A POINTWISE TRACKING OPTIMAL CONTROL PROBLEM FOR
A FRACTIONAL, SEMILINEAR PDE
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Abstract. We analyze an optimal control problem with pointwise tracking for a fractional semi-
linear elliptic partial differential equation. The diffusion is characterized by the spectral fractional
Laplacian (—A)® with s € (1/2,1), a range that guarantees the well-posedness of point evaluations
of the state. In addition to the nonconvexity of the control problem, the main difficulty is that the
adjoint equation is a fractional partial differential equation with a singular right-hand side: a linear
combination of Dirac measures. We establish the existence of optimal solutions and derive first-order
as well as necessary and sufficient second-order optimality conditions.

Key words. Optimal control problem, fractional diffusion, nonlocality, spectral fractional Lapla-
cian, pointwise tracking, singular forces, Dirac measures, existence results, optimality conditions.

MSC codes. 35R06, 35R11, 49J20, 49K20.

1. Introduction. The aim of this paper is to study an optimal control problem
with pointwise tracking for a fractional, semilinear, elliptic partial differential equation
(PDE) that governs the state variable. Specifically, let 2 C IR? be a bounded, convex
polygon, s € (%, 1), and (—A)* the fractional Laplace operator in the sense of spectral
theory. In addition, let D C €2 be a finite set of observable points, {u,}.cp C R a set
of desired states, and a > 0 a regularization parameter. With these ingredients, we
introduce the cost functional

1 «
(1) T,q) = 5 3 lu(z) — waf? + S laliEa(o.
z€D

Given a function f and control bounds a,b € R, with —o00 < a < b < o0, the
pointwise tracking optimal control problem is as follows: Find min J(u, q) subject to
the fractional, semilinear, elliptic PDE

(1.2) (~A)u+a(u) = f+qinQ,
and the control constraints ¢ € Q,q, where
(1.3) Qua={veL*(Q):a<v(z)<bae z€Q}.

Assumptions on the nonlinear function a will be deferred until Subsection 2.2.

The pointwise tracking optimal control problem described above is generally non-
convex because the state equation is nonlinear. Consequently, first-order optimality
conditions are not sufficient, and a comprehensive study of this optimization prob-
lem requires examining second-order optimality conditions. Another main difficulty
in analyzing this pointwise tracking optimal control problem is that the so-called ad-
joint problem is a fractional PDE with a linear combination of Dirac measures on the
right-hand side, namely:

(=A)°p+ %(', u) = Z(U(z) —uy)d, in Q.

zeD
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Here, 0, denotes the Dirac delta supported at the interior observation point z € D.

Several works have studied pointwise tracking optimal control problems governed
by integer-order PDEs. To our knowledge, the first treatment of a pointwise tracking
optimal control problem for the Poisson problem is [20], which was later complemented
and extended in [14, 6, 11, 21]. The semilinear case (problem (1.2) with s = 1) is
analyzed in [2]; because the control problem is generally non-convex in this setting,
second order optimality conditions are also established in [2]. Related results for
fluid-flow models include pointwise tracking control of the Stokes system [29, 10] and
the Navier—Stokes system [28]. More recent contributions address a multiobjective
pointwise tracking problem [30] and a pointwise tracking optimal control problem for
a Cahn—Hilliard-Navier—Stokes system [24].

In contrast to these advances, and to the best of our knowledge, this is the first
paper to address the pointwise tracking optimal control problem described above
for the fractional semilinear elliptic PDE (1.2). Most available works consider cost
functionals such as:

1 « o
Fi(s0) = 30 = walley + 5 ey, Tawa) = | Liwu(e))ds + Slalao

Q

where L : Q x R — R is a suitable Carathéodory function and ug € L?(Q) is a desired
state. Focusing on optimal control problems involving the spectral fractional Lapla-
cian, we note the following advances: the linear-quadratic setting with cost functional
J1 has been studied in [5, 26], while the semilinear setting with cost functional Ja
has been addressed in [9]. For problems involving the integral fractional Laplacian,
see [22, 47] for the linear-quadratic case with cost functional J; and [40, 9] for the
semilinear case with cost functional J5. We conclude this paragraph by mention-
ing the advances in parameter identification for nonlocal and fractional operators in
[23, 33, 15], as well as results on optimal design for nonlocal models [3, 38|, optimal
control of peridynamics models [37], optimal control of nonlocal operators [42, 34],
external optimal control [4], and optimal control with state constraints [8].

We organize our presentation as follows. In Section 2, we establish notation, define
the spectral fractional Laplacian, and present suitable embedding results, alongside
the main assumptions on the nonlinear function a under which we operate. Section 3
provides the necessary framework to analyze the adjoint problem by extending the
analysis of [41] to fractional linear PDEs with lower order terms and measure-valued
right-hand sides. In Section 4, we review and extend existence and regularity results
for fractional semilinear PDEs. These results provide the foundation for Section 5,
where we study the pointwise tracking optimal control problem of interest. Specifi-
cally, we prove the existence of at least one global optimal solution and analyze the
differentiability of the control-to-state map. Finally, by introducing the adjoint prob-
lem — a fractional linear PDE with a linear combination of Dirac measures — we
derive first order necessary optimality conditions, as well as necessary and sufficient
second order optimality conditions.

2. Notation. Let us introduce some relations that we will use in our work.
A = B denotes equality by definition. C' =: D stands for D = C. A < B means
A < ¢B for a nonessential constant ¢ that may change at each occurrence. A 2 B
means B < A. Finally, A < B is the short form for A < B < A.

Throughout the text,  C IR? is a bounded, convex polygon and s € (%, 1). We
use standard notation for classical Lebesgue and Sobolev spaces. The space of finite
Radon measures on € is denoted by M(Q); see [27, Definition 1.9]. The duality
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pairing between M () and Cy(2) — the space of continuous functions in Q vanishing
on 02 — will be denoted by (-, ).

2.1. The spectral fractional Laplacian. To introduce the spectral definition
of the fractional Laplace operator [16, 17, 44, 39], we present the eigenvalue problem:

(21) (A @) € Rx Hy(@)\ {0} : (Voo Vo)rz() = A, v)12(0) Vo € Hy(Q),

which has a countable collection of solutions {(Ag, ¢r)}52; C RT x Hg () such that
{pk}32, is an orthonormal basis of L?(2) and an orthogonal basis of Hg () [12].
For r > 0, we define, in terms of the sequence of eigenpairs {(Ax, pr)}72,

H” (Q) = <Z )\2 wk|2>
k=1

For r > 0, H"(Q) is the dual space of H"(Q2). The duality pairing between H~" ()
and H"(Q) is denoted by _.(:,-),. With _.(,-),, we can extend the definition of the
norm || -[|g-() to negative values of 7. In fact, we can identify an element F' of H™" ()
with a sequence {F}}72, such that

1
2

(2.2) H'(Q) = {w = wrpr ¢ Jwlwr@) < OO}» [[w]
k=1

1

[e%} 2
I Ell-r(0) = (Z )‘k-TFk|2> < 0.

k=1

For s € (0,1) and w € C§°(Q?), we define the spectral fractional Laplacian as

(2.3) (=A)Yw = Z ALWE Pk, wy = / wegde.
k=1 Q
The operator (—A)?® can be extended to H*(2) by density: (—A)® : H¥(Q) — H™*(Q).
We note that (—A)?® is an isomorphism between H?*(£2) and its dual space H™ ().
We conclude this section with the following characterization of the spaces H"(€2)
and certain embeddings.

PROPOSITION 2.1 (characterization of H"(2) for 0 < r < 2). We have that
H™(Q), reloi),
H'(Q) = ¢ HE\(Q), 7=

2

Hj(Q), re (%,1] ,

with equivalent norms. Moreover, if r € (1,2], then H"(Q) = H} () N H"(Q), with
equivalent norms. Consequently, for r € (0,1)

2
compactly and, if r > 1, H"(Q) — C(Q) compactly.

Proof. For details on the characterizations, see [35, 36, 45, 31, 19, 13]. We then
use the embedding properties of standard Sobolev spaces to conclude the claimed
continuous embeddings (see [25, Theorem 6.7] and [1, Theorem 4.12, PART II}). The
compact embedding for r < 1 can be found in [25, Corollary 7.2], while that for r > 1
follows from [1, Theorem 7.37] and [1, Theorem 1.34] together with B3 ,(€2) = H" (),
which can be reduced to R? (which is standard) via a suitable extension operator. O
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2.2. Assumptions on a. We make the following assumptions on the nonlinear
function a. However, some results in this work hold under less restrictive conditions.
When possible, we explicitly state the assumptions on a required for a specific result.

(A1) a: Q2 xR — R is a Carathéodory function of class C? with respect to the
second variable and a(-,0) € L"(Q) for r > 1/s.

(A.2) %(m, u) > 0 for almost every z €  and for all u € R.

(A.3) For all m > 0, there exists a constant Cy, > 0 such that

0%a d%a
< B _— < —
< Ch, ‘8u2 (z,v) 92 (z,w)| < Cplv —w)

for almost every x € 2 and for all u,v,w € [—m,m].

3. Fractional PDEs with measure-valued right-hand sides. In this sec-
tion, we analyze the following boundary value problem involving the spectral fractional
Laplacian and a measure-valued right-hand side:

(3.1) (=A)°u+cu=pin Q.

Here, the coefficient ¢ € L (Q) satisfies ¢ > 0 almost everywhere in , and the right-
hand side p € M(Q). To introduce an appropriate formulation for this problem, we
follow [41], choose 6 € (1 — s, s), and define the bilinear form

(3.2) A:H7Y(Q) x H*Y(Q) — R, (v,w) = A(v,w) = Z ALUEWE,
k=1

where

(o) o0
(3.3) v = kagok, w = Zwkgok.
k=1 k=1

It is clear that the parameters s and 6 satisfy the following important inequalities:
(3.4) 0<s—0<2s—1<1, 1<s+60<2s<2.

With the bilinear form A at hand, we propose the following formulation for prob-
lem (3.1): Find u € H*~%(Q) such that

(3.5) Au,v) + / cuvdz = (i, v) Yo € HH(Q).
Q

The following comments are now in order. First, A is bounded and satisfies
the inf-sup conditions stated in [41, Theorem 3.2]. Second, s + 6 > guarantees that
H*+9(Q) «— L?(Q). As a result, the second term on the left-hand side of (3.5) is well-
defined. Third, since 1 < s+6 < 2s, we have H**?(Q) < Cy(Q) (see Proposition 2.1).
Consequently, p defines a bounded linear functional on H**%(Q), and the right-hand
side of equation (3.5) is well-defined.

We now prove the well-posedness of problem (3.5).

THEOREM 3.1 (well-posedness). For every u € M(Q), there is a unique solution
u € H=9(Q) to problem (3.5). In addition, u satisfies the following stability bound

(3.6) ”u”HS*H(Q) < ||MHM(Q),

where the implicit constant depends only on s, 0, and ).
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Proof. If ¢ = 0, a proof of the well-posedness of problem (3.5) is given in [41,
Theorem 3.2]. In the case where 0 < ¢ € L*>(Q2), we provide a proof based on the
method of continuity; see, for example, [32, Theorem 5.2]. We divide the proof into
several steps.

Step 1. The map Lo. We define the linear map Lo : H*~%(Q2) — H=*=%(Q) as

—s—o{Lov,w) o = A(v,w) Yo € HS*Q(Q),Vw € H5+9(Q).

The map Ly is bounded: For every v € H*~?(2), we have || Lov||g-s-o(q) < [|[v]lm:-oq)-
Step 2. The map Ly. We define the linear map L; : H*~%(Q) — H™*=%(Q) as

—s_o{Lrv,w) g = Av,w) +/ cvwdz Vo € H 9 (Q), Yw € H0(Q).
Q
Ly is bounded: [|L1v|lg-s-o(q) < (14 Cllell oo (o)) |[v]lzs-0 (o) for every v € H*~¢(Q).
To obtain this bound, we used the continuity of the embeddings H**%(Q) — L2(Q),
as well as the fact that ¢ € L*=(Q). C' > 0 is a constant that depends on s, 8, and €.
Step 3. The a priori estimate (3.6). For t € [0, 1], we introduce the map £; as

Lo :H70Q) - H*%Q), L= (1—-t)Lo+tL;.

We immediately note that L£; is a homotopy between Ly and L; in the space of
bounded linear operators from H*~?(Q) to H=*~¢(2). We now consider, for ¢ € [0, 1],
the family of problems:

(3.7) U € HS_H(Q) C e (L, v) g = (p,v) YU € HS+9(Q).

The solvability of problem (3.7) is therefore equivalent to the invertibility of the map
L;. Let u; € H*~9(Q) be a solution of problem (3.7). In the following, we prove that
u; satisfies the bound

(3.8) [[ue]

Hs—0 () S ||#||H7579(Q)7

where the hidden constant is independent of ¢. Note that the estimate above is
equivalent to ||usllgs—o () S [Letellm—=—0(q)-

To derive (3.8), we proceed as follows. Let £} denote the formal adjoint of L,
which actually coincides with £;. Given ¢ € C§°(Q), let w = w(p) € H*(Q) denote
the solution to

(3.9) _JS{Liw,v), = / pvdz Vv € H*(Q).
Q

The existence and uniqueness of such a w are guaranteed by the Lax-Milgram lemma,
which also provides the estimate

(3.10) [wllz2@) S [lwl

@) S lella-—+@) S el @)

To obtain (3.10), we have also used the Sobolev embeddings H*(Q2) — L?*(Q) and
L2(Q)) < H~*(£2). We must also note that this w solves the problem

(=AY’w=p—tcw in Q, © —tew € L*(Q).

It follows directly from the definitions of (—A)® and the spaces H"(2) that w €
H?(Q) — H*+?(Q); the latter holds because 1 < s + 6 < 2s. In addition, we have

lwllmeto o) S lwllmzs ) Sl — tewl|L2) < ll@ll2@) + el e @ llwll z2@)-
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We now use bound (3.10) to conclude that
(3.11) [lw]

o) S llelle )

where the hidden constant is independent of ¢ but depends on s, 0, |||z (), and Q.
The next step toward proving (3.8) is to realize that u; can be viewed as the
solution to the following problem:

(312) w e TY(Q):  _,_ p(Lous,v),p = () — t/chtvdx Yo € HTY(Q).

Applying [41, Theorem 3.2], we deduce the bound
(3.13) [wellzzs—e () < llpllm—s—o(q) + Clicll Lo (@ lluellz2@) Vvt € [0,1],

where C' > 0 depends only on s, 6, and 2. Thus, we now focus on controlling the term
llut][z2(@) on the right-hand side of (3.13). To do this, let ¢ € C§°(Q2) be arbitrary.
We use problem (3.9), the regularity result w € H2$(Q2) — H**%((2), the definition of
the formal adjoint £} of £, and the fact that u; solves (3.7) to obtain

/Q wipde = / wLiw(@)dz = oLt 0(0))sro = o olitrw(©))sre

< lulls-s-o oy llw ()]

where, in the last step, we invoked (3.11). We can therefore conclude that

me+o () S [[Blla-s—o@)llell2 @)

ullsaey = sup i [ wpds S il oo
0£peC (Q) ||<PHL2(Q) Q
Replacing this bound in (3.13) implies (3.8).

Step 8. The method of continuity. Since Lo and Lp are linear and bounded
operators from H*~%(Q) into H™*~%(2), and the bound (3.8) holds, we can apply
[32, Theorem 5.2] to conclude that Lo maps H*~%(Q) onto H=*~?(Q) if and only if
Ly maps H*~9(Q) onto H™*7%(Q2). As a result, L; maps H*~%(Q2) onto H™*~%(Q);
that is, problem (3.5) has a solution. We now use the linearity of problem (3.5) and
the stability bound (3.8) to conclude that problem (3.5) has a unique solution. This
completes the proof. ]

4. Fractional, semilinear PDEs. Let f € L"(Q) with » > 1/s, and let b :
2 xR — R be a Carathéodory function that is monotone increasing in its second
argument. Assume that, for every m > 0, there exists ¢, € L" () such that

(4.1) 1b(z, )] < Ym(x)

for almost every z € Q and ¢ € [-m,m]. In this context, we present the following
formulation for a slight variant of the fractional, semilinear PDE (1.2):

(4.2) ue () : B(u,v) +/ b(-, u)vder = / fode Vv € H¥(Q).
Q Q
Here, B is defined as
(4.3) B:H(Q) xH'(Q) =R,  (v,w)— B(v,w) =Y \jvpw.
k=1

It is clear that B is bilinear and continuous on H?(§2) x H*().
We present the following well-posedness result.
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PROPOSITION 4.1 (well-posedness). Assume that f € L™(Q) NH*(Q) with r >
1/s and that (4.1) holds. In this setting, problem (4.2) has a unique solution which,
additionally, satisfies u € H*(Q) N L>(2). In addition, we have the bound

(4.4) [Jul

me(@) T lull e () S I =6, 0)[| ()

Proof. Assume, for the moment, that (4.1) holds for all { € IR and that b(-,0) = 0.
Define the map

A:H(Q) - H°(Q), (v, w) == B(v,w) —|—/ b(-,v)wdz
Q
for every v,w € H?(Q2). The bilinear form B is continuous and coercive in H?(£2) x
H?(©2). In addition, the function b satisfies |b(z, ()| < ¢ (z) for almost every = € Q
and for all ¢ € R and it is continuous and monotone increasing with respect to its
second argument. Thus, it can be proved that 2 is well-defined, strongly monotone,
coercive, and hemicontinuous. The existence and uniqueness of a solution u € H?(2)
follow from the Browder-Minty theorem [43, Theorem 2.18]. A stability bound for
u in H*(Q) is obtained by setting v = u in (4.2) and using the fact that b(-,0) = 0.
The fact that u € L>°(2) and the stability bound ||ul| () < [If[lz-(q) can be found
in [7, Theorem 2.9]. The final step is to relax the global assumption on b, namely,
[6(x, Q)| < ¥(z) for almost every z € Q and for all ( € R, and require only the local
assumption (4.1). This can be done using the arguments presented in the proof of
[46, Theorem 4.7]. We remove the assumption b(-,0) = 0 by replacing b(+, () with
b(-,¢) — b(-,0). This concludes the proof. |

We now present the following regularity result.

THEOREM 4.2 (regularity). Assume thatf, b(-,0) € L?(Q), and that the function
b is locally Lipschitz in its second argument; that is, for every m > 0, there is €, > 0
such that

(45) |b(l‘,<1) — b(!E,Cz)‘ < €m|<1 — CQ‘ a.e. T € Q, VC1,C2 c [m,m]

Then, problem (4.2) has a unique solution u which, in addition, belongs to H2*(Q) N

C(Q) and satisfies
(4.6) Jullz @) + llulle@) < IIf =6 0)[L2(0)-
Proof. We may use b(-,0) € L?(Q2) and (4.5) to see that, for every ¢ € [-m,m],
6, )| < [b(-,¢) = b(-,0)[ +[b(:,0)] < Cowm +[b(:,0)] =t Y (") € L*(92).

Then, since 2 > %, (4.1) holds. Consequently, the results of Proposition 4.1 apply

(recall that f € L?(Q)), guaranteeing the existence and uniqueness of u € H*(2) N
L>°(Q) that solves (4.2). We now define g := f — b(-,u). Note that g € L2(€2). In fact,
(4.7)  llgllzz@) < lIf = b(,0)llz2 (@) + [[6(-0) = b(-, u)l[L2 (0

< |f=06(,0)[|z2() + CmllullL2(0),

where we have used (4.5) with m = m = ||ul| (). It thus follows directly from the
definition of (—A)® and the spaces H" () that u € H?*(Q), together with the bound

(4.8) Julleze @) S If = 0C, 0)l[L2(0) + Cmllullz2 @) S NIf = 0(, 0)l| L2
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where we have used the stability bound (4.4). We now invoke Proposition 2.1 and the
fact that s > % to deduce that u € C(). Since the embedding H?*(Q) — C() is
continuous, the desired bound follows from (4.8). This concludes the proof. d

We conclude this section with the following Lipschitz property.

THEOREM 4.3 (Lipschitz property). Assume that b is of class C* with respect to
the second variable, that b(-,0) € L?(2), and that (4.1) and Assumption (A.2) hold.
Additionally, suppose that

‘(%

(4.9) o

(x,()‘ <Cu ae.x €, (€[-mm.

Let f1,f € L%(2), and let u; be the solution to (4.2) with f replaced by f;, where
1€ {1,2}. Then,
(4.10) lur — uz|lmzs @) + [Jur — valle@) S Ift = f2llz2 (o)

Proof. The proof follows from a straightforward adaptation of the arguments in
[46, Theorem 4.16]. Define u := uy — uy, and note that u solves the problem

(4.11) B(u,v)Jr/ cuvd:ﬂ:/fvdx Yo € H*(Q),
Q Q

where f :=fy, — f1, and

1
ob
c(z) = / 8—(x, ur(x) + 7(uz(z) — uy(z)))dr.
0 u
We now notice that, for every 7 € [0,1], the bound (4.6) implies

[Jur 4+ 7(uz — u)| L) < (1 = 7)lJurl| Lo ) + 7lluzll @)
<Cl(1=7)fi = b(-,0)||r2() + TlIf2 = 6(-,0) || L2()]
< Cmax {|[f; = b(-,0)||2(0), [[f2 = 6(-,0) || L2 } = m.
In addition, by Assumption (A.2), we have that ¢ > 0 a.e. in Q. Finally, the bound-
edness assumption (4.9) on the derivative of b gives 0 < c(z) < €, for a.e. x € Q, and

so we may conclude that ¢ € L>°(£2). Problem (4.11) then fits into the assumptions
of Theorem 4.2. Indeed, we may define

to trivially fit this setup. The desired bound is then simply a restatement of (4.6). O

5. The optimal control problem. We now have all the elements needed to
provide a precise description of the pointwise tracking optimal control problem intro-
duced in Section 1.

Given f € L?*(Q2) and a Carathéodory function a : @ x R — R that is monotone
increasing in the second argument and satisfies a(-,0) € L?(Q) and (4.5), the optimal
control problem of interest is: Find

(5.1) min {J(u,q) : (u,q) € H*(Q) N C(Q) x Qqa} ,

subject to the fractional, semilinear, elliptic PDE (1.2), understood as

(5.2) we () Bu,v) + /Q a(-, w)vde = /Q(f +qvdx Yv e H*(Q).



A POINTWISE TRACKING OPTIMAL CONTROL PROBLEM 9

We recall that the cost functional J is defined in (1.1), and the set Quq C L?*() is
defined in (1.3). Given ¢ € Quq, since f + ¢ € L?(Q), an immediate application of
Theorem 4.2 shows that (5.2) has a unique solution u € H?*(2) N C(£2). Thus, point
evaluations of the state u are well-defined, and consequently, so is the functional J.
As it is customary in PDE-constrained optimization, we introduce the control-to-
state map as follows:
S:L*(Q) - H(Q)

which maps ¢ € L?*() to the unique u € H*(Q) that solves the state equation (5.2)
(see Proposition 4.1 and Theorem 4.2). Since, as we have just discussed, the range of
S is contained in H?*(2) N C(Q), we can define the reduced cost functional

. . 1 «
(53) j:Qua =R, g jle) = J(Sq,9) =5 > 1Sa(z) - uzl® + §H(JII2Lz<m~
zeD

5.1. Existence of solutions. The following basic result states that the optimal
control problem (5.1) and (5.2) has at least one global optimal solution (u,q) €
H*(Q) N C(Q) X Qua. The proof follows standard arguments similar to those used
in the proof of [46, Theorem 4.15]. Below, we provide a brief proof that emphasizes
the role of the fractional operator (—A)® and the inclusion of point evaluations of the

state in the cost functional J defined in (1.1).

THEOREM 5.1 (existence). The pointwise tracking optimal control problem defined
by (5.1) and (5.2) has at least one global optimal solution (4, q) € H*(Q)NC() X Quq.

Proof. Define
j=inf {J(u,q) : (u,q) € H*(Q) N C(Q) x Qquq, u=Sq} > 0.

Let {(ug,qr)}ren be an infimizing sequence, i.e., qx € Quq and ur = Sqi, € H*(Q) N
C(Q) are such that J(ug,qr) — j as k T oo. Since {gr}ren C Quq and Qg is
nonempty, closed, bounded, and convex in L?({)), we conclude that there exists a,
nonrelabeled, subsequence {qx }ren such that g, — g in L?(2) as k T oo and § € Qquq.

As the next step, we apply bound (4.6) from Theorem 4.2 and use the fact that
Qqa is bounded in L?(€2), to conclude that there exists m > 0 such that [Jux||c@q) < m
for all K € N. Having established this uniform bound, we use the Lipschitz property
(4.5) to obtain that {a(-, ux)}ren is bounded in L?(Q2). In fact, we have

laC, ur)llz2e) < lla(, 0)llL2) + Cmllukllr2@) Yk €N.

Recall that, by assumption, a(-,0) € L?(Q). Next, we rewrite the problem

ug € H(Q) : B(ug,v) +/

a(-, up)vde = / (f + q)vdx Yo € H*(Q2)
Q Q

as follows:
(5.4) u € H(2) B(ug,v) = / [f +aqx —a(,up)]vde Yo e H(Q).
Q

We may then set b =0 and f := f + gx — a(-, ug) to fit (5.4) into (4.2) trivially. Since
the assumptions of Theorem 4.2 hold trivially in this case, we have

lurllaes @) + lluello@) S If +ax —al,up)llez@) S 1, VekeN.
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Here, we used the fact that {qx }ren and {a(-, ux) }ren are bounded in L?(Q). We may
then extract a further nonrelabeled subsequence {u }ren C H?#(Q) such that u, — u
in H?*(Q) as k 1 oo. Since the embedding H?*(Q) — H*(Q) N C(Q) is compact, up
to a further subsequence, we have u, — @ in H*(Q) N C(Q) as k 1 co. Such strong
convergence is sufficient to take the limit in (5.4) and conclude that @ = S(g).
Finally, we show that (@, ) is optimal. The uniform convergence ux — @ as k 1 0o

implies that

(5.5) % S fu(z) — uaf? = % S fa(z) - wf’, k1o

zeD zeD

This, together with the weak convergence qr — ¢ as k 1 oo in L?(Q2), allows us to
deduce

1 a
= fim o) > fim 5 3 @) = ol lippint S > J(0),

which shows that J(@,g) =j. This concludes the proof. d

5.2. First order optimality conditions. Throughout this section, we assume
that Assumptions (A.1) to (A.3) hold. In addition, we assume that f and a(:,0)
belong to L2(2).

5.2.1. Differentiability properties of the control-to-state map S. In the
following result, we state differentiability properties of the control-to-state map S,
which will be useful for deriving both first and second order optimality conditions.
Although similar results appear in [40, Theorem 4.3] and [9, Lemma 5.3], we present
a statement and a brief proof adapted to our needs.

THEOREM 5.2 (differentiability of §). If Assumptions (A.1) to (A.3) hold, then
the control-to-state map S : L?(2) — H*(Q) is of class C%. In addition, if q,w €
L2(Q), then ¢ = S'(q)w € H*(Q) corresponds to the unique solution to

(5.6) peM(Q): B(o,v) +/ @(-,u)@}dx = / wvdr VYo € H(Q),
o Ou Q
where u = Sq. If q, w1, ws € L*(Q), then ¢ = 8" (q)(w1,ws) € H*(Q) corresponds to

the unique solution to the problem

Oa 0%a

60 weB@: B+ [ Fwinds == [ S50 u)0,0,000

for allv € H*(). Here, u = Sq and ¢, = S'(q)w;, with i € {1,2}.
Proof. Define the map

F: L*(Q) x H*(Q) — L*(Q), (k,v) = F(k,v) = (=A)’v+a(,v) — f — k.

29

Since s > 1, we have H2*(Q2) — C(Q) (see Proposition 2.1). We may then set
m = [|v]|¢(q) and use Assumption (A.3) to obtain

la(, v)llz2() < llaC,0) = a(,0) 20y + la(, 0)l|L2() < mCu | + [la(-, 0)| L2 0)-

As aresult, F' is well-defined. It can also be deduced from Assumptions (A.1) to (A.3)
that F is of class C?.
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We now let ¢ € L?(2), and set & = Sg. It is immediate that F(g,4) = 0. On the
other hand, the derivative g—i(q, @) satisfies
oF OF , _ da

M %(% w)w = (—A)*w + %(~,a)w.

It is clear that g—,’;(q‘, @) is a linear and continuous map. In addition, the assumptions
on a allow us to deduce that g—g((j, @) is an isomorphism. Indeed, it suffices to set

o
T Ou

in (4.2) and apply Theorem 4.2. In summary, we have all the ingredients to apply the
implicit function theorem and conclude that the control-to-state map S is of class C2.
The fact that ¢ and 1 solve (5.6) and (5.7), respectively, follows from differentiating
the relation F(q,Sq) = 0; see, for example, the proof of [46, Theorem 4.24(ii)] for
details. |

(7 @) - H*(Q) — L*(9),

S

b(-, w) (- ww

5.2.2. Local solutions. In the absence of convexity, we work within the frame-
work of local solutions in the sense of L?(().

DEFINITION 5.3 (local solution). We say that a control G € Qqq is locally optimal
for (5.1) and (5.2), in the sense of L?(X2), if there exists € > 0 such that for all ¢ € Qquq
that satisfy

lg —qll2 o) <,
we have j(g) < j(q).
To present the local optimality results, we analyze the differentiability properties
of the reduced cost functional j.

PROPOSITION 5.4 (differentiability of j). If Assumptions (A.1) to (A.3) hold,
then, the reduced cost functional j : L*(Q)) — R is of class C2.

Proof. This result follows directly from the chain rule and the results in Theo-
rem 5.2. 0

The following result is standard [46, Lemma 4.18]: If § € Qg4 is a locally optimal
control for the pointwise tracking optimal control problem (5.1) and (5.2), then

(58) F(@)a—a) >0 Vg€ Qaa.
Here, 5/(7) denotes the Gateaux derivative of j at g.

5.2.3. The adjoint problem. As is customary in PDE-constrained optimiza-
tion, we further examine (5.8) by introducing the so-called adjoint equation: Find
p € H*~%(Q) such that

(5.9) A(p,v) + /Q %(-,u)pvdx = Z(u(z) —uy){0,,0) Yo e HTO(Q).

z€D

Here, u = Sq and, as in Section 3, 8 € (1 — s, 5).
As shown in the following result, the adjoint problem is well-posed.
THEOREM 5.5 (well-posedness). Given g € Quq, let u = Sq. Then, the adjoint

problem (5.9) is well-posed. In particular, the unique solution p € H*~%(Q) satisfies
the following stability bound:

(5.10) ]

we-o() S If —a(,0)[[2) + llallr2 @) + Z |uz|.
zeD
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Proof. The proof follows directly from applying Theorem 3.1. Note that in the
notation of that result:
1. ¢c:= g%(-,u) € L>°(2) because for ¢ € Quq, we have, according to Theorem 4.2,
u = Sq € C(2). Consequently, there exists m > 0 such that |u(x)] < m for all
x € . This, together with Assumption (A.3), gives the boundedness of c.
2. ¢ > 0. This follows from Assumption (A.2).

3. p=Ycp(u(z) —uy)d, € H*79(Q) and

||U||C(Q)

{1, v)
lullg-s—oy = sup ———— < |lpllpm@) sup S el

vers+o () [[Vllms+o(q) vers+o () [Vllmsto(q)

where we have used the continuous embedding H*T?(Q) — C(Q). Recall that
1< s+6<2s (see (3.4)).

4. Finally,
Il < Y Ju(z) = z] S llulle@y + D el
zeD z€D
S —a(,0)[z2@) + lallz ) + Z |z
z€D
where, in the last step, we used (4.6). 0

We are now ready to derive the first order optimality conditions.

THEOREM 5.6 (first order optimality conditions). FEwvery locally optimal control
q € Qquq satisfies the variational inequality

(5.11) /Q(m aq)(q—q)dz >0 Vg € Qqua,

where p € H*~9(Q) is the unique solution to the adjoint problem (5.9), with u replaced
by u = 5q.

Proof. The proof builds on and extends the arguments developed for the simpler
linear case a = 0 in [41, Theorem 4.2]. We begin by rewriting inequality (5.8) as
follows:

0< /(@ -0) = 3 (51() - S (@la - D) + [ agla— e =141

zeD Q

for all ¢ € Quq. The term II is already present in the desired inequality (5.11), so we
focus on term I. Let ¢ € Qguq, and set u = Sq. Define x = §'(¢)(¢ — ) and note
that Theorem 5.2 shows that x solves problem (5.6) with u replaced by @ = Sq and
w replaced by ¢ — g € L?(Q). We now use the arguments presented in the proof of
Theorem 4.2 to deduce that

(5.12)  x € H*(Q)NC(Q), Ixllzzs ) + Ixllc@) S (14 Cwn) llg — dll2 ),

where, to bound g—g(~,ﬂ) and thus obtain the estimate in (5.12), we have used as-
sumption Assumption (A.3) with m = [[t][f= ). Since 1 < s+ 60 < 2s (see the
second estimate in (3.4)), we have H?*(Q) — H**?(Q). As a result, the function
x = 5"(q)(q — q) belongs to H*+(Q2) and is therefore an admissible test function for
the adjoint problem (5.9). Setting v = x gives

613) A0+ [ S apds = (@) - S @)l - ) = 1

zeD
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On the other hand, we would like to set p as a test function in the problem that
x = 8'(q)(u — ) solves. If that were possible, we would obtain

(5.14) B + [ getanpds = [ (- ppd

However, this is not possible because p € H*~%(Q)\ H*(2), so (5.14) must be justified
by different means. Therefore, we follow an argument from the proof of [41, Theorem
4.2] and let {px}ren be a sequence in C§°(9) such that pp — p in H*~%(Q) as k 1 oc.
Taking advantage of the fact that, for each k € N, p; belongs to H*(2) we set v = pg,
in the problem that x = S’(§)(¢ — @) solves to obtain

0
(5.15) B(x.px) + / o (e w)xprde = / (¢~ @ppdz k€ N.
o ou Q

Since x € H?*(2) and H?*(Q) — H*T?(Q), we have B(x, px) = A(pk, x). We now use
the fact that A is continuous in H*~%(Q2) x H**+?(Q) to deduce that

(5.16) %#rié B(x.pk) = glggo A(pr, x) = AP, x)-

We also note that, using Assumption (A.3) with m = [|u| (),

(5.17) /Q

We thus take the limit in (5.15) as k 1 oo and use (5.16) and (5.17) to deduce that

Oa

%('aﬂ)x(ﬁ—]?k) dr < Cullxll2@)llP — Prllz2@) = 0, k1 oo.

B da, _. _ N
A(D; x) +/ 5y Wxpde = /(q — q)pdz.
Q ou Q
From this identity and (5.13), we immediately deduce that
1= [ pla- e
Q

This yields the desired variational inequality (5.11) and concludes the proof. ]

5.3. Second order optimality conditions. In this section, we derive neces-
sary and sufficient second order optimality conditions for the optimal control problem
(5.1) and (5.2). To do this, we require that Assumptions (A.1) to (A.3) hold. In
addition, we assume that f and a(-,0) belong to L%(Q).

5.3.1. Properties of the second derivative of j. We begin our analysis with
the following result.

PROPOSITION 5.7 (characterization of 5/ and a Lipschitz property for j”). If As-
sumptions (A.1) to (A.3) hold, then, for every q,wi,ws € L?(Q), we have the char-
acterization

82
(5.18) j"(q) (w1, w2) = (w1, wa)2(0) — ; aT;(-,U)%I%wder > bun (2)bu, (),
z€D

where v = Sq, p s the solution to (5.9), and ¢, = S'(Q)w;, with i € {1,2}. In
addition, if q1,q2 € Qquq, then there exists a constant € such that

(5.19) 15" (@) (w, w) = 5" (g2) (w, w)| < Cllar — a2l r2() w22 (q)-
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Proof. Since j is of class C? (see Proposition 5.4), we perform simple computations
to conclude that for every ¢, w,ws € L?(Q), we have

(5:20)  J"(a) (w1, w2) = Y [bua(2)du, (2) + (Sa(2) — uz)ib(2)] + alwr, w2) 120y,

zeD

where ¢ = S”(q)(wy,ws). Since ¢ € H2*(Q) and H?*(Q) — H*+?(Q), we can set v =
1 in the adjoint problem (5.9). On the other hand, we can use a similar approximation
argument as in the proof of Theorem 5.6, which essentially allows us to set v = p in
problem (5.7). From the resulting relations, we can deduce that

2
S (Sa(z) - w)(@) = — | L5, u)bu, by

zeD Q w
By applying this identity in (5.20), we obtain (5.18).
We now derive the bound (5.19). Let ¢q1,¢2 € Quq, and let u; = Sg;, with
i € {1,2}. Define
(g1, ¢2) = 5" (q1) (w, w) — j" (g2) (w, w).

We use the characterization (5.18) for j” and write

9%a 0%a
(5.21) 9(q1,¢2) =/Q {—W(-,m)ap%l + W('7U2)X2p2} dz

+> %) - (@) =3+ &,
zeD

where ¢ = §'(q1)w, x = §’(¢2)w, and p; is the solution to (5.9), with u replaced by
u;. Here, i € {1,2}. To bound d(q1, ¢2), we construct suitable differences as follows:

N d%a d%*a d%a
622 3= [ |Gt = Litun| et [ FEC o - mdo

0%a .
+/ 5z (i) (F = )prde = 31+ 3o + Js.
0 ou
In what follows, we bound the terms Ji, J2, and J3. To control the term J;, we
use Holder’s inequality, Assumption (A.3), the Lipschitz property (4.10), and the
regularity estimates [|x|[c@) < lIXllm2: (o) S lwllz2@):

(5.23) 1 < Clur — g L @) X1 (0 lIP2 ]l 21 (02)
< llar — @2l 2@ llwllZ2 o) P2l 21 (@)-

Here, m = max{||u1| 1 (), [[u2]/ Lo (0)}. To bound the right-hand side of (5.23), we
now use the following stability bounds, which follow from Theorem 5.5:

w0 S If —al0)[lzz2@) + llg2llz2@) + Z [z
zeD

(5.24) P2l (@) < llp2]

This, combined with (5.23), gives the following bound for J;:

31 S o — @ellz@ lwll 720
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The implicit constant depends on the control problem data but is independent of
q1, g2, and w. Recall that ¢1,q2 € Quq. The control of the term Jo follows similar
arguments:

(5.25) J2 < Om||X||2L°°(Q)Hp2 —piller) S ||7UH%2(Q)||Z)2 =il o),

where m = ||uy || (). To bound ||p2 — p1|/11(q), We note that o = ps —p; € H*~9(Q)
satisfies

0 0 0
Alo) + [ G eumpnde = [ [986,m) - G2, prods

Q
+ ) (ua(z) —ui(2))(dz,v) Vo € HTO(Q).

zeD
Since s—6 > 0, it is clear that H*~?(Q) < L*(Q). As aresult, ||pl|110) < l|ollm:-o0)-
We now apply the stability bound from Theorem 3.1 to arrive at
ollm-o@) S (CullprllLr) +1) lur — uzllc@y-

Notice that, to obtain this estimate, the bound

Oa Oa Oa Oa

- (hur) — (',Uz)] D1 < H {(-,m) - (wuz)} D1

H [au ou M) ou ou L)

< Cullur = ual[ L~ @)llp1llLr o)

which follows from Assumption (A.3), was used. Finally, using the Lipschitz property
(4.10) and a stability bound for p; in H*~%(Q), similar to the one derived for py in
(5.24), we conclude that

P2 = p1llas-o() S llar — 2l z2(0)-

By substituting this bound into (5.25), we finally obtain the control of Ja:

J2 Sl — g2l 2@ 1wl 72 q)-
The control of J3 is as follows:

33 < Cullx — @llr=(@) (Ixllz=@) + el @) Pl )

(5.26)
S lIx = ellze@llwll L2 ()

where m = [[u1][z~(q). To obtain the last bound, we used the regularity estimates
IXlle@ S lIxllaee) S llwlrze) and [lellc@) S lellus@) S llwlliz)- The control
of |[p1||r1(q) is similar to that derived for py in (5.24). Thus, it suffices to bound
X — @l (). To do this, we note that the function ® := x — ¢ € H*(Q) satisfies, for
every v € H*(Q),

Oa Oa Oa
B+ [ G2 Cunbds = [ |58 w) = G )| o

which, upon setting
da

b(xv <) = %

(z, uz(2))C,
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fits into the setting of problem (4.2). Indeed, monotonicity follows from Assump-
tion (A.2), while (4.1) is a consequence of Assumption (A.3) and ug € L*(Q2). An-
other application of Assumption (A.3) then allows us to deduce the Lipschitz property
(4.5). Thus, we invoke (4.6) to conclude

Ix = ¢lle@ S Cmllur —uallLz@lellL= @) S llar — gall2@ lwll L2 (o)

Now substitute this estimate into (5.26), to obtain J3 < [|q1 — g2l z2() ||w\|%2(m.
The estimate for J thus follows from substituting the bounds derived for J1, Js,
and Js into (5.22); that is, we have

35Sl — @2llee @ lwlZ2q)-

The final step is to control the term K in (5.21):

RS e = xllze@ (Iell=@) + X)) $ lar = @2l 2@ llwl?zq)-

Collect the estimates for J and & and use them in (5.21) to deduce the desired
bound. This concludes the proof. ]

5.3.2. Second order necessary optimality conditions. We begin this sec-
tion by introducing some preliminary material. Let (u,,p) € H*(2) x Quq x H*~%(Q)
satisfy the first order optimality conditions (5.2), (5.9), and (5.11). Define

d:= P+ aq.

From the variational inequality (5.11), it can be deduced that, for almost every x € Q,

a(x) =0, (j(.%‘) € (a, b)7
(5.27) d(z) >0, g(z)=a,
d(z) <0, gq(z) ="

We now define the so-called cone of critical directions. To do this, we introduce

Ql

T;={heL*Q) : dz) #0 = h(z) =0ae. z €},
Pg = {heL*Q) : q(z) =a = h(z) >0ae z €},
Eg ={heL*Q) : qz) =b = h(z) <0ae z€Q},
P =B NE..

Notice that although the definition of Y4 involves the function d, this function is
uniquely determined by ¢. The cone of critical directions is then defined as

In the following result, we present necessary second order optimality conditions.
The proof uses minor adaptations of the arguments used to obtain [18, Theorem 23].
As the proof is brief, we include it for completeness.

THEOREM 5.8 (second order necessary optimality conditions). If § € Quq is a
locally optimal control for (5.1) and (5.2), then j"(q)(h,h) >0 for all h € Cj.
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Proof. Let h € Cg. Since b — a > 0 there is K € IN such that, for every k > K,

1 1
—<b——<b.
a<a+k< k<

Now, for each k > K, we define the function hy : @ — R as

(520)  hp(a) = 4 i) € (G’H ilc) . (b_ ’11}) ’

min {k, max{—k, h(x)}}, otherwise.

Since h € Cy, it follows directly from the definition of hj that hj also belongs to Cj.
In addition, for almost every x € Q, |hi(z)| < |h(z)| and hi(z) — h(z) as k 1 oco.
An application of the dominated convergence theorem shows that, as k 1 oo, hy — h
in L?(Q). We now define p, = min{k~2, (b —a)k~'}. It can be proved that ¢ + phy
belongs to Qg for every k > K and p € (0, p4].

We now use the fact that, for p € (0, p.], § + phi is admissible and that g is a
local minimizer to deduce that, after possibly reducing p, j(q) < j(G+ phg). The next
step is to apply Taylor’s theorem and use the fact that j'(q)hy = 0, which follows
from hy, € Cy and (5.27), to obtain

2 2
0 < j(g+phi)—3i(q) = Pj/((i)hiﬁ-%j"((1+9k0hk)(hk, hi) = %j//(fi+9k0hk)(hk, hi),
where 6, € (0,1). Multiply both sides of the previous inequality by 2/p?, then take
the limit as p | 0 and use (5.19) to obtain j”(q)(hg, hx) > 0. The final step is to use
the characterization (5.18), well-posedness and regularity results for problem (5.6),
and the fact that hy — h in L?(Q2) as k 1 co to deduce that j”(g)(h,h) > 0. This
concludes the proof. ]

5.3.3. Second order sufficient optimality conditions. We now establish
sufficient second order optimality conditions with a minimal gap with respect to the
necessary conditions derived in Theorem 5.8. The proof presented here, based on an
adaptation of the arguments from the proof of [18, Theorem 23], emphasizes the role
of the fractional operator (—A)® and the inclusion of point evaluations of the state in
the cost functional.

THEOREM 5.9 (second order sufficient optimality conditions). Assume that the
triplet (@, q,p) € H*(Q) x Quq x H*~%(Q) satisfies the first order optimality conditions
(5.2), (5.9), and (5.11), and that 7"(q)(v,v) > 0 for all v € C;\ {0}. Then, there
exist > 0 and o > 0 such that, for every q € Quq that satisfies

lg = qllz2@) < o,

we have
. L I —
(5.30) i(a) 2 §(@) + 5l = dllzz o)

Proof. We proceed by contradiction and assume that (5.30) does not hold; that
is, for each k € N, there exists q; € Quq such that

El

. o 1 _ _
(5.31) Ji(ar) < (@) + ﬁ”% — dll72(0), gk — allr2(0) <
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For each k € N, we define py, := |lqx — ql|z2() and hy, = P;Zl(% —q). It is clear that
|kl L2y = 1 for all & € N. We can thus conclude the existence of a nonrelabeled
subsequence {hy}ren such that hy — h in L*(Q) as k 1 co. We now proceed in
several steps.

Step 1: h € Cy. First, note that each hy € B;. Since P; is a closed and convex
set in L?(Q) and, as k 1 oo, we have hy, — h in L?(2), we deduce that h € B; as well.
We now prove that h € T4. To do this, for each k € IN, we use a mean value theorem
on the function 6 — j(g+ 6(gx — q)) to obtain, for some 6; € (0, 1),

jlar) = 3(@) = 5" () (ax — @), @k = 3+ Onlqx — ).
Then, using (5.31), we deduce that

@ = - @) (- ) = L ID o

Since the sequence {py}ren is bounded, we conclude that

lir;#ilpj’(dk)hk < Jim ;LZ =0.

We now compute

3" (Ge) b = / (Pr + oGy ) hyde,
Q

where Py denotes the solution to (5.9) with u replaced by @ = Sgr. We claim that
pr — pin H*~9(Q) as k 1 oo. To see this, we first note that an immediate application
of the Lipschitz property (4.10) shows that

(5.32) @ — tgllmzs ) + |2 — Gkllo@) S 17— dkllzz@) < 1@ — arllzz@) — 0

as k T oo. Here, we also used that gy = ¢+ 0 (qx — q), the fact that 65 € (0, 1), and
(5.31). With this, we write the linear problem that p — Py solves, apply the stability
bound from Theorem 3.1, and estimate the corresponding forcing term to obtain
(5.33) 1P = Prllas—o ) S 1t —tkllo@ S 17— akllz@) — 0

as k 1 co. Since we also have that G, — ¢ in L?(Q), we conclude that d, :== pp +agp —

p+ag=din L?(Q) as k 1 co. Recall that s — > 0. We now use that, as k 1 oo, we
have hy — h in L?(f2), to obtain

(5.34) i (@h = /Qa(x)h(ﬁ)dx = %iTr;lo/Qdk(m)hk(I)de = %igo%j/((jk)hk <0.

We now use the definition of hy, the first order optimality condition (5.11), and the
fact that ¢ € Quq to obtain

[ d@hi@)ds = ot [ d@)anls) - alw))de = 0
Q Q
for all k € N. Take the limit as k 1 oo, and combine with (5.34) to deduce that

/ d(x)h(z)dx = 0.
Q
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[ |

Thus, for almost every € Q such that d(z) # 0, we have h(x) = 0, and so h € Cj.
Step 2: h = 0. We begin with a straightforward application of Taylor’s theorem
to obtain

Finally, since h € Bg,

Jar) = 3(@) = 3"(@)(ar — 7) = %j”(@k)(% —q,qr —q) = [;k]//(Qk)(hkohk)7

where G, = ¢+ 0k (qr — @) and 0 € (0,1). The fact that g € Qquq, together with (5.8)
and (5.31), then implies

2

0L ) e ) < ae) — (0) < 2k

2

and thus

1
limsup 5" (Gx ) (hg, hi) < lim — = 0.
ktoo k1Too k

Our goal is now to show that j”(q)(h,h) < liminfyiee 57 (G)(hk, hi). We use the
characterization (5.18) for 5/ and write

o %a, . R
(5.35) 3" (ar) (P, hi) = O‘HthQLZ(Q) - o w(vuk)@%kpkdx + Z qﬁk (2),
z€D

where 4y, == S, Pr, denotes the solution to (5.9) with u replaced by @y, and ¢, =
8'(x)hy. Similar arguments as those developed in Step 1 show that

(5.36) [l — dgllmzs o) + @ — dkllo@) + 1P — Prlls-o@) S 17— arllzz) — 0,

as k 1 oo. Define ¢ := S'(g)h. Since the problem that ¢ — ¢y, solves is linear and
hi, — hin L?(Q) as k 1 oo, it can be deduced that, as k 1 oo,

(5.37) bn, — ¢ in H*(Q) = b, — ¢ in C(Q),

where we used the compact embedding H?*(Q) < C(Q). Using (5.37), we immediately

deduce that B
> b (2) = D (=)

z€D zeD

As the next step, we estimate

525 — 0%a
aug ou 2( uk)thkpk dz| <

‘ / — 2, )pda| +

The term £¥ can be estimated using Assumption (A.3), an application of the stability
bound (5.10) to p, the regularity bounds |¢|r=) S ¢llms) S Plz2(0), and
(5.36):

’/ <au2 1) = giozl('aﬂk)>¢2pdx

’/a 5 ()07, (P — pr)de

= £V 4 ¢h 4 gk

ey < flu— ﬁkHC(Q)\|¢_5||2Loo(9)\|77||L1(Q) S = arllz) — 0,
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as k T oo. We emphasize that the hidden constant in both bounds is independent of
k. The control of the term £5 is as follows:

L5 S No— by llr=i@) (18lln=() + Dn (@) 18l L) S 16 — Gl o= (-

To obtain the last bound, we have used [|¢p, [|L~() S Pn, 526 () S Ihellz2) = 1.
Again, in all the previously derived bounds the hidden constant is independent of k.
Using (5.37), we deduce that £5 — 0 as k 1 oco. The control of £5 follows similar
arguments:

L5 S Nbn o 1D — Prellzr @) S 11D = Prllz—o (o) S 17— qrllz2 ) = 0,

as k T co. After obtaining these convergence results, we are ready to take the limit in
(5.35) as k 1 oco. We do this using the fact that hy — h in L?*(Q) as k 1 co and the
weak lower semicontinuity of | - [|7. g

NP Pa. o - o
liminf 5" (4e) (b, ) 2 @llblliae) = | Zo5(@)6%pdz + 3 6%(2) = 5" (@) (h h).
zeD

As a result, we have proved that j”(q)(h,h) < liminfireo 57 (Gr) (A, hi) < 0. Since
h € Cz and we have assumed that j”(g)(v,v) > 0 for all v € Cj \ {0}, we conclude
that h = 0.

Step 3. Since h = 0, it is immediate that ¢, — 0 in C(Q) as k 1 co. Let us now
use the relation (5.35) and the fact that ||hg|[z2(q) = 1 for every k € N to write

e 0%a, . .
o = 01||hk||%2(9) = ]N(Qk)(hka hy) + /Q w(‘vuk)éf’%wkdx - Z d)ik (z).
zeD

If we take the limit inferior as k 1 0o, we obtain o < 0 because lim infgto0 j” (Gx )i < 0.
This is a contradiction because o > 0 and concludes the proof. O
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