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Abstract. We analyze an optimal control problem with pointwise tracking for a fractional semi-
linear elliptic partial differential equation. The diffusion is characterized by the spectral fractional
Laplacian (−∆)s with s ∈ (1/2, 1), a range that guarantees the well-posedness of point evaluations
of the state. In addition to the nonconvexity of the control problem, the main difficulty is that the
adjoint equation is a fractional partial differential equation with a singular right-hand side: a linear
combination of Dirac measures. We establish the existence of optimal solutions and derive first-order
as well as necessary and sufficient second-order optimality conditions.
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1. Introduction. The aim of this paper is to study an optimal control problem
with pointwise tracking for a fractional, semilinear, elliptic partial differential equation
(PDE) that governs the state variable. Specifically, let Ω ⊂ R2 be a bounded, convex
polygon, s ∈ ( 12 , 1), and (−∆)s the fractional Laplace operator in the sense of spectral
theory. In addition, let D ⊂ Ω be a finite set of observable points, {uz}z∈D ⊂ R a set
of desired states, and α > 0 a regularization parameter. With these ingredients, we
introduce the cost functional

(1.1) J(u, q) :=
1

2

∑
z∈D

|u(z)− uz|2 +
α

2
∥q∥2L2(Ω).

Given a function f and control bounds a, b ∈ R, with −∞ < a < b < ∞, the
pointwise tracking optimal control problem is as follows: Find min J(u, q) subject to
the fractional, semilinear, elliptic PDE

(1.2) (−∆)su+ a(·, u) = f + q in Ω,

and the control constraints q ∈ Qad, where

(1.3) Qad :=
{
v ∈ L2(Ω) : a ≤ v(x) ≤ b a.e. x ∈ Ω

}
.

Assumptions on the nonlinear function a will be deferred until Subsection 2.2.
The pointwise tracking optimal control problem described above is generally non-

convex because the state equation is nonlinear. Consequently, first-order optimality
conditions are not sufficient, and a comprehensive study of this optimization prob-
lem requires examining second-order optimality conditions. Another main difficulty
in analyzing this pointwise tracking optimal control problem is that the so-called ad-
joint problem is a fractional PDE with a linear combination of Dirac measures on the
right-hand side, namely:

(−∆)sp+
∂a

∂u
(·, u) =

∑
z∈D

(u(z)− uz)δz in Ω.
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Here, δz denotes the Dirac delta supported at the interior observation point z ∈ D.
Several works have studied pointwise tracking optimal control problems governed

by integer-order PDEs. To our knowledge, the first treatment of a pointwise tracking
optimal control problem for the Poisson problem is [20], which was later complemented
and extended in [14, 6, 11, 21]. The semilinear case (problem (1.2) with s = 1) is
analyzed in [2]; because the control problem is generally non-convex in this setting,
second order optimality conditions are also established in [2]. Related results for
fluid-flow models include pointwise tracking control of the Stokes system [29, 10] and
the Navier–Stokes system [28]. More recent contributions address a multiobjective
pointwise tracking problem [30] and a pointwise tracking optimal control problem for
a Cahn–Hilliard–Navier–Stokes system [24].

In contrast to these advances, and to the best of our knowledge, this is the first
paper to address the pointwise tracking optimal control problem described above
for the fractional semilinear elliptic PDE (1.2). Most available works consider cost
functionals such as:

J1(u, q) =
1

2
∥u− ud∥2L2(Ω) +

α

2
∥q∥2L2(Ω), J2(u, q) =

ˆ
Ω

L(x, u(x))dx+
α

2
∥q∥2L2(Ω),

where L : Ω×R → R is a suitable Carathéodory function and ud ∈ L2(Ω) is a desired
state. Focusing on optimal control problems involving the spectral fractional Lapla-
cian, we note the following advances: the linear-quadratic setting with cost functional
J1 has been studied in [5, 26], while the semilinear setting with cost functional J2

has been addressed in [9]. For problems involving the integral fractional Laplacian,
see [22, 47] for the linear-quadratic case with cost functional J1 and [40, 9] for the
semilinear case with cost functional J2. We conclude this paragraph by mention-
ing the advances in parameter identification for nonlocal and fractional operators in
[23, 33, 15], as well as results on optimal design for nonlocal models [3, 38], optimal
control of peridynamics models [37], optimal control of nonlocal operators [42, 34],
external optimal control [4], and optimal control with state constraints [8].

We organize our presentation as follows. In Section 2, we establish notation, define
the spectral fractional Laplacian, and present suitable embedding results, alongside
the main assumptions on the nonlinear function a under which we operate. Section 3
provides the necessary framework to analyze the adjoint problem by extending the
analysis of [41] to fractional linear PDEs with lower order terms and measure-valued
right-hand sides. In Section 4, we review and extend existence and regularity results
for fractional semilinear PDEs. These results provide the foundation for Section 5,
where we study the pointwise tracking optimal control problem of interest. Specifi-
cally, we prove the existence of at least one global optimal solution and analyze the
differentiability of the control-to-state map. Finally, by introducing the adjoint prob-
lem — a fractional linear PDE with a linear combination of Dirac measures — we
derive first order necessary optimality conditions, as well as necessary and sufficient
second order optimality conditions.

2. Notation. Let us introduce some relations that we will use in our work.
A := B denotes equality by definition. C =: D stands for D := C. A ≲ B means
A ≤ cB for a nonessential constant c that may change at each occurrence. A ≳ B
means B ≲ A. Finally, A ≂ B is the short form for A ≲ B ≲ A.

Throughout the text, Ω ⊂ R2 is a bounded, convex polygon and s ∈ ( 12 , 1). We
use standard notation for classical Lebesgue and Sobolev spaces. The space of finite
Radon measures on Ω is denoted by M(Ω); see [27, Definition 1.9]. The duality
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pairing between M(Ω) and C0(Ω̄) — the space of continuous functions in Ω̄ vanishing
on ∂Ω — will be denoted by ⟨·, ·⟩.

2.1. The spectral fractional Laplacian. To introduce the spectral definition
of the fractional Laplace operator [16, 17, 44, 39], we present the eigenvalue problem:

(2.1) (λ, φ) ∈ R×H1
0 (Ω) \ {0} : (∇φ,∇v)L2(Ω) = λ(φ, v)L2(Ω) ∀v ∈ H1

0 (Ω),

which has a countable collection of solutions {(λk, φk)}∞k=1 ⊂ R+ ×H1
0 (Ω) such that

{φk}∞k=1 is an orthonormal basis of L2(Ω) and an orthogonal basis of H1
0 (Ω) [12].

For r ≥ 0, we define, in terms of the sequence of eigenpairs {(λk, φk)}∞k=1,

(2.2) Hr(Ω) :=

{
w =

∞∑
k=1

wkφk : ∥w∥Hr(Ω) <∞

}
, ∥w∥Hr(Ω) :=

( ∞∑
k=1

λrk|wk|2
) 1

2

.

For r > 0, H−r(Ω) is the dual space of Hr(Ω). The duality pairing between H−r(Ω)
and Hr(Ω) is denoted by −r⟨·, ·⟩r. With −r⟨·, ·⟩r, we can extend the definition of the
norm ∥·∥Hr(Ω) to negative values of r. In fact, we can identify an element F of H−r(Ω)
with a sequence {Fk}∞k=1 such that

∥F∥H−r(Ω) :=

( ∞∑
k=1

λ−r
k |Fk|2

) 1
2

<∞.

For s ∈ (0, 1) and w ∈ C∞
0 (Ω), we define the spectral fractional Laplacian as

(2.3) (−∆)sw :=

∞∑
k=1

λskwkφk, wk :=

ˆ
Ω

wφkdx.

The operator (−∆)s can be extended to Hs(Ω) by density: (−∆)s : Hs(Ω) → H−s(Ω).
We note that (−∆)s is an isomorphism between Hs(Ω) and its dual space H−s(Ω).

We conclude this section with the following characterization of the spaces Hr(Ω)
and certain embeddings.

Proposition 2.1 (characterization of Hr(Ω) for 0 ≤ r ≤ 2). We have that

Hr(Ω) =


Hr(Ω), r ∈

[
0, 12

)
,

H
1
2
00(Ω), r = 1

2 ,

Hr
0 (Ω), r ∈

(
1
2 , 1
]
,

with equivalent norms. Moreover, if r ∈ (1, 2], then Hr(Ω) = H1
0 (Ω) ∩ Hr(Ω), with

equivalent norms. Consequently, for r ∈ (0, 1)

Hr(Ω) ↪→ Lp(Ω) ∀p ∈
[
1,

2

1− r

)
compactly and, if r > 1, Hr(Ω) ↪→ C(Ω̄) compactly.

Proof. For details on the characterizations, see [35, 36, 45, 31, 19, 13]. We then
use the embedding properties of standard Sobolev spaces to conclude the claimed
continuous embeddings (see [25, Theorem 6.7] and [1, Theorem 4.12, PART II]). The
compact embedding for r < 1 can be found in [25, Corollary 7.2], while that for r > 1
follows from [1, Theorem 7.37] and [1, Theorem 1.34] together with Br

2,2(Ω) = Hr(Ω),
which can be reduced to R2 (which is standard) via a suitable extension operator.
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2.2. Assumptions on a. We make the following assumptions on the nonlinear
function a. However, some results in this work hold under less restrictive conditions.
When possible, we explicitly state the assumptions on a required for a specific result.
(A.1) a : Ω × R → R is a Carathéodory function of class C2 with respect to the

second variable and a(·, 0) ∈ Lr(Ω) for r > 1/s.
(A.2) ∂a

∂u (x, u) ≥ 0 for almost every x ∈ Ω and for all u ∈ R.
(A.3) For all m > 0, there exists a constant Cm > 0 such that

2∑
i=1

∣∣∣∣∂ia∂ui
(x, u)

∣∣∣∣ ≤ Cm,

∣∣∣∣∂2a∂u2
(x, v)− ∂2a

∂u2
(x,w)

∣∣∣∣ ≤ Cm|v − w|

for almost every x ∈ Ω and for all u, v, w ∈ [−m,m].

3. Fractional PDEs with measure-valued right-hand sides. In this sec-
tion, we analyze the following boundary value problem involving the spectral fractional
Laplacian and a measure-valued right-hand side:

(3.1) (−∆)su+ cu = µ in Ω.

Here, the coefficient c ∈ L∞(Ω) satisfies c ≥ 0 almost everywhere in Ω, and the right-
hand side µ ∈ M(Ω). To introduce an appropriate formulation for this problem, we
follow [41], choose θ ∈ (1− s, s), and define the bilinear form

(3.2) A : Hs−θ(Ω)×Hs+θ(Ω) → R, (v, w) 7→ A(v, w) :=

∞∑
k=1

λskvkwk,

where

(3.3) v =

∞∑
k=1

vkφk, w =

∞∑
k=1

wkφk.

It is clear that the parameters s and θ satisfy the following important inequalities:

(3.4) 0 < s− θ < 2s− 1 < 1, 1 < s+ θ < 2s < 2.

With the bilinear form A at hand, we propose the following formulation for prob-
lem (3.1): Find u ∈ Hs−θ(Ω) such that

(3.5) A(u, v) +

ˆ
Ω

cuvdx = ⟨µ, v⟩ ∀v ∈ Hs+θ(Ω).

The following comments are now in order. First, A is bounded and satisfies
the inf-sup conditions stated in [41, Theorem 3.2]. Second, s ± θ > guarantees that
Hs±θ(Ω) ↪→ L2(Ω). As a result, the second term on the left-hand side of (3.5) is well-
defined. Third, since 1 < s+θ < 2s, we have Hs+θ(Ω) ↪→ C0(Ω̄) (see Proposition 2.1).
Consequently, µ defines a bounded linear functional on Hs+θ(Ω), and the right-hand
side of equation (3.5) is well-defined.

We now prove the well-posedness of problem (3.5).

Theorem 3.1 (well-posedness). For every µ ∈ M(Ω), there is a unique solution
u ∈ Hs−θ(Ω) to problem (3.5). In addition, u satisfies the following stability bound

(3.6) ∥u∥Hs−θ(Ω) ≲ ∥µ∥M(Ω),

where the implicit constant depends only on s, θ, and Ω.
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Proof. If c ≡ 0, a proof of the well-posedness of problem (3.5) is given in [41,
Theorem 3.2]. In the case where 0 ≤ c ∈ L∞(Ω), we provide a proof based on the
method of continuity; see, for example, [32, Theorem 5.2]. We divide the proof into
several steps.

Step 1. The map L0. We define the linear map L0 : Hs−θ(Ω) → H−s−θ(Ω) as

⟨L0v, w⟩−s−θ s+θ := A(v, w) ∀v ∈ Hs−θ(Ω),∀w ∈ Hs+θ(Ω).

The map L0 is bounded: For every v ∈ Hs−θ(Ω), we have ∥L0v∥H−s−θ(Ω) ≤ ∥v∥Hs−θ(Ω).

Step 2. The map L1. We define the linear map L1 : Hs−θ(Ω) → H−s−θ(Ω) as

⟨L1v, w⟩−s−θ s+θ := A(v, w) +

ˆ
Ω

cvwdx ∀v ∈ Hs−θ(Ω),∀w ∈ Hs+θ(Ω).

L1 is bounded: ∥L1v∥H−s−θ(Ω) ≤ (1 + C∥c∥L∞(Ω))∥v∥Hs−θ(Ω) for every v ∈ Hs−θ(Ω).

To obtain this bound, we used the continuity of the embeddings Hs±θ(Ω) ↪→ L2(Ω),
as well as the fact that c ∈ L∞(Ω). C > 0 is a constant that depends on s, θ, and Ω.

Step 3. The a priori estimate (3.6). For t ∈ [0, 1], we introduce the map Lt as

Lt : Hs−θ(Ω) → H−s−θ(Ω), Lt := (1− t)L0 + tL1.

We immediately note that Lt is a homotopy between L0 and L1 in the space of
bounded linear operators from Hs−θ(Ω) to H−s−θ(Ω). We now consider, for t ∈ [0, 1],
the family of problems:

(3.7) ut ∈ Hs−θ(Ω) : ⟨Ltut, v⟩−s−θ s+θ = ⟨µ, v⟩ ∀v ∈ Hs+θ(Ω).

The solvability of problem (3.7) is therefore equivalent to the invertibility of the map
Lt. Let ut ∈ Hs−θ(Ω) be a solution of problem (3.7). In the following, we prove that
ut satisfies the bound

(3.8) ∥ut∥Hs−θ(Ω) ≲ ∥µ∥H−s−θ(Ω),

where the hidden constant is independent of t. Note that the estimate above is
equivalent to ∥ut∥Hs−θ(Ω) ≲ ∥Ltut∥H−s−θ(Ω).

To derive (3.8), we proceed as follows. Let L⋆
t denote the formal adjoint of Lt,

which actually coincides with Lt. Given φ ∈ C∞
0 (Ω), let w = w(φ) ∈ Hs(Ω) denote

the solution to

(3.9) ⟨L⋆
tw, v⟩−s s =

ˆ
Ω

φvdx ∀v ∈ Hs(Ω).

The existence and uniqueness of such a w are guaranteed by the Lax-Milgram lemma,
which also provides the estimate

(3.10) ∥w∥L2(Ω) ≲ ∥w∥Hs(Ω) ≲ ∥φ∥H−s(Ω) ≲ ∥φ∥L2(Ω).

To obtain (3.10), we have also used the Sobolev embeddings Hs(Ω) ↪→ L2(Ω) and
L2(Ω) ↪→ H−s(Ω). We must also note that this w solves the problem

(−∆)sw = φ− tcw in Ω, φ− tcw ∈ L2(Ω).

It follows directly from the definitions of (−∆)s and the spaces Hr(Ω) that w ∈
H2s(Ω) ↪→ Hs+θ(Ω); the latter holds because 1 < s+ θ < 2s. In addition, we have

∥w∥Hs+θ(Ω) ≲ ∥w∥H2s(Ω) ≲ ∥φ− tcw∥L2(Ω) ≤ ∥φ∥L2(Ω) + ∥c∥L∞(Ω)∥w∥L2(Ω).
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We now use bound (3.10) to conclude that

(3.11) ∥w∥Hs+θ(Ω) ≲ ∥φ∥L2(Ω),

where the hidden constant is independent of t but depends on s, θ, ∥c∥L∞(Ω), and Ω.
The next step toward proving (3.8) is to realize that ut can be viewed as the

solution to the following problem:

(3.12) ut ∈ Hs−θ(Ω) : ⟨L0ut, v⟩−s−θ s+θ = ⟨µ, v⟩ − t

ˆ
Ω

cutvdx ∀v ∈ Hs+θ(Ω).

Applying [41, Theorem 3.2], we deduce the bound

(3.13) ∥ut∥Hs−θ(Ω) ≲ ∥µ∥H−s−θ(Ω) + C∥c∥L∞(Ω)∥ut∥L2(Ω) ∀t ∈ [0, 1],

where C > 0 depends only on s, θ, and Ω. Thus, we now focus on controlling the term
∥ut∥L2(Ω) on the right-hand side of (3.13). To do this, let φ ∈ C∞

0 (Ω) be arbitrary.

We use problem (3.9), the regularity result w ∈ H2s(Ω) ↪→ Hs+θ(Ω), the definition of
the formal adjoint L⋆

t of Lt, and the fact that ut solves (3.7) to obtainˆ
Ω

utφdx =

ˆ
Ω

utL⋆
tw(φ)dx = ⟨Ltut, w(φ)⟩−s−θ s+θ = ⟨µ,w(φ)⟩−s−θ s+θ

≤ ∥µ∥H−s−θ(Ω)∥w(φ)∥Hs+θ(Ω) ≲ ∥µ∥H−s−θ(Ω)∥φ∥L2(Ω),

where, in the last step, we invoked (3.11). We can therefore conclude that

∥ut∥L2(Ω) = sup
0̸=φ∈C∞

0 (Ω)

1

∥φ∥L2(Ω)

ˆ
Ω

utφdx ≲ ∥µ∥H−s−θ(Ω).

Replacing this bound in (3.13) implies (3.8).
Step 3. The method of continuity. Since L0 and L1 are linear and bounded

operators from Hs−θ(Ω) into H−s−θ(Ω), and the bound (3.8) holds, we can apply
[32, Theorem 5.2] to conclude that L0 maps Hs−θ(Ω) onto H−s−θ(Ω) if and only if
L1 maps Hs−θ(Ω) onto H−s−θ(Ω). As a result, L1 maps Hs−θ(Ω) onto H−s−θ(Ω);
that is, problem (3.5) has a solution. We now use the linearity of problem (3.5) and
the stability bound (3.8) to conclude that problem (3.5) has a unique solution. This
completes the proof.

4. Fractional, semilinear PDEs. Let f ∈ Lr(Ω) with r > 1/s, and let b :
Ω × R → R be a Carathéodory function that is monotone increasing in its second
argument. Assume that, for every m > 0, there exists ψm ∈ Lr(Ω) such that

(4.1) |b(x, ζ)| ≤ ψm(x)

for almost every x ∈ Ω and ζ ∈ [−m,m]. In this context, we present the following
formulation for a slight variant of the fractional, semilinear PDE (1.2):

(4.2) u ∈ Hs(Ω) : B(u, v) +
ˆ
Ω

b(·, u)vdx =

ˆ
Ω

fvdx ∀v ∈ Hs(Ω).

Here, B is defined as

(4.3) B : Hs(Ω)×Hs(Ω) → R, (v, w) 7→ B(v, w) :=
∞∑
k=1

λskvkwk.

It is clear that B is bilinear and continuous on Hs(Ω)×Hs(Ω).
We present the following well-posedness result.
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Proposition 4.1 (well-posedness). Assume that f ∈ Lr(Ω) ∩ H−s(Ω) with r >
1/s and that (4.1) holds. In this setting, problem (4.2) has a unique solution which,
additionally, satisfies u ∈ Hs(Ω) ∩ L∞(Ω). In addition, we have the bound

(4.4) ∥u∥Hs(Ω) + ∥u∥L∞(Ω) ≲ ∥f − b(·, 0)∥Lr(Ω).

Proof. Assume, for the moment, that (4.1) holds for all ζ ∈ R and that b(·, 0) = 0.
Define the map

A : Hs(Ω) → H−s(Ω), ⟨Av, w⟩ := B(v, w) +
ˆ
Ω

b(·, v)wdx

for every v, w ∈ Hs(Ω). The bilinear form B is continuous and coercive in Hs(Ω) ×
Hs(Ω). In addition, the function b satisfies |b(x, ζ)| ≤ ψ(x) for almost every x ∈ Ω
and for all ζ ∈ R and it is continuous and monotone increasing with respect to its
second argument. Thus, it can be proved that A is well-defined, strongly monotone,
coercive, and hemicontinuous. The existence and uniqueness of a solution u ∈ Hs(Ω)
follow from the Browder–Minty theorem [43, Theorem 2.18]. A stability bound for
u in Hs(Ω) is obtained by setting v = u in (4.2) and using the fact that b(·, 0) = 0.
The fact that u ∈ L∞(Ω) and the stability bound ∥u∥L∞(Ω) ≲ ∥f∥Lr(Ω) can be found
in [7, Theorem 2.9]. The final step is to relax the global assumption on b, namely,
|b(x, ζ)| ≤ ψ(x) for almost every x ∈ Ω and for all ζ ∈ R, and require only the local
assumption (4.1). This can be done using the arguments presented in the proof of
[46, Theorem 4.7]. We remove the assumption b(·, 0) = 0 by replacing b(·, ζ) with
b(·, ζ)− b(·, 0). This concludes the proof.

We now present the following regularity result.

Theorem 4.2 (regularity). Assume that f, b(·, 0) ∈ L2(Ω), and that the function
b is locally Lipschitz in its second argument; that is, for every m > 0, there is Cm > 0
such that

(4.5) |b(x, ζ1)− b(x, ζ2)| ≤ Cm|ζ1 − ζ2| a.e. x ∈ Ω, ∀ζ1, ζ2 ∈ [m,m].

Then, problem (4.2) has a unique solution u which, in addition, belongs to H2s(Ω) ∩
C(Ω̄) and satisfies

(4.6) ∥u∥H2s(Ω) + ∥u∥C(Ω̄) ≲ ∥f − b(·, 0)∥L2(Ω).

Proof. We may use b(·, 0) ∈ L2(Ω) and (4.5) to see that, for every ζ ∈ [−m,m],

|b(·, ζ)| ≤ |b(·, ζ)− b(·, 0)|+ |b(·, 0)| ≤ Cmm+ |b(·, 0)| =: ψm(·) ∈ L2(Ω).

Then, since 2 > 1
s , (4.1) holds. Consequently, the results of Proposition 4.1 apply

(recall that f ∈ L2(Ω)), guaranteeing the existence and uniqueness of u ∈ Hs(Ω) ∩
L∞(Ω) that solves (4.2). We now define g := f−b(·, u). Note that g ∈ L2(Ω). In fact,

(4.7) ∥g∥L2(Ω) ≤ ∥f − b(·, 0)∥L2(Ω) + ∥b(·, 0)− b(·, u)∥L2(Ω)

≤ ∥f − b(·, 0)∥L2(Ω) + Cm∥u∥L2(Ω),

where we have used (4.5) with m = m := ∥u∥L∞(Ω). It thus follows directly from the
definition of (−∆)s and the spaces Hr(Ω) that u ∈ H2s(Ω), together with the bound

(4.8) ∥u∥H2s(Ω) ≲ ∥f − b(·, 0)∥L2(Ω) + Cm∥u∥L2(Ω) ≲ ∥f − b(·, 0)∥L2(Ω),
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where we have used the stability bound (4.4). We now invoke Proposition 2.1 and the
fact that s > 1

2 to deduce that u ∈ C(Ω̄). Since the embedding H2s(Ω) ↪→ C(Ω̄) is
continuous, the desired bound follows from (4.8). This concludes the proof.

We conclude this section with the following Lipschitz property.

Theorem 4.3 (Lipschitz property). Assume that b is of class C1 with respect to
the second variable, that b(·, 0) ∈ L2(Ω), and that (4.1) and Assumption (A.2) hold.
Additionally, suppose that

(4.9)

∣∣∣∣∂b∂u (x, ζ)
∣∣∣∣ ≤ Cm a.e. x ∈ Ω, ζ ∈ [−m,m].

Let f1, f2 ∈ L2(Ω), and let ui be the solution to (4.2) with f replaced by fi, where
i ∈ {1, 2}. Then,

(4.10) ∥u1 − u2∥H2s(Ω) + ∥u1 − u2∥C(Ω̄) ≲ ∥f1 − f2∥L2(Ω).

Proof. The proof follows from a straightforward adaptation of the arguments in
[46, Theorem 4.16]. Define u := u2 − u1, and note that u solves the problem

(4.11) B(u, v) +
ˆ
Ω

cuvdx =

ˆ
Ω

fvdx ∀v ∈ Hs(Ω),

where f := f2 − f1, and

c(x) :=

ˆ 1

0

∂b

∂u
(x, u1(x) + τ(u2(x)− u1(x)))dτ.

We now notice that, for every τ ∈ [0, 1], the bound (4.6) implies

∥u1 + τ(u2 − u1)∥L∞(Ω) ≤ (1− τ)∥u1∥L∞(Ω) + τ∥u2∥L∞(Ω)

≤ C
[
(1− τ)∥f1 − b(·, 0)∥L2(Ω) + τ∥f2 − b(·, 0)∥L2(Ω)

]
≤ Cmax

{
∥f1 − b(·, 0)∥L2(Ω), ∥f2 − b(·, 0)∥L2(Ω)

}
=: m.

In addition, by Assumption (A.2), we have that c ≥ 0 a.e. in Ω. Finally, the bound-
edness assumption (4.9) on the derivative of b gives 0 ≤ c(x) ≤ Cm for a.e. x ∈ Ω, and
so we may conclude that c ∈ L∞(Ω). Problem (4.11) then fits into the assumptions
of Theorem 4.2. Indeed, we may define

c(x, ζ) := c(x)ζ

to trivially fit this setup. The desired bound is then simply a restatement of (4.6).

5. The optimal control problem. We now have all the elements needed to
provide a precise description of the pointwise tracking optimal control problem intro-
duced in Section 1.

Given f ∈ L2(Ω) and a Carathéodory function a : Ω×R→ R that is monotone
increasing in the second argument and satisfies a(·, 0) ∈ L2(Ω) and (4.5), the optimal
control problem of interest is: Find

(5.1) min
{
J(u, q) : (u, q) ∈ Hs(Ω) ∩ C(Ω̄)×Qad

}
,

subject to the fractional, semilinear, elliptic PDE (1.2), understood as

(5.2) u ∈ Hs(Ω) : B(u, v) +
ˆ
Ω

a(·, u)vdx =

ˆ
Ω

(f + q)vdx ∀v ∈ Hs(Ω).
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We recall that the cost functional J is defined in (1.1), and the set Qad ⊂ L2(Ω) is
defined in (1.3). Given q ∈ Qad, since f + q ∈ L2(Ω), an immediate application of
Theorem 4.2 shows that (5.2) has a unique solution u ∈ H2s(Ω) ∩ C(Ω̄). Thus, point
evaluations of the state u are well-defined, and consequently, so is the functional J .

As it is customary in PDE-constrained optimization, we introduce the control-to-
state map as follows:

S : L2(Ω) → Hs(Ω)

which maps q ∈ L2(Ω) to the unique u ∈ Hs(Ω) that solves the state equation (5.2)
(see Proposition 4.1 and Theorem 4.2). Since, as we have just discussed, the range of
S is contained in H2s(Ω) ∩ C(Ω̄), we can define the reduced cost functional

(5.3) j : Qad → R, q 7→ j(q) := J(Sq, q) = 1

2

∑
z∈D

|Sq(z)− uz|2 +
α

2
∥q∥2L2(Ω).

5.1. Existence of solutions. The following basic result states that the optimal
control problem (5.1) and (5.2) has at least one global optimal solution (ū, q̄) ∈
Hs(Ω) ∩ C(Ω̄) × Qad. The proof follows standard arguments similar to those used
in the proof of [46, Theorem 4.15]. Below, we provide a brief proof that emphasizes
the role of the fractional operator (−∆)s and the inclusion of point evaluations of the
state in the cost functional J defined in (1.1).

Theorem 5.1 (existence). The pointwise tracking optimal control problem defined
by (5.1) and (5.2) has at least one global optimal solution (ū, q̄) ∈ Hs(Ω)∩C(Ω̄)×Qad.

Proof. Define

j := inf
{
J(u, q) : (u, q) ∈ Hs(Ω) ∩ C(Ω̄)×Qad, u = Sq

}
≥ 0.

Let {(uk, qk)}k∈N be an infimizing sequence, i.e., qk ∈ Qad and uk = Sqk ∈ Hs(Ω) ∩
C(Ω̄) are such that J(uk, qk) → j as k ↑ ∞. Since {qk}k∈N ⊂ Qad and Qad is
nonempty, closed, bounded, and convex in L2(Ω), we conclude that there exists a,
nonrelabeled, subsequence {qk}k∈N such that qk ⇀ q̄ in L2(Ω) as k ↑ ∞ and q̄ ∈ Qad.

As the next step, we apply bound (4.6) from Theorem 4.2 and use the fact that
Qad is bounded in L2(Ω), to conclude that there exists m > 0 such that ∥uk∥C(Ω̄) ≤ m
for all k ∈ N. Having established this uniform bound, we use the Lipschitz property
(4.5) to obtain that {a(·, uk)}k∈N is bounded in L2(Ω). In fact, we have

∥a(·, uk)∥L2(Ω) ≤ ∥a(·, 0)∥L2(Ω) + Cm∥uk∥L2(Ω) ∀k ∈ N.

Recall that, by assumption, a(·, 0) ∈ L2(Ω). Next, we rewrite the problem

uk ∈ Hs(Ω) : B(uk, v) +
ˆ
Ω

a(·, uk)vdx =

ˆ
Ω

(f + qk)vdx ∀v ∈ Hs(Ω)

as follows:

(5.4) uk ∈ Hs(Ω) : B(uk, v) =
ˆ
Ω

[f + qk − a(·, uk)] vdx ∀v ∈ Hs(Ω).

We may then set b ≡ 0 and f := f + qk − a(·, uk) to fit (5.4) into (4.2) trivially. Since
the assumptions of Theorem 4.2 hold trivially in this case, we have

∥uk∥H2s(Ω) + ∥uk∥C(Ω̄) ≲ ∥f + qk − a(·, uk)∥L2(Ω) ≲ 1, ∀k ∈ N.
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Here, we used the fact that {qk}k∈N and {a(·, uk)}k∈N are bounded in L2(Ω). We may
then extract a further nonrelabeled subsequence {uk}k∈N ⊂ H2s(Ω) such that uk ⇀ ū
in H2s(Ω) as k ↑ ∞. Since the embedding H2s(Ω) ↪→ Hs(Ω) ∩ C(Ω̄) is compact, up
to a further subsequence, we have uk → ū in Hs(Ω) ∩ C(Ω̄) as k ↑ ∞. Such strong
convergence is sufficient to take the limit in (5.4) and conclude that ū = S(q).

Finally, we show that (ū, q̄) is optimal. The uniform convergence uk → ū as k ↑ ∞
implies that

(5.5)
1

2

∑
z∈D

|uk(z)− uz|2 → 1

2

∑
z∈D

|ū(z)− uz|2, k ↑ ∞.

This, together with the weak convergence qk ⇀ q̄ as k ↑ ∞ in L2(Ω), allows us to
deduce

j = lim
k↑∞

J(uk, qk) ≥ lim
k↑∞

1

2

∑
z∈D

|uk(z)− uz|2 + lim inf
k↑∞

α

2
∥qk∥2L2(Ω) ≥ J(ū, q̄),

which shows that J(ū, q̄) = j. This concludes the proof.

5.2. First order optimality conditions. Throughout this section, we assume
that Assumptions (A.1) to (A.3) hold. In addition, we assume that f and a(·, 0)
belong to L2(Ω).

5.2.1. Differentiability properties of the control-to-state map S. In the
following result, we state differentiability properties of the control-to-state map S,
which will be useful for deriving both first and second order optimality conditions.
Although similar results appear in [40, Theorem 4.3] and [9, Lemma 5.3], we present
a statement and a brief proof adapted to our needs.

Theorem 5.2 (differentiability of S). If Assumptions (A.1) to (A.3) hold, then
the control-to-state map S : L2(Ω) → Hs(Ω) is of class C2. In addition, if q, w ∈
L2(Ω), then ϕ = S ′(q)w ∈ Hs(Ω) corresponds to the unique solution to

(5.6) ϕ ∈ Hs(Ω) : B(ϕ, v) +
ˆ
Ω

∂a

∂u
(·, u)ϕvdx =

ˆ
Ω

wvdx ∀v ∈ Hs(Ω),

where u = Sq. If q, w1, w2 ∈ L2(Ω), then ψ = S ′′(q)(w1, w2) ∈ Hs(Ω) corresponds to
the unique solution to the problem

(5.7) ψ ∈ Hs(Ω) : B(ψ, v) +
ˆ
Ω

∂a

∂u
(·, u)ψvdx = −

ˆ
Ω

∂2a

∂u2
(·, u)ϕw1

ϕw2
vdx

for all v ∈ Hs(Ω). Here, u = Sq and ϕwi = S ′(q)wi, with i ∈ {1, 2}.
Proof. Define the map

F : L2(Ω)×H2s(Ω) → L2(Ω), (κ, v) 7→ F (κ, v) := (−∆)sv + a(·, v)− f − κ.

Since s > 1
2 , we have H2s(Ω) ↪→ C(Ω̄) (see Proposition 2.1). We may then set

m = ∥v∥C(Ω̄) and use Assumption (A.3) to obtain

∥a(·, v)∥L2(Ω) ≤ ∥a(·, v)− a(·, 0)∥L2(Ω) + ∥a(·, 0)∥L2(Ω) ≤ mCm|Ω|1/2 + ∥a(·, 0)∥L2(Ω).

As a result, F is well-defined. It can also be deduced from Assumptions (A.1) to (A.3)
that F is of class C2.
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We now let q̄ ∈ L2(Ω), and set ū = S q̄. It is immediate that F (q̄, ū) = 0. On the
other hand, the derivative ∂F

∂u (q̄, ū) satisfies

∂F

∂u
(q̄, ū) : H2s(Ω) → L2(Ω),

∂F

∂u
(q̄, ū)w = (−∆)sw +

∂a

∂u
(·, ū)w.

It is clear that ∂F
∂u (q̄, ū) is a linear and continuous map. In addition, the assumptions

on a allow us to deduce that ∂F
∂u (q̄, ū) is an isomorphism. Indeed, it suffices to set

b(·, w) = ∂a

∂u
(·, ū)w

in (4.2) and apply Theorem 4.2. In summary, we have all the ingredients to apply the
implicit function theorem and conclude that the control-to-state map S is of class C2.
The fact that ϕ and ψ solve (5.6) and (5.7), respectively, follows from differentiating
the relation F (q̄,S q̄) = 0; see, for example, the proof of [46, Theorem 4.24(ii)] for
details.

5.2.2. Local solutions. In the absence of convexity, we work within the frame-
work of local solutions in the sense of L2(Ω).

Definition 5.3 (local solution). We say that a control q̄ ∈ Qad is locally optimal
for (5.1) and (5.2), in the sense of L2(Ω), if there exists ε > 0 such that for all q ∈ Qad

that satisfy
∥q − q̄∥L2(Ω) ≤ ε,

we have j(q̄) ≤ j(q).

To present the local optimality results, we analyze the differentiability properties
of the reduced cost functional j.

Proposition 5.4 (differentiability of j). If Assumptions (A.1) to (A.3) hold,
then, the reduced cost functional j : L2(Ω) → R is of class C2.

Proof. This result follows directly from the chain rule and the results in Theo-
rem 5.2.

The following result is standard [46, Lemma 4.18]: If q̄ ∈ Qad is a locally optimal
control for the pointwise tracking optimal control problem (5.1) and (5.2), then

(5.8) j′(q̄)(q − q̄) ≥ 0 ∀q ∈ Qad.

Here, j′(q̄) denotes the Gateaux derivative of j at q̄.

5.2.3. The adjoint problem. As is customary in PDE-constrained optimiza-
tion, we further examine (5.8) by introducing the so-called adjoint equation: Find
p ∈ Hs−θ(Ω) such that

(5.9) A(p, v) +

ˆ
Ω

∂a

∂u
(·, u)pvdx =

∑
z∈D

(u(z)− uz)⟨δz, v⟩ ∀v ∈ Hs+θ(Ω).

Here, u = Sq and, as in Section 3, θ ∈ (1− s, s).
As shown in the following result, the adjoint problem is well-posed.

Theorem 5.5 (well-posedness). Given q ∈ Qad, let u = Sq. Then, the adjoint
problem (5.9) is well-posed. In particular, the unique solution p ∈ Hs−θ(Ω) satisfies
the following stability bound:

(5.10) ∥p∥Hs−θ(Ω) ≲ ∥f − a(·, 0)∥L2(Ω) + ∥q∥L2(Ω) +
∑
z∈D

|uz|.
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Proof. The proof follows directly from applying Theorem 3.1. Note that in the
notation of that result:
1. c := ∂a

∂u (·, u) ∈ L∞(Ω) because for q ∈ Qad, we have, according to Theorem 4.2,
u = Sq ∈ C(Ω̄). Consequently, there exists m > 0 such that |u(x)| ≤ m for all
x ∈ Ω̄. This, together with Assumption (A.3), gives the boundedness of c.

2. c ≥ 0. This follows from Assumption (A.2).
3. µ :=

∑
z∈D(u(z)− uz)δz ∈ H−s−θ(Ω) and

∥µ∥H−s−θ(Ω) = sup
v∈Hs+θ(Ω)

⟨µ, v⟩
∥v∥Hs+θ(Ω)

≤ ∥µ∥M(Ω) sup
v∈Hs+θ(Ω)

∥v∥C(Ω̄)

∥v∥Hs+θ(Ω)

≲ ∥µ∥M(Ω),

where we have used the continuous embedding Hs+θ(Ω) ↪→ C(Ω̄). Recall that
1 < s+ θ < 2s (see (3.4)).

4. Finally,

∥µ∥M(Ω) ≤
∑
z∈D

|u(z)− uz| ≲ ∥u∥C(Ω̄) +
∑
z∈D

|uz|

≲ ∥f − a(·, 0)∥L2(Ω) + ∥q∥L2(Ω) +
∑
z∈D

|uz|

where, in the last step, we used (4.6).

We are now ready to derive the first order optimality conditions.

Theorem 5.6 (first order optimality conditions). Every locally optimal control
q̄ ∈ Qad satisfies the variational inequality

(5.11)

ˆ
Ω

(p̄+ αq̄)(q − q̄)dx ≥ 0 ∀q ∈ Qad,

where p̄ ∈ Hs−θ(Ω) is the unique solution to the adjoint problem (5.9), with u replaced
by ū = S q̄.

Proof. The proof builds on and extends the arguments developed for the simpler
linear case a ≡ 0 in [41, Theorem 4.2]. We begin by rewriting inequality (5.8) as
follows:

0 ≤ j′(q̄)(q − q̄) =
∑
z∈D

(S q̄(z)− uz)S ′(q̄)(q − q̄)(z) +

ˆ
Ω

αq̄(q − q̄)dx =: I + II

for all q ∈ Qad. The term II is already present in the desired inequality (5.11), so we
focus on term I. Let q ∈ Qad, and set u = Sq. Define χ := S ′(q̄)(q − q̄) and note
that Theorem 5.2 shows that χ solves problem (5.6) with u replaced by ū = S q̄ and
w replaced by q − q̄ ∈ L2(Ω). We now use the arguments presented in the proof of
Theorem 4.2 to deduce that

(5.12) χ ∈ H2s(Ω) ∩ C(Ω̄), ∥χ∥H2s(Ω) + ∥χ∥C(Ω̄) ≲ (1 + Cm) ∥q − q̄∥L2(Ω),

where, to bound ∂a
∂u (·, ū) and thus obtain the estimate in (5.12), we have used as-

sumption Assumption (A.3) with m = ∥ū∥L∞(Ω). Since 1 < s + θ < 2s (see the

second estimate in (3.4)), we have H2s(Ω) ↪→ Hs+θ(Ω). As a result, the function
χ = S′(q̄)(q − q̄) belongs to Hs+θ(Ω) and is therefore an admissible test function for
the adjoint problem (5.9). Setting v = χ gives

(5.13) A(p̄, χ) +

ˆ
Ω

∂a

∂u
(·, ū)p̄χdx =

∑
z∈D

(ū(z)− uz)S ′(q̄)(q − q̄)(z) = I.
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On the other hand, we would like to set p̄ as a test function in the problem that
χ = S ′(q̄)(u− ū) solves. If that were possible, we would obtain

(5.14) B(χ, p̄) +
ˆ
Ω

∂a

∂u
(·, ū)χp̄dx =

ˆ
Ω

(q − q̄)p̄dx.

However, this is not possible because p̄ ∈ Hs−θ(Ω)\Hs(Ω), so (5.14) must be justified
by different means. Therefore, we follow an argument from the proof of [41, Theorem
4.2] and let {pk}k∈N be a sequence in C∞

0 (Ω) such that pk → p̄ in Hs−θ(Ω) as k ↑ ∞.
Taking advantage of the fact that, for each k ∈ N, pk belongs to Hs(Ω) we set v = pk
in the problem that χ = S′(q̄)(q − q̄) solves to obtain

(5.15) B(χ, pk) +
ˆ
Ω

∂a

∂u
(·, ū)χpkdx =

ˆ
Ω

(q − q̄)pkdx ∀k ∈ N.

Since χ ∈ H2s(Ω) and H2s(Ω) ↪→ Hs+θ(Ω), we have B(χ, pk) = A(pk, χ). We now use
the fact that A is continuous in Hs−θ(Ω)×Hs+θ(Ω) to deduce that

(5.16) lim
k↑∞

B(χ, pk) = lim
k↑∞

A(pk, χ) = A(p̄, χ).

We also note that, using Assumption (A.3) with m = ∥ū∥L∞(Ω),

(5.17)

ˆ
Ω

∣∣∣∣∂a∂u (·, ū)χ(p̄− pk)

∣∣∣∣dx ≤ Cm∥χ∥L2(Ω)∥p̄− pk∥L2(Ω) → 0, k ↑ ∞.

We thus take the limit in (5.15) as k ↑ ∞ and use (5.16) and (5.17) to deduce that

A(p̄, χ) +

ˆ
Ω

∂a

∂u
(·, ū)χp̄dx =

ˆ
Ω

(q − q̄)p̄dx.

From this identity and (5.13), we immediately deduce that

I =

ˆ
Ω

p̄(q − q̄)dx.

This yields the desired variational inequality (5.11) and concludes the proof.

5.3. Second order optimality conditions. In this section, we derive neces-
sary and sufficient second order optimality conditions for the optimal control problem
(5.1) and (5.2). To do this, we require that Assumptions (A.1) to (A.3) hold. In
addition, we assume that f and a(·, 0) belong to L2(Ω).

5.3.1. Properties of the second derivative of j. We begin our analysis with
the following result.

Proposition 5.7 (characterization of j′′ and a Lipschitz property for j′′). If As-
sumptions (A.1) to (A.3) hold, then, for every q, w1, w2 ∈ L2(Ω), we have the char-
acterization

(5.18) j′′(q)(w1, w2) = α(w1, w2)L2(Ω)−
ˆ
Ω

∂2a

∂u2
(·, u)ϕw1

ϕw2
pdx+

∑
z∈D

ϕw1
(z)ϕw2

(z),

where u = Sq, p is the solution to (5.9), and ϕwi
= S′(q)wi, with i ∈ {1, 2}. In

addition, if q1, q2 ∈ Qad, then there exists a constant C such that

(5.19) |j′′(q1)(w,w)− j′′(q2)(w,w)| ≤ C∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).
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Proof. Since j is of class C2 (see Proposition 5.4), we perform simple computations
to conclude that for every q, w1, w2 ∈ L2(Ω), we have

(5.20) j′′(q)(w1, w2) =
∑
z∈D

[ϕw2
(z)ϕw1

(z) + (Sq(z)− uz)ψ(z)] + α(w1, w2)L2(Ω),

where ψ = S′′(q)(w1, w2). Since ψ ∈ H2s(Ω) and H2s(Ω) ↪→ Hs+θ(Ω), we can set v =
ψ in the adjoint problem (5.9). On the other hand, we can use a similar approximation
argument as in the proof of Theorem 5.6, which essentially allows us to set v = p in
problem (5.7). From the resulting relations, we can deduce that

∑
z∈D

(Sq(z)− uz)ψ(z) = −
ˆ
Ω

∂2a

∂u2
(·, u)ϕw1

ϕw2
pdx.

By applying this identity in (5.20), we obtain (5.18).
We now derive the bound (5.19). Let q1, q2 ∈ Qad, and let ui = Sqi, with

i ∈ {1, 2}. Define
d(q1, q2) := j′′(q1)(w,w)− j′′(q2)(w,w).

We use the characterization (5.18) for j′′ and write

(5.21) d(q1, q2) =

ˆ
Ω

[
−∂

2a

∂u2
(·, u1)φ2p1 +

∂2a

∂u2
(·, u2)χ2p2

]
dx

+
∑
z∈D

[φ2(z)− χ2(z)] =: J+ K,

where φ = S ′(q1)w, χ = S ′(q2)w, and pi is the solution to (5.9), with u replaced by
ui. Here, i ∈ {1, 2}. To bound d(q1, q2), we construct suitable differences as follows:

(5.22) J =

ˆ
Ω

[
∂2a

∂u2
(·, u2)−

∂2a

∂u2
(·, u1)

]
χ2p2dx+

ˆ
Ω

∂2a

∂u2
(·, u1)χ2(p2 − p1)dx

+

ˆ
Ω

∂2a

∂u2
(·, u1)(χ2 − φ2)p1dx =: J1 + J2 + J3.

In what follows, we bound the terms J1, J2, and J3. To control the term J1, we
use Hölder’s inequality, Assumption (A.3), the Lipschitz property (4.10), and the
regularity estimates ∥χ∥C(Ω̄) ≲ ∥χ∥H2s(Ω) ≲ ∥w∥L2(Ω):

(5.23)
J1 ≤ Cm∥u1 − u2∥L∞(Ω)∥χ∥2L∞(Ω)∥p2∥L1(Ω)

≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω)∥p2∥L1(Ω).

Here, m = max{∥u1∥L∞(Ω), ∥u2∥L∞(Ω)}. To bound the right-hand side of (5.23), we
now use the following stability bounds, which follow from Theorem 5.5:

(5.24) ∥p2∥L1(Ω) ≲ ∥p2∥Hs−θ(Ω) ≲ ∥f − a(·, 0)∥L2(Ω) + ∥q2∥L2(Ω) +
∑
z∈D

|uz|.

This, combined with (5.23), gives the following bound for I1:

I1 ≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).
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The implicit constant depends on the control problem data but is independent of
q1, q2, and w. Recall that q1, q2 ∈ Qad. The control of the term J2 follows similar
arguments:

(5.25) J2 ≤ Cm∥χ∥2L∞(Ω)∥p2 − p1∥L1(Ω) ≲ ∥w∥2L2(Ω)∥p2 − p1∥L1(Ω),

where m = ∥u1∥L∞(Ω). To bound ∥p2−p1∥L1(Ω), we note that ℘ := p2−p1 ∈ Hs−θ(Ω)
satisfies

A(℘, v) +

ˆ
Ω

∂a

∂u
(·, u2)℘vdx =

ˆ
Ω

[
∂a

∂u
(·, u1)−

∂a

∂u
(·, u2)

]
p1vdx

+
∑
z∈D

(u2(z)− u1(z))⟨δz, v⟩ ∀v ∈ Hs+θ(Ω).

Since s−θ > 0, it is clear that Hs−θ(Ω) ↪→ L1(Ω). As a result, ∥℘∥L1(Ω) ≲ ∥℘∥Hs−θ(Ω).
We now apply the stability bound from Theorem 3.1 to arrive at

∥℘∥Hs−θ(Ω) ≲
(
Cm∥p1∥L1(Ω) + 1

)
∥u1 − u2∥C(Ω̄).

Notice that, to obtain this estimate, the bound∥∥∥∥[∂a∂u (·, u1)− ∂a

∂u
(·, u2)

]
p1

∥∥∥∥
M(Ω)

≤
∥∥∥∥[∂a∂u (·, u1)− ∂a

∂u
(·, u2)

]
p1

∥∥∥∥
L1(Ω)

≤ Cm∥u1 − u2∥L∞(Ω)∥p1∥L1(Ω),

which follows from Assumption (A.3), was used. Finally, using the Lipschitz property
(4.10) and a stability bound for p1 in Hs−θ(Ω), similar to the one derived for p2 in
(5.24), we conclude that

∥p2 − p1∥Hs−θ(Ω) ≲ ∥q1 − q2∥L2(Ω).

By substituting this bound into (5.25), we finally obtain the control of J2:

J2 ≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).

The control of J3 is as follows:

(5.26)
J3 ≤ Cm∥χ− φ∥L∞(Ω)

(
∥χ∥L∞(Ω) + ∥φ∥L∞(Ω)

)
∥p1∥L1(Ω)

≲ ∥χ− φ∥L∞(Ω)∥w∥L2(Ω),

where m = ∥u1∥L∞(Ω). To obtain the last bound, we used the regularity estimates
∥χ∥C(Ω̄) ≲ ∥χ∥H2s(Ω) ≲ ∥w∥L2(Ω) and ∥φ∥C(Ω̄) ≲ ∥φ∥H2s(Ω) ≲ ∥w∥L2(Ω). The control
of ∥p1∥L1(Ω) is similar to that derived for p2 in (5.24). Thus, it suffices to bound
∥χ−φ∥L∞(Ω). To do this, we note that the function Φ := χ−φ ∈ Hs(Ω) satisfies, for
every v ∈ Hs(Ω),

B(Φ, v) +
ˆ
Ω

∂a

∂u
(·, u2)Φvdx =

ˆ
Ω

[
∂a

∂u
(·, u1)−

∂a

∂u
(·, u2)

]
φvdx,

which, upon setting

b(x, ζ) :=
∂a

∂u
(x, u2(x))ζ,
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fits into the setting of problem (4.2). Indeed, monotonicity follows from Assump-
tion (A.2), while (4.1) is a consequence of Assumption (A.3) and u2 ∈ L∞(Ω). An-
other application of Assumption (A.3) then allows us to deduce the Lipschitz property
(4.5). Thus, we invoke (4.6) to conclude

∥χ− φ∥C(Ω̄) ≲ Cm∥u1 − u2∥L2(Ω)∥φ∥L∞(Ω) ≲ ∥q1 − q2∥L2(Ω)∥w∥L2(Ω).

Now substitute this estimate into (5.26), to obtain J3 ≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).
The estimate for J thus follows from substituting the bounds derived for J1, J2,

and J3 into (5.22); that is, we have

J ≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).

The final step is to control the term K in (5.21):

K ≲ ∥φ− χ∥L∞(Ω)

(
∥φ∥L∞(Ω) + ∥χ∥L∞(Ω)

)
≲ ∥q1 − q2∥L2(Ω)∥w∥2L2(Ω).

Collect the estimates for J and K and use them in (5.21) to deduce the desired
bound. This concludes the proof.

5.3.2. Second order necessary optimality conditions. We begin this sec-
tion by introducing some preliminary material. Let (ū, q̄, p̄) ∈ Hs(Ω)×Qad×Hs−θ(Ω)
satisfy the first order optimality conditions (5.2), (5.9), and (5.11). Define

d̄ := p̄+ αq̄.

From the variational inequality (5.11), it can be deduced that, for almost every x ∈ Ω,

(5.27)


d̄(x) = 0, q̄(x) ∈ (a, b),

d̄(x) ≥ 0, q̄(x) = a,

d̄(x) ≤ 0, q̄(x) = b.

We now define the so-called cone of critical directions. To do this, we introduce

Υq̄ :=
{
h ∈ L2(Ω) : d̄(x) ̸= 0 =⇒ h(x) = 0 a.e. x ∈ Ω

}
,

\a
q̄ :=

{
h ∈ L2(Ω) : q̄(x) = a =⇒ h(x) ≥ 0 a.e. x ∈ Ω

}
,

\b
q̄ :=

{
h ∈ L2(Ω) : q̄(x) = b =⇒ h(x) ≤ 0 a.e. x ∈ Ω

}
,

\q̄ := \a
q̄ ∩ \b

q̄.

Notice that although the definition of Υq̄ involves the function d̄, this function is
uniquely determined by q̄. The cone of critical directions is then defined as

(5.28) Cq̄ := Υq̄ ∩ \q̄.

In the following result, we present necessary second order optimality conditions.
The proof uses minor adaptations of the arguments used to obtain [18, Theorem 23].
As the proof is brief, we include it for completeness.

Theorem 5.8 (second order necessary optimality conditions). If q̄ ∈ Qad is a
locally optimal control for (5.1) and (5.2), then j′′(q̄)(h, h) ≥ 0 for all h ∈ Cq̄.
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Proof. Let h ∈ Cq̄. Since b− a > 0 there is K ∈ N such that, for every k ≥ K,

a < a+
1

k
< b− 1

k
< b.

Now, for each k ≥ K, we define the function hk : Ω → R as

(5.29) hk(x) :=

0, q̄(x) ∈
(
a, a+

1

k

)
∪
(
b− 1

k
, b

)
,

min {k,max{−k, h(x)}} , otherwise.

Since h ∈ Cq̄, it follows directly from the definition of hk that hk also belongs to Cq̄.
In addition, for almost every x ∈ Ω, |hk(x)| ≤ |h(x)| and hk(x) → h(x) as k ↑ ∞.
An application of the dominated convergence theorem shows that, as k ↑ ∞, hk → h
in L2(Ω). We now define ρ⋆ := min{k−2, (b− a)k−1}. It can be proved that q̄ + ρhk
belongs to Qad for every k ≥ K and ρ ∈ (0, ρ⋆].

We now use the fact that, for ρ ∈ (0, ρ⋆], q̄ + ρhk is admissible and that q̄ is a
local minimizer to deduce that, after possibly reducing ρ, j(q̄) ≤ j(q̄+ρhk). The next
step is to apply Taylor’s theorem and use the fact that j′(q)hk = 0, which follows
from hk ∈ Cq̄ and (5.27), to obtain

0 ≤ j(q̄+ρhk)−j(q̄) = ρj′(q̄)hk+
ρ2

2
j′′(q̄+θkρhk)(hk, hk) =

ρ2

2
j′′(q̄+θkρhk)(hk, hk),

where θk ∈ (0, 1). Multiply both sides of the previous inequality by 2/ρ2, then take
the limit as ρ ↓ 0 and use (5.19) to obtain j′′(q̄)(hk, hk) ≥ 0. The final step is to use
the characterization (5.18), well-posedness and regularity results for problem (5.6),
and the fact that hk → h in L2(Ω) as k ↑ ∞ to deduce that j′′(q̄)(h, h) ≥ 0. This
concludes the proof.

5.3.3. Second order sufficient optimality conditions. We now establish
sufficient second order optimality conditions with a minimal gap with respect to the
necessary conditions derived in Theorem 5.8. The proof presented here, based on an
adaptation of the arguments from the proof of [18, Theorem 23], emphasizes the role
of the fractional operator (−∆)s and the inclusion of point evaluations of the state in
the cost functional.

Theorem 5.9 (second order sufficient optimality conditions). Assume that the
triplet (ū, q̄, p̄) ∈ Hs(Ω)×Qad×Hs−θ(Ω) satisfies the first order optimality conditions
(5.2), (5.9), and (5.11), and that j′′(q̄)(v, v) > 0 for all v ∈ Cq̄ \ {0}. Then, there
exist µ > 0 and σ > 0 such that, for every q ∈ Qad that satisfies

∥q − q̄∥L2(Ω) ≤ σ,

we have

(5.30) j(q) ≥ j(q̄) +
µ

2
∥q − q̄∥2L2(Ω).

Proof. We proceed by contradiction and assume that (5.30) does not hold; that
is, for each k ∈ N, there exists qk ∈ Qad such that

(5.31) j(qk) < j(q̄) +
1

2k
∥qk − q̄∥2L2(Ω), ∥qk − q̄∥L2(Ω) <

1

k
.
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For each k ∈ N, we define ρk := ∥qk − q̄∥L2(Ω) and hk := ρ−1
k (qk − q̄). It is clear that

∥hk∥L2(Ω) = 1 for all k ∈ N. We can thus conclude the existence of a nonrelabeled
subsequence {hk}k∈N such that hk ⇀ h in L2(Ω) as k ↑ ∞. We now proceed in
several steps.

Step 1: h ∈ Cq̄. First, note that each hk ∈ \q̄. Since \q̄ is a closed and convex
set in L2(Ω) and, as k ↑ ∞, we have hk ⇀ h in L2(Ω), we deduce that h ∈ \q̄ as well.
We now prove that h ∈ Υq̄. To do this, for each k ∈ N, we use a mean value theorem
on the function θ 7→ j(q̄ + θ(qk − q̄)) to obtain, for some θk ∈ (0, 1),

j(qk)− j(q̄) = j′ (q̃k) (qk − q̄), q̃k = q̄ + θk(qk − q̄).

Then, using (5.31), we deduce that

j′(q̃k)hk =
1

ρk
j′ (q̃k) (qk − q̄) =

j(qk)− j(q̄)

ρk
<
ρk
2k
.

Since the sequence {ρk}k∈N is bounded, we conclude that

lim sup
k↑∞

j′(q̃k)hk ≤ lim
k↑∞

ρk
2k

= 0.

We now compute

j′(q̃k)hk =

ˆ
Ω

(p̃k + αq̃k)hkdx,

where p̃k denotes the solution to (5.9) with u replaced by ũk := S q̃k. We claim that
p̃k → p̄ in Hs−θ(Ω) as k ↑ ∞. To see this, we first note that an immediate application
of the Lipschitz property (4.10) shows that

(5.32) ∥ū− ũk∥H2s(Ω) + ∥ū− ũk∥C(Ω̄) ≲ ∥q̄ − q̃k∥L2(Ω) ≤ ∥q̄ − qk∥L2(Ω) → 0

as k ↑ ∞. Here, we also used that q̃k = q̄ + θk(qk − q̄), the fact that θk ∈ (0, 1), and
(5.31). With this, we write the linear problem that p̄− p̃k solves, apply the stability
bound from Theorem 3.1, and estimate the corresponding forcing term to obtain

(5.33) ∥p̄− p̃k∥Hs−θ(Ω) ≲ ∥ū− ũk∥C(Ω̄) ≲ ∥q̄ − qk∥L2(Ω) → 0

as k ↑ ∞. Since we also have that q̃k → q̄ in L2(Ω), we conclude that dk := p̃k+αq̃k →
p̄+ αq̄ = d̄ in L2(Ω) as k ↑ ∞. Recall that s− θ > 0. We now use that, as k ↑ ∞, we
have hk ⇀ h in L2(Ω), to obtain

(5.34) j′(q̄)h =

ˆ
Ω

d̄(x)h(x)dx = lim
k↑∞

ˆ
Ω

dk(x)hk(x)dx = lim
k↑∞

j′(q̃k)hk ≤ 0.

We now use the definition of hk, the first order optimality condition (5.11), and the
fact that qk ∈ Qad to obtain

ˆ
Ω

d̄(x)hk(x)dx = ρ−1
k

ˆ
Ω

d̄(x)(qk(x)− q̄(x))dx ≥ 0

for all k ∈ N. Take the limit as k ↑ ∞, and combine with (5.34) to deduce that

ˆ
Ω

d̄(x)h(x)dx = 0.
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Finally, since h ∈ \q̄, ˆ
Ω

d̄(x)h(x)dx =

ˆ
Ω

|d̄(x)h(x)|dx,

Thus, for almost every x ∈ Ω such that d̄(x) ̸= 0, we have h(x) = 0, and so h ∈ Cq̄.
Step 2: h ≡ 0. We begin with a straightforward application of Taylor’s theorem

to obtain

j(qk)− j(q̄)− j′(q̄)(qk − q̄) =
1

2
j′′(q̂k)(qk − q̄, qk − q̄) =

ρ2k
2
j′′(q̂k)(hk, hk),

where q̂k = q̄+ θk(qk − q̄) and θk ∈ (0, 1). The fact that qk ∈ Qad, together with (5.8)
and (5.31), then implies

ρ2k
2
j′′(q̂k)(hk, hk) ≤ j(qk)− j(q̄) <

ρ2k
2k
,

and thus

lim sup
k↑∞

j′′(q̂k)(hk, hk) ≤ lim
k↑∞

1

k
= 0.

Our goal is now to show that j′′(q̄)(h, h) ≤ lim infk↑∞ j′′(q̂k)(hk, hk). We use the
characterization (5.18) for j′′ and write

(5.35) j′′(q̂k)(hk, hk) = α∥hk∥2L2(Ω) −
ˆ
Ω

∂2a

∂u2
(·, ûk)ϕ2hk

p̂kdx+
∑
z∈D

ϕ2hk
(z),

where ûk := S q̂k, p̂k denotes the solution to (5.9) with u replaced by ûk, and ϕhk
:=

S ′(q̂k)hk. Similar arguments as those developed in Step 1 show that

(5.36) ∥ū− ûk∥H2s(Ω) + ∥ū− ûk∥C(Ω̄) + ∥p̄− p̃k∥Hs−θ(Ω) ≲ ∥q̄ − qk∥L2(Ω) → 0,

as k ↑ ∞. Define ϕ̄ := S ′(q̄)h. Since the problem that ϕ̄ − ϕhk
solves is linear and

hk ⇀ h in L2(Ω) as k ↑ ∞, it can be deduced that, as k ↑ ∞,

(5.37) ϕhk
⇀ ϕ̄ in H2s(Ω) =⇒ ϕhk

→ ϕ̄ in C(Ω̄),

where we used the compact embeddingH2s(Ω) ↪→ C(Ω̄). Using (5.37), we immediately
deduce that ∑

z∈D
ϕ2hk

(z) →
∑
z∈D

ϕ̄2(z).

As the next step, we estimate∣∣∣∣ˆ
Ω

(
∂2a

∂u2
(·, ū)ϕ̄2p̄− ∂2a

∂u2
(·, ûk)ϕ2hk

p̂k

)
dx

∣∣∣∣ ≤ ∣∣∣∣ˆ
Ω

(
∂2a

∂u2
(·, ū)− ∂2a

∂u2
(·, ûk)

)
ϕ̄2p̄dx

∣∣∣∣
+

∣∣∣∣ˆ
Ω

∂2a

∂u2
(·, ûk)(ϕ̄2 − ϕ2hk

)p̄dx

∣∣∣∣+ ∣∣∣∣ˆ
Ω

∂2a

∂u2
(·, ûk)ϕ2hk

(p̄− p̂k)dx

∣∣∣∣ =: Lk
1 + Lk

2 + Lk
3 .

The term Lk
1 can be estimated using Assumption (A.3), an application of the stability

bound (5.10) to p̄, the regularity bounds ∥ϕ̄∥L∞(Ω) ≲ ∥ϕ̄∥H2s(Ω) ≲ ∥h∥L2(Ω), and
(5.36):

Lk
1 ≲ ∥ū− ûk∥C(Ω̄)∥ϕ̄∥2L∞(Ω)∥p̄∥L1(Ω) ≲ ∥q̄ − qk∥L2(Ω) → 0,
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as k ↑ ∞. We emphasize that the hidden constant in both bounds is independent of
k. The control of the term Lk

2 is as follows:

Lk
2 ≲ ∥ϕ̄− ϕhk

∥L∞(Ω)

(
∥ϕ̄∥L∞(Ω) + ∥ϕhk

∥L∞(Ω)

)
∥p̄∥L1(Ω) ≲ ∥ϕ̄− ϕhk

∥L∞(Ω).

To obtain the last bound, we have used ∥ϕhk
∥L∞(Ω) ≲ ∥ϕhk

∥H2s(Ω) ≲ ∥hk∥L2(Ω) = 1.
Again, in all the previously derived bounds the hidden constant is independent of k.
Using (5.37), we deduce that Lk

2 → 0 as k ↑ ∞. The control of Lk
3 follows similar

arguments:

Lk
3 ≲ ∥ϕhk

∥2L∞(Ω)∥p̄− p̂k∥L1(Ω) ≲ ∥p̄− p̂k∥Hs−θ(Ω) ≲ ∥q̄ − qk∥L2(Ω) → 0,

as k ↑ ∞. After obtaining these convergence results, we are ready to take the limit in
(5.35) as k ↑ ∞. We do this using the fact that hk ⇀ h in L2(Ω) as k ↑ ∞ and the
weak lower semicontinuity of ∥ · ∥2L2(Ω):

lim inf
k↑∞

j′′(q̂k)(hk, hk) ≥ α∥h∥2L2(Ω) −
ˆ
Ω

∂2a

∂u2
(·, ū)ϕ̄2p̄dx+

∑
z∈D

ϕ̄2(z) = j′′(q̄)(h, h).

As a result, we have proved that j′′(q̄)(h, h) ≤ lim infk↑∞ j′′(q̂k)(hk, hk) ≤ 0. Since
h ∈ Cq̄ and we have assumed that j′′(q̄)(v, v) > 0 for all v ∈ Cq̄ \ {0}, we conclude
that h ≡ 0.

Step 3. Since h ≡ 0, it is immediate that ϕhk
→ 0 in C(Ω̄) as k ↑ ∞. Let us now

use the relation (5.35) and the fact that ∥hk∥L2(Ω) = 1 for every k ∈ N to write

α = α∥hk∥2L2(Ω) = j′′(q̂k)(hk, hk) +

ˆ
Ω

∂2a

∂u2
(·, ûk)ϕ2hk

p̂kdx−
∑
z∈D

ϕ2hk
(z).

If we take the limit inferior as k ↑ ∞, we obtain α ≤ 0 because lim infk↑∞ j′′(q̂k)h
2
k ≤ 0.

This is a contradiction because α > 0 and concludes the proof.
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[28] F. Fuica and E. Otárola, A pointwise tracking optimal control problem for the stationary
Navier-Stokes equations, J. Math. Anal. Appl., 558 (2026), pp. Paper No. 130343, 29,
https://doi.org/10.1016/j.jmaa.2025.130343.
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