focus on the first term. Let ¢ € Quq and set u = Sqand 4 = S§G. From (2.2)
we deduce that u, it € H?*(Q). Next, since s + 6 < 2s, we have H?*(Q) — H*+9(0Q).
As a result, v = u — 1 € H**%(Q) is an admissible test function in (4.7). Thus,

411)  Apu-u) = ((#(z) —u)du—1) = Y (u(z) - u)(u(z) - u(z)).

zeD zeD
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On the other hand, we would like to set v = p € H*~?(Q) in the problem that u — i
solves. If that were possible, we would obtain

(4.12) Bu-u.) = [ (a-0pde

However, p € H*~%(Q) \ H*(R), so (4.12) must be justified with a different argument.
To achieve this, we let {p,, }nen C C5°(£2) be such that p,, — p in H*~9(Q). Since, for
every n € N, we have p,, € H*(Q2), we can set v = p,, in the problem that u — it solves
to obtain that

B(u—a,pn>=/<q—q>pndx vneN.
Q

Since u — it € H2(Q) — H*+9(2), we have that

B(u—1u,p,) = A(pn,u —u).
We now invoke the continuity of A to obtain

Apu=) = [ (a—a)pda.
From this and identity (4.11), we conclude that

[ a-0pds =Y @) - w)(u(a) - iz),
Q z€D
The desired variational inequality then follows from (4.10). d
Define the projection operator
Mo 0 LN(Q2) = Qad, g 4 (v) = min{b, max{a,v}}.

Following [39, Section 2.8.2] we derive that g solves (4.9) if and only if

=y (—a™'p), ae inQ.

An immediate application of [33, Theorem 1] shows that g € H*~?(Q).

5. Discretization. We will perform the discretization using finite elements.
Since 2 is a polygon, it can be meshed exactly. We thus introduce T = {9} }r>o,
a quasiuniform family of conforming triangular meshes of 2. The parameter h > 0
denotes the mesh size of J;,. By V(9},), we denote the space of continuous functions
that are piecewise linear with respect to the mesh .93, and vanish on 0€). We note
that V(.7,) satisfies V(.2,) C H"(2) for all r € [0, 2). Given h > 0, we denote

Ny = dim V().

We also introduce {¢, }2", the canonical nodal basis of V(.7},). As a final ingredient,

n=1

we introduce the dual basis {62} of V(.9;,), which satisfies

(5.1) / Gnr, dr = 0y m, n,m=1,..., Np.
Q
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In our constructions, we will need an interpolant Zj that is stable in H"(2) and
has suitable approximation properties, namely,

3
62 Tl S oo, relo3);

_ .3
63 lo-Twwls S0 folane,  me0.2, e omn{dml)

A suitable choice is the so-called Scott-Zhang interpolant [13, 17]. A proof of the
stability property for the Scott-Zhang interpolant is given in [17, Corollary 3.7]. To
see this, we set m = 2 and ¢ = 2 in estimate (3.27) of that reference to obtain

3
Yw € B (L*(9Q)),

1 Zhwl S [l

BE (122 BE (122

3
where v € (0,1). We then choose v appropriately and use B3 () = H27(Q) to
deduce, for r € [0,3/2), the bound

1 Zrw| a0 S lwllar @), Vw € H"(Q).

5.1. The discrete Laplacian. We introduce the discrete Laplacian as the linear
mapping Ap, : V(9,) = V(F) defined by
(5.4) / Apvpwp, do = —/ Vo, - Vwy, dx Yoy, wp, € V(T).
Q Q

From its definition, it follows that the map A} is symmetric, invertible, and negative
definite. Therefore, the classical spectral theorem of linear algebra guarantees that
there exists {(®,, Ay) N, € V(95,) x RT such that

(55) —Ahén:An(I)n, n = 17...,Nh,

ie.,
/ —AL®,wp, dx = / V®, - Vw, dx = An/ d,,wy, dx Ywyp, € V().
Q Q Q

The set of eigenfunctions {®,, }N"  is an orthonormal basis of V' (.7,) in L?(€2) and an
orthogonal basis of V(.7,) in H}(Q2). In other words, this family satisfies

(5.6) / 0, P, dr = 0, / Ve, -V, dr = Apdpm, n,m=1,...,Np.
Q Q

Finally, we note that the eigenvalues satisfy the bounds

(5.7) Cp? <A <A< <Ay, ShE

where Cp denotes the best constant in Poincaré’s inequality. The bound CISQ <A
follows from the properties of the Rayleigh quotient and a Poincaré inequality, and a
proof of the bound Ay, < h™2 can be found in [38, page 53]; the latter relies on the
quasiuniformity of the meshes.
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Remark 5.1 (coefficient vectors). Notice that wy, € V() has two “canonical”
representations. Indeed, we may write

Ny, Np,
Wp = Z qu)na Wp = Z Wion.
n=1 n=1

It is clear that, in general, W,, # W,,, where n € {1,...,Np}.
For r € R, we may then define (—A)" : V(Z,) — V() as follows. If

Ny,
wy =Y Wn®, € V(T),
n=1
then
Np,
(5.8) () wy = AW, € V().
n=1

How the powers of the discrete Dirichlet Laplacian approximate the powers of the
Dirichlet Laplacian was studied in [29]. In particular, since Q is convex, we have that,
for every r € [0,1] and F € L?(1),

(5.9) |(=8)7"F = (=80) " PuF| o gy S B I Fl12(0).

Here, P, denotes the L2-projection onto V(7). Estimate (5.9) follows from an
application of [29, Theorem 1]. This result states that, in the notation of that paper,
if condition (A. ) holds, namely,

H(iA)ilF - (7Ah)71PhFHL2(Q) S h2HF||L2(Q) VE € LQ(Q)a

then estimate (5.9) is valid. Condition (A ) follows from a basic duality argument.
Finally, given r € R, we denote by HJ,(Q2) the space V(7,) equipped with the
following norm:

Np, %
(5.10) |wn ey (@) = (Z AZ|Wn2> .

n=1
The use of this notation for Hj (22) and || - ||y (o) is motivated by the following fact.
PROPOSITION 5.2 (norm equivalence). Letr € (—1,3). Then,
lwnllay @ = llwnllar@)  Ywn € V(Th).
The implicit constants in this equivalence are independent of h.

Proof. Directly from the definition of the norm | - [|gy () and the relations in
(5.6), it follows that

lwallgo @) = lwnllr2)s  lwallw: @) = VwrllL2 @)

For r € [0, 1], the result follows by interpolation. For the rest of the proof, we refer
the reader to [21, Lemma 2.2]. d
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6. An ideal discrete problem. We now introduce a numerical scheme that
directly follows the theory developed in section 3. Given s € (3,1) and 6 € (1 — s, s),
we define the bilinear form

Np,
(6.1) An:H; Q) xHY(Q) = R, (vn,wn) = An(vop,wn) =Y AV, W,
n=1

Using the definition of (—Ay)®, given in (5.8), and the properties of {®,,}", stated
in (5.6), we obtain, for every vy, wy in V(2,),

Np
Ap (v, wp) = Z /(—Ah)“’@n@mVnWmdx
Q

nm=1
(6.2) v v
= / Z Vn(—Ah)Sfbn Z Wm(bm dr = /(—Ah)svhwh dz.
Qp=1 m=1 Q

We now present our ideal discrete problem: Find uy, € Hfje(ﬂ) such that
(6.3) Ap(un, v) = (1, vn), Yo, € H; ().

We immediately observe that, since V(%) < W,>°(Q), the right-hand side of the
previous expression is well-defined. In addition note that, if we set, in (6.3), v, = ¢y,
with n € {1,..., N} we obtain that

-Ah(uhu ¢n) = <:u7 ¢n>

We now use (5.1) and write {(u, ¢y,) as

Np,
<:u’¢n> = Z<M»¢m>/ﬁ¢;¢¢n dz,

m=1

Thus, using the identity (6.2) we can obtain that

J

Since {¢ }2", is a basis for V(.7,), problem (6.3) can be equivalently rewritten as

Np

(—Ap)up — Z (1, ¢m>¢:n] ¢ndr =0, n=1,...Np.

m=1

Np
(—An)*un =My,  My:=Y (,6m)dy, My V().

m=1
Existence and uniqueness then follow immediately. In addition, we may write

2sin(7s)

o
Up = (_Ah)_sMh = / tl_Qs(tgl - Ah)_th dt,
0

™

where we used the Balakrishnan formula (2.5) with A replaced by Ay,.
Notice, however, that none of the considerations given above yield statements
that are uniform for h > 0. The next result guarantees uniformity.
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THEOREM 6.1 (BNBh). Let s € (3,1) and choose 6 € (1 — s,s). The bilinear
form Ay, satisfies the following inf-sup conditions:

(6.4) inf sup Ap (vn, wp) 1,
vn€H; % () wy, €T () [[vn| H~%(Q) [|w| HEH ()
An (v,
(6.5) inf sup n(vn, ) > 1.
Wh E]HIh (Q) U;LEHS G(Q) ||’Uh‘ IHIS B(Q) ||wh| Hs+9(Q)

Consequently, if s € (1,2), the unique solution uy, € V() of problem (6.3) satisfies

(6.6) [unllzs-o (@) = llunllg:-o ) S llellm@),

where the implicit constant is independent of h.

Proof. The proof of the discrete inf-sup conditions (6.4) and (6.5) follows the
approach of Theorem 3.2, using the definitions of the norm || - | Hy () given in (5.10)
and the bilinear form Aj, given in (6.1). The discrete stability estimate (6.6) is derived
using (6.4) and the equivalence stated in Proposition 5.2. Note that, since s—6 € (0, 1)
and s+ 6 € (1, %), the equivalence result of Proposition 5.2 applies. For brevity, we
omit the details. ]

6.1. Convergence. We now show the convergence of scheme (6.3). The argu-
ment is essentially a Strang-type result [15, Section 27.4].

THEOREM 6.2 (convergence). Let s € (5,3) and 9 € (1 —s,s). Let u and uy,
solve problems (1.1) and (6.3), respectively. Then, for every 0 € (9, s), we have
||u—uh\Hs—e(Q) — 0, h — 0.

Proof. Let wy, € V(.7,) be arbitrary. Using the equivalence from Proposition 5.2
and an inf-sup condition from Theorem 6.1, we deduce that

(6.7) llwn — ] An(wn = un, vn)

He-0(Q) ~ ||[wh — up| moo@) S Sup

v, €H;TO () HUhHHfj*’(Q)

Note that s — 0 € (0, %), so Proposition 5.2 applies. To estimate the right-hand side
of the previous expression, we write the numerator Ap (wp — up,vp) as follows:
Ah(wh — Up, ’Uh) = Ah(wh, Uh) - Ah(uh, Uh) + A(wh, ’Uh) + A(u, ’Uh)
= (Ap — A) (wn, vn) — (1, vn) + (1, vn) + A(wp — u, vn)
= (An —A) (wh, vp) + A(wp, — u, vy),
(

where we have used that u and wuyp, solve (1.1) and (6.3), respectively. Substituting
this identity into (6.7), we obtain

Hs—0(Q) < sup (An = A) (wn, vn) +  sup 7./4(11);1 — U Un) =: I+1II.

v €HITO () [[vn] H; PO () v €HTO(Q) |vn ||H;+9(Q)

l|wn —un|

To bound the term I, we first note that
(A= Ap) (wn,vn) = p{[(=A)" = (=An)*Twh, vn) g
= {8 [(=AR) 7 = (=A) [ (An) wh,vn)
= {2 = (A) ] () wh, (=A) ) _
I [(=An)~" = (=A)~°] (—Ah)swh||L2(Q) [(=A)*vn | L2

IA
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We note that every v, € V(.7,) belongs to H"(2) for every r < 2. As a result,
(—A)*v, € H"=25(€2). Since, by assumption, s < 2, every v, € V(.7,) thus satisfies
that (—A)%v;, € L2(Q). We may now invoke an inverse inequality to obtain

I(=2)*vnllc2(@) = lvnllmz: @) S B~ lonllwsroy S A™Flvnllgs+o -

Note that 2s, s+ 6 € (1,2). In addition, (5.9) with r = s gives that
[[(=A1) 7" = (=8)7"] (=An)*whl| 12 ) S P*II(=An) wnl 120
= b |lwn |l () S P> llwnlm2s ),

where, in the last step, we used that s < % and invoked Proposition 5.2. We recall
that 2s € (1, 2). Gathering all the previous estimates, we see that

I < A2 0w |lgze (@) = A0 wp |[2e ) S A0 77 |jwh|

Hs—7v (Q) .

In the last step, we invoked an inverse inequality. Note that § — 9 > 0.
The estimate for II is fairly straightforward. In fact, we have

11 S flwn, —ul

Hs—0(Q)+

We can now proceed to show convergence. Fix € > 0. It is known that there
exists u. € C§°(12) such that

[l = ue

H=—9 () 5 ||U — IUJE”IHIS*@(Q) <e.

Note that we have used that ¥ < 6. We now estimate ||u — wup|

He—0(q) as follows:

||7.L - uh\ Hs—0(Q) T ||7.L5 - wh| Hs—0(Q) T ||U)h - uh|

S 015 + HUE — wh|

Hs—0(Q) S ||U — 'LL€| Hs—0(Q)

me-o(0) + [[wn — unllwe-o(0)
< Ca (e + Jue — willgs-o ) +h*~7 [lwnl

< Cy (26 + 2||ue — wh

Hs—? () + Hwh — UHH%Q(Q))

me-o(0) + ' Jwnllw-o ()

where the constants C and C5 are independent of h and . Having chosen u., we
select wy, € V(7},) accordingly. Set wy, = Zpu. and choose r = s — 9, t = s — 6, and
m=s—9 in (5.2) and (5.3) to obtain

[ Zhue|

e — Tnuelme-o () < Csh®?||uclme-s(q),

Hs =9 (Q) < C’3Hu5| Hs—7 ()5

where Cj is independent of w and h. We note that r = s—9 € (0, 3),t = s—6 € (0, ),
and m = r. In summary,

|lw — uhHHsfe(Q) < 2C%¢ + 02(203 + 1)h9_19||UEHHs—19(Q).

We can now set h < 1, sufficiently small, and convergence follows. 0

6.2. Rates of convergence. In the previous section, provided s € (%7 %), we

obtained convergence without rates for scheme (6.3). This is not surprising, as the
regularity of the solution is barely sufficient for the problem to be well-defined. There-
fore, if rates of convergence are desired, the error must be measured in a weaker norm.
We do that here.
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THEOREM 6.3 (convergence rate). Let s € (3,2) and 6 € (1 —s,s). Ifu €
H*=%(Q) and uy, € H;%(Q) denote the solutions to (1.1) and (6.3), respectively, then

(6.8) lu —upllp2@) S A0 ullme)-

Proof. The proof proceeds similarly to the classical Aubin-Nitsche duality result
but includes an additional step to account for the consistency error, which is the
difference between A and Aj,.

Define e == u — u;, € H*~%(Q) and consider the dual problem: Find ¢ € H**%(()
such that

(6.9) A(w,():/ﬂewdx vw € H?(Q).

Owing to Theorem 3.2, this problem has a unique solution. On the other hand, it is
clear that this problem implies

> Nwele =Y epwy s G =M\ ter, VkeEN.
k=1

k=1
Therefore,
oo oo
1C1Zae 0y = DA Aer]” = 3 Jerl? = [lu — unll 20
k=1 k=1

We now let (, € V(7,) but otherwise arbitrary, and use the fact that the error e is
an admissible test function in the dual problem (6.9) to obtain

lell7zq) = Ale, ¢) = (1, ¢) — Alun, ¢) + An(un, G)
= (i, ¢ — ) + (An — A) (up, C) + A(un, ¢ — ¢) = T+ 11+ 111

We consider each term individually.
To bound the term I, we first observe that 2s € (1,2) and s+ 6 € (1,3). Next,
we choose ¢, = Z,¢ and set t = s+ 0 and m = 2s in (5.3) to obtain

IS ||H||H—s—6(ﬂ)||< - <h|

Having chosen (j,, we use the continuity of A to easily bound the third term:

mero) S Tl amelICm2e ) = Bl amoy llell 22 -

01 < [y,

-0 1€ — Callme+oa) S B0 unl HZ’Q(Q)”CHHZS(Q)
S P pllme el @),

where we used the discrete stability estimate (6.6) and the fact that ||C[/m2s) =
llell 2 (o). Finally, we estimate the consistency error, which is encoded in the term II:

(An = A) (un, Gr) = __o{[(=Anr)° = (=A)°]un, Cn) 549

Lol A [(=A) T = (AR T (AR un, Gy
s—9<[(_A)_S - (_Ah)_s} (—An)*un, (—A)S<h>—s+e
I[(=A)~° = (—An)~°] (—Ah)suhHLz(Q) [(=A)*Cullz2 (o)

S IPE(=AR) unll 2o llCh s (o),

S

IN
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where we have used (5.9). We may now proceed as follows:
[(An = A) (un, G| S 0 lunllazs ) ISnlla2e ) S P2*h707%Jun)|

S Al mee llell 2,

H =0 () lellz2o)

where we used the inverse estimate

—s5—0
”uh”H,Zf(Q) 5 h=? Huh‘ HZ*Q(Q)a

which follows from the definition of [|-|[g; (o) given in (5.10) and the properties satisfied
by the discrete eigenvalues stated in (5.7), the stability bound (5.2) with r» = 2s, the
fact that [|C[|g2s () = |lel|z2(q), and the discrete stability bound (6.6).

In summary, we have deduced the following:

||e||2L2(Q) =I+1I+ 105 h379||NHM(Q) lell 2 ()
This concludes the proof. ]

7. A practical scheme. Scheme (6.3) converges optimally in terms of regularity
in L?(Q); see Theorem 6.3. However, it is not practical. It requires knowledge of the
spectral decomposition of the discrete Laplacian. In addition, its analysis requires us
to restrict the range of s, i.e., s < %.

To address these shortcomings we now present a practical scheme that remains
convergent in L?(f2) with the optimal rate O(h*~%). The idea is to use the scheme
proposed in [34] for a suitably regularized right-hand side.

7.1. The diagonalization scheme. Let F € L*(Q) and assume that ¥ =
(=A)*F. To approximate ¥, after introducing the mesh 3, and the corresponding
finite element space V(.9},), we choose YV > 0, K € N, and define the parameters

2 .
Mk 4sin(ms)

7.1 T ==, = , k=1,...,K,

() ’ <y) R SR O

where J, is the Bessel function of the first kind (v € (0,1)), and 7 is the k-th positive
root of J_gz. Next, for k =1,...,K, we define Uy, € V(F},) as the solution to

(72) / VU, - Vo, dx + Tk/ Vv, de = / Fu, dx Yoy, € V(%)
Q Q Q

Finally, we combine these results to obtain an approximate solution [34, Section 4.2]

K
(7.3) Uiy =D tuli € V(%)
k=1

The convergence properties of this method are summarized in the following result.

PROPOSITION 7.1 (error estimate). Let s € (0,1), F € L?(Q), ¥ = (—A)"*F,
and \I/’,f’y € V() be defined as in (7.3). Then we have

rree( )+ (7))
h +exp< o= + K

where Cp is the best constant in Poincaré’s inequality. In particular, we may choose
Y = 2s|logh| and K = £ to obtain

[ — W)y llr20) S 1] 2,

1@ — Ukl r2e0) S W (1F] L2 q)-
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Proof. See [34, Corollary 4.12]. O
We refer to [34] for motivation and additional properties of this scheme.

7.2. A practical scheme. We are now ready to describe our scheme. We as-
sume that, for € > 0, we have a regularization p. € L?(Q) of u € M(€) and that this
regularization satisfies the following estimates:

(7.4) i — prellg-s—o(qy S 071,
(7.5) el 2 Set

In Proposition 7.4 below, we provide an example of such a regularization. As the
next step, following the diagonalization scheme described in subsection 7.1, we choose
Y >0 and K € N, and define {(Tx,¢¥x)}x_; asin (7.1). For k = 1,...,K, we then
introduce the function U € V(.7},) as the solution to (7.2), but with the right-hand
side F replaced by the regularization fi, i.e., Uf € V(7},) solves

(7.6) VUf - Vo dz + Ty /

Ugvp da = / pevp dz Yoy, € V(T).
Q Q Q

We then define the discrete solution as

K
(7.7) us = > Uy,

=1
The main convergence properties of this scheme are as follows.
THEOREM 7.2 (error estimate). Let s € (3,1), u be the solution to (1.1), and
let uff, € V(%) be defined as in (7.7) with

Y = 2s|loghl, IC:%, e~ h.

Then, for h <1, we have the following a priori error bound:
(7.8) lu = up 5 llzzi@) S

Proof. Define u. = (—A)"*pu. € H*(Q). Since p. € L*(Q), we additionally have
ue € H?%(Q). Using the stability estimate (3.6) we deduce
s+60—1

lu —uellz2) S llu —uellms—o) S I — pella-——o@) S €

where the last estimate follows from (7.4). Next, we apply the error bound from
Proposition 7.1 with F = p. to conclude that
K, - _
e —upSlle2 ) S h*lpellz) S h* 7 < ROHOTY

where we used (7.5), the scaling for e, specifically ¢ < h, the inequality 0§ < s, and
the fact that A < 1. We conclude using the triangle inequality. 0

Remark 7.3 (bound (6.8) vs. bound (7.8)). Notice that for the scheme defined in
(6.3), we proved a convergence rate of order O(h®~%), whereas our practical scheme
(7.7) has a convergence rate of order O(h*T%~1). To compare these assume that
s € (1,2). Using that 6 € (1 — s, s) we get

0<s+0—-1<2s—1, 0<s—0<2s—1.

In other words, an appropriate choice of 6 gives the rate of convergence of order
O(h?*7179) for both schemes, where § > 0 is arbitrarily small. It is important to
note, in addition, that scheme (7.7) converges with this rate for s € (1,1).
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7.3. Suitable regularizations. Recall that the practical scheme (7.7) relies on
the possibility of constructing suitable regularizations p. of p. In the particular case
of u =6, with z € Q, such constructions can be found, for instance, in [35, 24, 23].
Here, we show that regularization by convolution has all the required properties.

PROPOSITION 7.4 (convolution). Let € M(R), and let p. € C§°(Q) be given
by convolution at scale € > 0, i.e.,

He = [ % Pe,

where p is a standard mollifier and, as usual, pe(x) = Zp(x/e). Then, p. satisfies
(7.4) and (7.5).

Proof. We first note that, following [18, Proposition 8.49], for almost every z €
R2, the integral

pe(e) = [ pole =) duty)
exists and it is finite. In addition, for every p € [1, o0],
pe € LP(R?),  suppp. C Q+ B-.

We now prove (7.4). Recall that, since 1 < s + 6 < 2s, we have H**?(Q) — C%7(Q),
where v =5+ 6 — 1 € (0,3); [1, Theorem 4.12, Part C]. Now let w € H*™(Q) and
estimate

—o—oll = ey W) g = /Qw(y) dp(y) —/

Q

w(x) U pe(z —y) du(y)} dz
= [ ot - [ oeto - o) az] auto)

Next, since w is continuous, an application of the mean value theorem shows that, for
each fixed y € Q there is z € B.(y) N Q for which [40, Corollary 11.3.4]

w(z) = [ pulo~ o) ds

We may thus continue using the fact that w is Holder continuous and estimate

| ool e w)y] < / o) — w(=)] dljel () S & wloon (@)

S 7w Hs+9(0)|ﬂ\(9)~
Finally,
e )
It = pell—s-o() = sup = < ().
weH0 () [w||gs+o (o)

The proof of (7.5) is simply an application of Minkowski’s integral inequality

el z20) = </Q ‘/ps(w—y)du(y) 2dw> " < / (/pa(w—y)de)l/leu(y)

1/2
< 1ul(@) ([ pe2102) 1o e 0




18 E.OTAROLA, A.J. SALGADO

Fic. 8.1. The left panel shows the solution to the fractional Laplacian (s = 0.65) with the right
hand side given by (8.1). For comparison, the right panel shows the solution to the Laplacian with
the same right hand side.

8. Numerical Illustrations. Let us conclude our discussion by presenting some
numerical illustrations. In the absence of exact solutions to illustrate the rates of
convergence our illustrations are of a qualitative nature. These were produced using
the FreeFem++ package [22].

In our experiments we set 2 = (0,1)? and s = 0.65. The triangulation is uniform
with h = 3.89105 x 1073, so that dim V' (.%,) = 65536. Following Theorem 7.2 we set

Y = 11.0982, K = 2852.

In the first experiment we let 7 = 0.3 and
(81)  w=g—br, T={y €R : -1+ -7 =}

which we regularize to

1

EZWXD‘L R = {(x’y)T€R2 . (T—h)2<($—%)2+(y—%)2=(r+h)2},

W
Figure 8.1 shows the solution to (1.1). For comparison, this figure also shows the so-
lution to —Aw = p. supplemented with homogeneous Dirichlet boundary conditions.
Observe the stark difference in the support properties of the solutions.

In our second experiment we consider

(8.2) =0,  z=/(0.3,0.7),

which we regularize to

1
MEZWX%, B = {(x,y)TEIR2 : (m—zl)2+(y—22)2<h2}.

The results of our computations are shown in Figure 8.2. Once again, for comparison
we show the solution of the Dirichlet Laplacian with the same right hand side. We
note the steeper singularity for the solution of (1.1).
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Fic. 8.2. The left panel shows the solution to the fractional Laplacian (s = 0.65) with the right
hand side given by (8.2). For comparison, the right panel shows the solution to the Laplacian whit
the same right hand side.
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