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Abstract We analyze, on two dimensional polygonal domains, classical low—
order inf-sup stable finite element approximations of the stationary Navier—
Stokes equations with singular sources. We operate under the assumptions
that the continuous and discrete solutions are sufficiently small. We perform
an a priori error analysis on convex domains. On Lipschitz, but not necessarily
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its global reliability. We also explore efficiency estimates. We illustrate the
theory with numerical tests.

Keywords Navier—Stokes equations - Dirac measures - A priori error
estimates - A posteriori error estimates - Adaptive finite elements

Mathematics Subject Classification (2010) 35Q35, 35Q30, 35R06,
65N15, 65N30, 656N50

1 Introduction

Let £2 C R? be an open and bounded domain with Lipschitz boundary 942. In
this work, we shall be interested in the study of a priori and a posteriori error
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estimates for classical low—order inf-sup stable finite element discretizations of
the stationary Navier—Stokes problem

—vAu+ (u-V)u+Vr=fo,in 2, divu=0in {2, w=0o0ndNR. (1.1)

The data of problem (L)) are the kinematic viscosity v > 0, the vector f € R?
and the interior point z € {2; §, corresponds to the Dirac delta supported at
z. The unknowns are u and m, the velocity and the pressure, respectively.

The stationary Navier—Stokes system models the motion of a stationary, in-
compressible, Newtonian fluid. In view of the fundamental importance of such
a system in mathematical fluid mechanics, the analysis and design of solution
techniques, at least in energy—type spaces, has received a tremendous atten-
tion; see [T4lT6LT920.21] and references therein. However, in recent times,
new models have emerged where the motion of a fluid is described by (I1J), or
a variation of it, and due to the singular nature of the force fé., the problem
must be understood in a completely different setting for which rigorous ap-
proximation techniques are scarce. An instance where singular forces appear
is in the modeling of the movement of active thin structures in a viscous fluid
[15]. Another instance is in optimal control where the state is governed by
fluid equations and the control variable corresponds to the amplitude of forces
modeled as point sources [10] .

Recently, the authors of [7] have analyzed an optimal control problem for
the stationary Navier—Stokes equations, where the control variable is measure
valued. The authors provide, in two dimensions and under the assumption that
12 is of class C?, a complete existence theory for the Navier-Stokes equations
in WhP(02) x LP(£2)/R with p € [4/3,2). Reference [7], however, is not con-
cerned with approximation. Finite element approximations of (II]) have been
recently considered in [I8] and [4], where a priori and a posteriori error esti-
mates have been analyzed, respectively. The authors, however, operate under
a complete different approach which is the one inherited by a suitable class of
Muckenhoupt weights.

In the present paper, we continue with our research program and extend
the linear a posteriori error analysis developed in [9] to the Navier—Stokes
system (LI). In contrast to [9], we also perform an a priori error analysis
on quastuniform meshes. We begin our studies by deriving, on the basis of a
standard contraction argument, the existence and uniqueness of solutions in
WP () x LP(£2)/R for small data. We operate in two dimensions and under
the assumptions that {2 is Lipschitz and p € (4/3 —¢,2), where ¢ = ¢(2) > 0;
see Remark [Tl for a discussion. Under this framework, we develop an a priori
error analysis on quasiuniform meshes for suitable low—order inf-sup stable fi-
nite element schemes. To perform such an analysis, the stability of the Stokes
projection [I2L[13] is essential. In view of the reduced regularity properties of
solutions to (Il), which are due to the singular nature of the forcing term, the
derived a priori error estimates cannot be optimal in terms of approximation.
This motivates the design and analysis of a posteriori error estimates for suit-
able finite element discretizations of (ILI]) on families of conforming and shape
regular meshes. Inspired by [3], we introduce a Ritz projection to control the
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energy norm of the error between the solution of (II]) and its corresponding
finite element approximation. This is the key result to obtain global reliabil-
ity estimates. To provide local efficiency results, we invoke suitable bubble
functions whose construction we owe to [5].

The rest of the paper is organized as follows. In section [2] we introduce
some terminology used throughout this work. In section Bl we introduce the
functional setting in which we will operate and a suitable weak formulation
for problem (LI). We derive existence and uniqueness results for small data;
our main novelty here is that we only assume the domain to be Lipschitz.
Section [] presents basic ingredients of finite element methods and an a priori
error analysis for classical low—order inf-stable finite elements. In section
we devise and analyze local error indicators and a posteriori error estimator.
We derive, in section [5.4] the global reliability of the devised error estimator.
We explore efficiency estimates in section Finally, in section [6, we report
a series of numerical tests that illustrate the performance of the devised a
posteriori error estimator.

2 Notation and preliminaries

Let us fix notation and the setting in which we will operate. Throughout
this work, £2 is an open and bounded polygonal domain of R? with Lipschitz
boundary 02; the convexity of {2 will be imposed only to derive the a priori
error analysis of section If 2" and % are normed vector spaces, we write
Z — % to denote that 2 is continuously embedded in %". We denote by
2" and || - || 2= the dual and the norm of 2", respectively.

For 1 < p < 400, we denote by p/ its conjugate, which is a real number
that satisfies % + % =1.

The relation a < b indicates that a < Cb, with a positive constant C which
is independent of a, b, and the size of the elements in the mesh. The value of
C might change at each occurrence.

3 The model problem
In this section we introduce a suitable weak formulation for problem (I.I]) and

show, under a smallness assumption on the data, existence and uniqueness of
solutions.

3.1 Weak- formulation
Let p € (1,2). We define the product spaces

X =Wy P(02) x LP(Q)/R,  YV:= WP () x LP(2)/R.
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We also define the bilinear forms

a: WiP(02) x Wy (02) = R, a(w, v) ;:/ Vw : Vo, (3.1)
2
by : W(l)’p(.Q) x LP'(£2) = R, by(w,q) = —/ qdivw, (3.2)
2
b_: Wé’p/(ﬁ) x LP(02) — R, b_(v,r) := —/ rdivo, (3.3)
2

and the trilinear form
e (WP x WiP'(2) = R, c(u,w;v) = f/ u@w:Vov. (3.4)
2

With definitions (BI)-(B4) at hand, we introduce the following weak for-
mulation of problem ([LI)): Find (u, ) € X such that

va(u,v)+b_(v,m)+c(u,u;v) = (fo,,v), by(u,q)=0 V(v,q) €Y. (3.5)

Here, (-,-) denotes the duality pairing between W—12(2) := W} (£2)" and
1,p/
WP (02). . B
Since p < 2, we have that Wy?'(£2) — C(£2) and thus that fé, €
W-LP(0). On the other hand, a trivial application of Hélder’s inequality
reveals that, for (w,r) € X and (v,q) € Y, the terms a(w,v), by (w,q), and
b_(v,r) are bounded. The boundedness of the convective term is as follows:

le(u, w;v)| < [JullLe (o) | wllLe (@) [VVlluer o)

< C3, o, IVullLe (o) [Vl (o) VollLe(o),  (3.6)

where Cy,_,, denotes the best constant in the embedding WP (£2) < L (£2),
which holds because p > 1 [2, Theorem 4.12].

Since 912 is Lipschitz, V- : Wy (2) — L"(2)/R, with r € (1,00), is
surjective [T, Theorem 2.6]. We thus have the following inf-sup conditions:

inf u b+(wa q)
0FGELY () /R o _tape W P (02) lall o) IVwllLe ()
inf sup b-(v,1) >y (3.8)
0£rELP (/R _yew v (o) 1T Lo 2) [VOllLe ()

> V- (3.7)

Remark 1 (two dimensions) The boundedness of the convective term (B.6) is
the sole reason why our analysis is restricted to two dimensions. Observe that,
in three dimensions, we only have that WP (2) < L*(£2) for p > 3/2 [2,
Theorem 4.12, Case C] while the solution u to problem (5.4 is sought in
W,P(2) with p < 3/2. Observe also that the related Stokes operator has a
bounded inverse provided p € (3/2 — ,3/2 + ¢), where ¢ = (£2) > 0 [17
Corollary 1.7].
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3.2 Existence and uniqueness for small data

In this section we show, via a contraction argument, that provided the problem
data is sufficiently small, we have existence and uniqueness of solutions. The
contraction argument is rather standard and allows the domain to be merely
Lipschitz; see, for instance, [21, Chapter 2].

To begin with our analysis, we define S : X — Y, NL : X — )’ and
Fe)Y by

<S(ua W)v (’U, q)> = a(uv ’U)+b* (Uv 7T>+b+(uv Q>a <N‘C’(u7 W)a (Ua q)> = C(uv u; ’U),

and (F,(v,q)) = (fd.,v), respectively. With S, AL, and F at hand, we can
rewrite problem (1)) as the following nonlinear functional equation in )’:

S(vu,m) + NL(u,m) = F.

It is immediate that the Stokes operator S is bounded and linear. In addi-
tion, since {2 is Lipschitz, S has a bounded inverse provided p € (4/3—¢,4 + ¢€),
where e = £(£2) denotes a positive constant that depends on {2 [I7, Corollary
1.7]. For p € (4/3 — ¢,2), we can thus define the nonlinear mapping

T: X=X, (vu,7) = T(w,r) := S HF - NL(w,7)).

We shall denote by ||S7!|| the ' — X norm of S~!. Consequently, showing
the existence of a solution for (L)) is equivalent to finding a fixed point of T

We follow [I8] and show existence and uniqueness for sufficiently small
data. To accomplish this task, we define, for K > 0,

By = {w € WyP(2) : divw =0, |[Vw|Lr (o) < K}

and T : WoP(2) — WP () as w — LPrT(w,0), where Pr: X — WP (1)
denotes the projection onto the velocity component.

Proposition 1 (contraction) Let {2 be a Lipschitz domain. Assume that the
forcing term f6, is sufficiently small, or the viscosity v is sufficiently large,
so that

C22p—>p —1y2 1
— ST IS llw-102) < - (3.9)
v 6
Set K := %m . Hence, T1 maps By to itself and it is a contraction
2p—p
mn it.

Proof We begin the proof by showing that 71 maps Bk into itself. Let w € Bg
and v = 71 (w). Then, diveo = 0 and

IS~

v

IS~

K K
VollLr() < 1£0:llw-10(2)+C3, IVwlltr o) < 5 +5 =
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where we have used the definition of K and the smallness assumption (3.9]).
This immediately implies that v € Bx. We now prove that 77 is a contraction.
Let w1, ws € B be such that v; = T3 (w;), with ¢ = 1,2. Then

IS~

IV(v1 = v2)llLr(o) < C3, sy ” (IVw ||Lr ) + [[VwsllLe (o)
o IS~ 2v
: HV('LUl - wQ)HLp(Q) < CQp%p v 302 HS,1|| ||V(’UJ1 - w2)||Lp(Q)

2p—p
- %nwwl —wy) ey (3.10)

This shows that 77 is a contraction and concludes the proof.

We present the following existence and uniqueness result for small data.

Proposition 2 (existence and uniqueness) Let {2 be Lipschitz. Assume
that the forcing term f0. is sufficiently small, or the viscocity v is sufficiently
large, so that B3) holds. If p € (4/3 — ¢,2), where e = £(£2) > 0 denotes a
constant that depends on §2, then there exists a unique solution of ([BH) which
satisfies the estimates

3871
[VullLr o) < §T||f5z|\wf1m(rz) (3.11)

17l ey S IVl o) + IIVulgo @) + 1 £0:llw-100)- (3.12)
The hidden constant is independent of the solution (w, ) and f0,.

Proof Existence and uniqueness of the velocity field follow from Proposition
[ Similar arguments to those elaborated in the proof of BI0) allow us to
obtain (BII). Since V- : WyP(2) — LP(£2)/R is surjective, the existence of a
unique pressure follows from de Rahm’s theorem [8, Theorem B.73]. To obtain

(BI2) we invoke (B.8):

b_(v,m
Inlriy S sup (v, )

——— VYr e LP(Q)/R.
0£vEW P/ (2) VoL (o)

From this estimate, the first equation of problem (3.5), and the estimate (3.0,
for the convective term, we obtain the desired pressure estimate.

We conclude the section with the following inf-sup condition [6]: If p €
(4/3 — €,2), where € = £(£2) > 0 denotes a constant that depends on (2, then

a(w,v)

inf sup =
0FAWEW " (2) 0£ve W' (02) [VwlLe) VUL o)

a(w,v)

inf sup

>0. (3.13)
0£vEW ™ (2) 0£we WL (02) [Vl o) | VVllLe (2
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4 Finite element approximation

We now introduce the discrete setting in which we will operate. We first in-
troduce some terminology and a few basic ingredients and assumptions that
will be common to all our methods.

4.1 Triangulation and finite element spaces

Let .7 = {T} be a conforming partition, or mesh, of {2 into closed simplices
T with size hy = diam(T). Define hy := maxrec s hr. We denote by T the
collection of conforming and shape regular meshes .7 that are refinements of
an initial mesh % [8[14]. We define .7 as the set of internal two dimensional
interelement boundaries S of 7. For § € ., we indicate by hg the diameter
of S. For T' € 7, let 1 denote the subset of . which contains the sides in
. which are sides of T'. We denote by Ng the subset of .7 that contains the
two elements that have S as a side. For T' € .7, we define the stars or patches
associated with an element T as

NT::{TIEy:TﬂTI#@}, N;ZZ{TIEyZyTﬂyT/#@}.

In an abuse of notation, in what follows, by N and NV} we will indistinctively
denote either these sets or the union of the triangles that comprise them.

For a discrete tensor valued function Wz, we denote by [W z - n] the
jump or interelement residual, which is defined, on the internal side S € .
shared by the distinct elements T+, T~ € Ng, by [Wo -n] = Wa|rs -nt +
W 7|r- - n~. Here, n™ and n~ are unit normals on S pointing towards T'*
and T'~, respectively.

4.2 Finite element spaces

Given a mesh 7 € T, we denote by V(.77) and P(.7) the finite element spaces
that approximate the velocity field and the pressure, respectively, constructed
over 7. We assume that, for every p € (1,00), V(.7) € W™ (£2) € WP (2)
and P(7) C L>*(£2)/R C LP(£2)/R. Moreover, we require that V(.7) and
P(T) satisfy the following compatibility conditions [8, Proposition 4.13]: there
exists 8 > 0 such that, for all 7 € T,

. bi(vzr,q7)
inf sup
17€P(T) v rev(7) VU7 L) laz |l Lr (o)
- b_(v7,q7)
inf sup >
17€P(T) v rev(7) VU7 L) laz |l L2

Z/B)
(4.1)

The following particular elections satisfy the aforementioned assumptions; see
[8, Lemma 4.20] and [8, Lemma 4.23].
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(a) The mini—element [8 Section 4.2.4]: Here,

V() ={vy € C(Q):vz|r € [W(D)>VT € T}NWP(2), (4.2)
P(T)={q7 € C(2):qz|r € PL(T) VT € T} N LP(N)/R, (4.3)
where W(T) =Py (T) @B(T) and B(T') denotes the space spanned by local

bubble functions.
(b) The lowest order Taylor-Hood element [8] Section 4.2.5]: In this case,

V(7)={vy € C(2):va|p € [Po(T)2VT € TINWP(2), (4.4)

P(T)={q7 € C(2) : qz|r € P1(T) VT € T} N LP(2)/R. (4.5)
Finally, we introduce the discrete divergence—free finite element space

X(7)={wz € V(7) :by(wz,q7) =0Vq7 € P(T)}. (4.6)

4.3 Finite element formulation

We define the following finite element approximation of problem (&3): Find
(ug,m7) € V(J) x P(T) such that

va(uz,vz)+b_(vy,17)+c(uz,uz;vy) = (fo.,v7),

by(uz,qz) =0, (1)

for all vy € V(7) and qo € P(T), respectively.

4.4 The Stokes projection

Assume that T = {7,} is a collection of conforming and quasiuniform meshes
of £ parametrized by their mesh size hs > 0. The Stokes projection of a
velocitypressure pair (p,1) € W' (£2) x L*(2)/R, with zero divergence
velocity, is defined as the solution to the following problem: Find (¢ #,v% ) €
V(Z) x P(J) such that

a(gog,vy) +b_(’l)9,’l/19) = a(‘Pa”?) +b—(17%1/1)a b+(‘P§aQ9) =0, (48)

for all vz € V(7) and qo € P(T), respectively.
We present the following stability estimate for the finite element Stokes
projection (¢ 5,17 ) of the velocity—pressure pair (¢, ) [1213].

Proposition 3 (stability of Stokes projection) Let £2 C R? be a conver
polygon. Let s € (1,2) and (@, ) € Wé’s(ﬂ) x L*(2)/R with ¢ solenoidal. If
V(T)xP(T) is given by @2)-E3) or @A) -ET), then the Stokes projection
(pg,¥7) € V(T) x P(T), defined as the solution to [LS), satisfies

Ve zlluo) + Wzl S IVellu ) + 1Yl L)
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Proof The proof follows from combining the maximum-norm stability of the
Stokes projection derived in [I3, Theorems 8.2 and 8.4], the basic stability
estimate [|[Vo 7 [L20) + [V 7| 22(0) S [VellLz(o) + ¢l L2(2), and the duality
argument elaborated in [I2, Remark 4].

As a consequence of Proposition B S&, the discrete version of S, is a
bounded linear operator whose inverse S}l is bounded uniformly, in X, with
respect to ho. We will make use of this fact to perform an a priori error
analysis for problem (4.7]).

4.5 A priori error estimates

In this section, and this section only, we will assume that (2 is convex. We also
assume that T = {3} is a family of quasiuniform triangulations of 2. We
begin with the following existence and uniqueness result for small data.

Proposition 4 (well-posedness) Assume that f0, is sufficiently small or
the viscocity v is sufficiently large so that (3.9) with S~ replaced by S}l holds.
Let V(7)) x P(T) be given by @E2)-E3) or @EA)-EH). If p € (4/3 —¢,2),
where € = £(§2) > 0, then there exists a unique pair (ug,rz) € V(T )X P(T)
that solves (A1) and satisfies an estimate similar to that of Proposition [2

Proof Repeat the arguments developed in the proof of Propositions [l and
upon replacing S~! by S}l; the latter being uniformly bounded with respect
to ho.

In what follows we obtain a priori error estimates for finite element dis-
cretizations of problem (B.5]). As a first step, we derive a general approximation
result that states that approximation of a function in W*(£2) from X(.7) is
as good as from V(7).

Lemma 1 (approximation in X(7)) Let p € (1,00) and v € WP (£2) be
such that by (v,qz) = 0 for all gz € P(T). Then, there exist vz € X(T)
such that

V(iv—1v » < inf V(v — P(02), 4.9
V(v —v7)|L (Q)ng{,(y)ﬂ (v—v7)|L (2) (4.9)

where the hidden constant is independent of v and ho .

Proof Let vg € V() arbitrary. In view of the continuous (B.7) and discrete
(@J) inf-sup conditions, we can apply the Fortin criterion [8, Lemma 4.19]
to conclude that there exists wo € V() such that by (wgz,q7) = by (v —
v7,q7), for all g7 € P(7), together with the bound

[Vwz 2 S IV —v7)|Le (o) (4.10)
Define v := v + wo. We can thus immediately obtain that

by(07,q7) =by(v7,97) +by(wa,qz7) =by(v,97) =0 Vgz € P(T),
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where we used that b4 (v,qz) = 0 for all ¢z € P(7). Consequently, vo €
X(.7). Finally, using the triangle inequality and estimate ([@I0), we arrive at

[V(v=07)lLr(2) < VoL + IV -—v7)L@ S IV -v7)l|Lr(2)
The desired estimate (3] thus follows from the arbitrariness of v .
We now present the main result of this section.

Theorem 1 (a priori error estimate) Assume that £, is sufficiently small
or v is sufficiently large so that BE) and [@T) have a unique solution, with
sufficiently small norms. Let V(7)) x P(7) denote the mini—element or the
lowest Taylor—-Hood finite element. If p € (4/3 — €,2), where e = £(2) > 0,
then we have the a priori error estimate

Viu—u ) S inf V(iu—w () + inf T—r P(0)s
[V( 7)lLr2) S IV( 7)lLr(2) L | 7l ()
where the hidden constant may depend on ., v and w, but is independent of
ha.

Proof Denote by (Sgu,Ssm) the Stokes projection of (u, ), which is defined
as the solution to (L8). We write u —ugy = (u — Sgu) + (Sgu — ugy) and
proceed on the basis of three steps.

Step 1. Let (wz,r7) € X(7) x P(F) be arbitrary. Since problem ()
is linear, we obtain, for all (vz,qz) € V(7) x P(T), that

a(Sgu—wz,vy)+b_(vy,Sgn—r7)=alu—wg,vy)+b_(vy,T—T7),
bi(Sgu—-wz,q7)=0=b(u—-wz,q7).

We recall that X(.7) is defined in (4.8]). Notice that, since (Sgu,So ) is the
Stokes projection of (u,n) and wo € X(7), we immediately conclude that

bi(Szu—wz,qz) =0 for every q7 € P(T).
Let us now define (o, ) € WP(£2) x LP(£2)/R as the solution to

a(p,v) +b_(v,¥) =a(lu —wg,v)+b_(v,m—rg) V’UEWé’p/(Q),
bi(p,q) =bi(u—wz,q) VYqe L (02)/R.

Since p € (4/3—¢,2), this problem is well-posed [I7), Corollary 1.7]. In addition,
we have the estimate

IVellrr) + 1¥lzr) S IV(w —wa)llwr ) + |7 =77 ||lr ()

We now utilize the triangle inequality, the fact that (Szu — wo,Szm —r2)
corresponds to the Stokes projection of (¢,1), and the previous estimate to
arrive at

[V(u—=Szu)llLro)+IT=SallLro) S IV(u—wz)|ir@@) + T =77 |lLr ()
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Since (wz,rg) is arbitrary, we conclude that

[V(u — Szu)|lLr (o) + |7 — So7llLr (o)
< inf V(iu—w p() + inf T—r (). (411
S, IV wo)lue+ it =l (@41)
To replace X () by V(<) on the right-hand side of ([@II)) we invoke the
result of Lemma [I]
Step 2. Define eg := Syu —ugy and £z := Sgm — 77. From (@), we
infer that

valez,vz)+b_(v7,{7) = —c(u,u;v7) + c(uzr,ug;vy) Yvgy € V(T),
bi(er,qz) =0 Vqz € P(T).

Invoke the discrete stability of the Stokes projection of PropositionBlto obtain

IVezlLr2) + €712
S (IVullwr@) + IVuz|lwr@) [V(w — uzg)|Le ).

Step 3. Combining the estimates obtained in Steps 1 and 2, we arrive at

V(iu—u. » < inf V(iu—w. p(y+ inf T—T, »

IV( 7 )L (2) S, IV( 7))L (2) o |7 =77 |lLr(2)
+ (IVullr () + IVuz|lLr (@) [V — uz)|Le ).

The assumption that v and w o are sufficiently small allow us to absorb the
last term on the right hand side of this inequality into the left and conclude.

4.6 Interpolation error estimates

Let 7 € T and v € Wé’p'(ﬂ) with pr > 2. Let Zzv be the Lagrange inter-
polation operator onto continuous piecewise polynomials of degree k € {1,2}
over .7 that vanish on 92. We will consider k£ = 1 for approximation based on
mini—element and k = 2 for Taylor-Hood approximation. For v € W(l)’p "(02),
with p/ > 2, we set Zzv to be the Lagrange interpolation operator applied
componentwise and present the following interpolation error estimates.

Lemma 2 (interpolation error estimates) Let T € 7. If v € W1P/(T),
with p! > 2, then
||’U — Iégv”Lp/(T) 5 hT”VU”Lp/(T). (412)

LetT € F and S C Sr. If v € WHP'(Ng), with p/ > 2, then
v = Zavllir sy S hp /P [V lLw ) - (4.13)

Proof See |9, Lemma 1].
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5 A posteriori error estimates

In this section we propose and analyze an a posteriori error estimator for
finite element approximations of the Navier—Stokes problem ([B.3]). We prove
the global reliability of the devised estimator and also explore local efficiency
estimates; the later being based on the existence of a suitable bubble function
whose construction we owe to [5]. To perform a reliability analysis we follow
[3] and invoke, as an instrumental ingredient, a Ritz projection (®,) of the
residuals. The study of the aforementioned Ritz projection is the content of
the following section.
To simplify the presentation, we assume that v = 1.

5.1 Ritz projection

Define e, = v — us and e, = ™ — w4, the velocity and pressure errors,
respectively. The Ritz projection of the residuals is defined as the solution to
the following problem: Find (®,4) € X’ such that

a(®,v) = a(eu,v) +b_(v,ex) + c(u, eu; v) + c(ew, uz;v),

(Y, @) 12(02) = by(ew, q) (5.1)

for all (v, q) € Y. To analyze problem (5.]), we introduce the linear functional
A WP (02) 5 R, v aley,v) +b_(v,ex) + (U, €4;0) + (€, ugz;v).
Notice that
|A(W)| < [[VeullLr () IVVllLr ) + llexll e |l divvllLe o)
+ (llullL2e () IVYllLe () + vz e o)l VUlluer o) lewllue (o),  (5.2)

which, in view of the embedding WP (£2) < L2 (£2), implies that A ¢
W-LP(0).
We present the following stability result for the Ritz projection.

Lemma 3 (Ritz projection) Let 2 be Lipschitz. If p € (4/3 — ¢,2), with
e =¢e(£2) > 0, then, problem (BI)) has a unique solution in X. In addition, we
have

[V®|Lr(2) + [[Yllr2) S IVeullLr(o) + llexllr (o)
+ [[VeullLr (o) ([[Vulrr (o) + [[Vuz e o), (5.3)
where the hidden constant is independent of (®,v), (u, ), and (uz, 7).
Proof Since A € W~1P(02), the inf-sup condition (B.I3) immediately yields
the existence and uniqueness of & € Wy?(£2) together with the estimate
IV®|lLr(2) S [Alw-1r(2) S IVeullLr) + llexllLe (o)
+ [IVeulrr() (IVullLr (o) + IVuz Lo o)) -



FEM discretizations of the Navier—Stokes equations with Dirac measures 13

We now focus on the existence of . Since e, € WP (£2), by (€y,) defines a
linear and bounded functional in L'(£2)/R, an inf-sup condition for (-,-)r2(0)
on LP(£2)/R x LP'(£2)/R yields the existence of a unique ¢ € LP(£2)/R such
that (¢,q)r2(2) = by(ew,q) for all ¢ € LP(2)/R. Moreover, we have that

1V Lr(2) S || divewllLr(o)-
A combination of the derived estimates yields the desired bound (5.3)). This
concludes the proof.

5.2 Upper bound for the error

In this section, we prove that the energy norm of the error can be bounded in
terms of the energy norm of the Ritz projection. To accomplish this task, we
begin by observing that the pair (e,,er) can be seen as the solution to the
following Stokes problem: Find (e, e) € X such that

a(eu’ ’U) + b—(v’ eﬂ') = g(v)’ b+(e‘ua q) = (w’ Q)L2(Q) V(Ua q) €, (54)

where G : W' (£2) — Ris defined by v — a(®, v) —c(u, €4; V) — c(w, uz;v).
It is clear that G € W—1P(£2). In addition, we have

1Gllw-1.r(2) < IVP||Lr(2)
+C3, 0 lIVeullLe o) (| Vullue o) + [[Vuz i), (5.5)

To derive the following result, we assume that the forcing term f§, is
sufficiently small so that

1= [|87HC3,-, (IVullLe(o) + [[Vuz L)) =1 > 0. (5.6)
Lemma 4 (upper bound for the error) Assume that the forcing term fo.

is sufficiently small so that [&.6) holds. If p € (4/3—¢,2), wheree =&(£2) >0
denotes a constant that depends on §2, then

[VeullLr(2) + llexllr@) S IVPlLro) + ¥l Lr(2) (5.7)
where the hidden constant is independent of (u,7), (ug,77), and (D, ).
Proof Since §2 is Lipschitz, p € (4/3 — ¢,2), and G € W~LP(£2), we are

in position to apply the results of [I7, Corollary 1.7] and thus use (E5) to
conclude that

IVeullLr (o) + llexllLr2) < ISTHIIIVRIILr(o) + ¢l Lr(02)
+C3splVeullLe o) (IIVullue o) + Vuz|lu ) -

The desired estimate thus follows from (5.6). This concludes the proof.
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5.3 A posteriori error estimators

In this section we introduce a posteriori error estimators for finite element
discretizations of (7). The estimators depend on which scheme is considered.
To be precise, let T € . If z € T is such that

(i) z is not a vertex of T' or a midpoint of a side of T', when Taylor—-Hood
approximation is considered, or

(ii) zisnot a vertex of T', when the approximation based on the mini-element
is considered, then we define the element error indicator

77p,T = (hg|‘AUQ — (U,g . V)UQ — diVUyUy — Vﬁg”iP(T)

-

+hrll[(Vug —Trz) - nllEyomon + I divuslh,q + B7IFP) . (58)

If z€ T and (@) or (@) do not hold, then

77p,T = (hgﬂHAUQ — (U,g . V)UQ — diVUyUy — Vﬁ9||€p(T)

3 =

+ he||[(Vug —Irz) 0L, omo0) + divu§||ip(T)) - (5.9)

If z ¢ T, then the indicator 7, 7 is defined as in (£9). In (G.8) and (5.9), I
denotes the identity matrix in R?*? and (w4, 7 ) corresponds to the solution
to the discrete problem ([@7)). We recall that we consider our elements 7' to be
closed sets. The a posteriori error estimators are thus defined by

Mp = (Z nS,T> . (5.10)

TeT

5.4 A posteriori error estimates: global reliability

In what follows we obtain a global reliability property for the a posteriori error

estimators (B.10)).

Theorem 2 (global reliability) Let (u,7) € X be the solution of (B3]
and (ug,mz) € V(T) x P(T) its finite element approzimation given as the
solution of ([A1). Assume that the forcing term fo, is sufficiently small so
that 39) holds. If p € (4/3 —¢,2), where e = €(£2) > 0, then

[VeullLro) + llexllLe@) S mps (5.11)

where the hidden constant is independent of (u,n), (uz,m7), the size of the
elements in 7, and #7 .
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Proof We proceed in three steps.
Step 1. Let (v,q) € Y. Since (®,¢) € X and (u,7) € X solve (G.I)) and
B3), respectively, an elementwise integration by parts yields the identity

a(P,v) = (fo,,v) + [((Vug —Inz) -n]-v
> [ivus —irs

+ Z /(Aug—(ug-V)ug—divuguy—Vﬂy)-v. (5.12)
Teg’T

On the other hand, the first equation of problem (7)) can be rewritten as
(foz,v7) —aluz,vz) —b_(vy,77) —c(ug,ug;vy) =0 Yoz € V().

Set vy = Tz v, the Lagrange interpolation operator applied componentwise.
Notice that, since p/ > 2, functions in Wé’p '(£2) are continuous and thus the
Lagrange interpolation operator is well-defined on W{™ (£2). Subtract the
obtained identity from (5I2]), and invoke, again, an elementwise integrating
by parts formula to arrive at

a(P,v) = (fo,,v—Tav)+ Z /[[(Vug —Irgz)-n]- (v—Isv)
ses’S
+ Z (Aug — (ug - V)ugy —divugusy — Vrg) - (v—Tgv)
Teg’T
T+ I+, (5.13)

where we have used that, for S € ., the term [([(Vug —Irz)-n]-(v—Z7v)
vanishes. This is a consequence of the fact that the discrete functions belonging
to our finite element velocity spaces are continuous functions.

We now control each term separately. We begin by bounding the term I.
Notice that, if z € T is such that (i) or () do not hold, then (v — Zzv)|, =
0. Otherwise, we invoke the W?'(§2)-regularity of v and a basic L>—error
estimate for Zo to obtain

I= - (v - Z70)(2) S |flllv = Zovlucry S by Y1 FIIVOlLo ).

To control II, we invoke Holder’s inequality and estimate (£I3). We thus
obtain

IIs Z [[(Vug —Inz]) - nllLes)llv — Zovles)
Se

1—1
<N h PI(Vug —Inz) - nlllues) | Vol o) -
Se.s



16 Felipe Lepe et al.

Finally, we bound the remaining term ITI. To accomplish this task, we invoke,
again, Holder’s inequality and then the error estimate (£I12)). These arguments
yield

IIT < Z |[Aug — (ug - V)ug —divusus — Vrz| i) llv — Zav|ver),
TeT

< Z hr||Aug — (uz - V)ug —divugus — VgL || VOl L (1)
TeT

Now, since p € (4/3 — €,2), with ¢ = ¢(£2) > 0, we are allowed to invoke
the inf-sup condition B.I3) to arrive at

a(®,v
[Vl s sup A
0£vVEWL P (02) [VollLer(2)

Utilize identity (5.I3)), in conjunction with the bounds for I, IT, and ITI, that
have been previously obtained, and the finite overlapping of stars, to conclude
that

HV@HLP(Q) S Mp-

We recall that 7, is defined as in (5.10).

Step 2. The goal of this step is to bound [|9||1»(g). To accomplish this
task, we first define ¢ := [¢[P~ sign(y) — [2|7* [, [¢[P~ sign(v). Notice that
Joa=0and

p!

< ClIIZ,

[ s = ol [ | o sien

where € = | 2[5, Consequently, ¢ € L(@)/R and gy < 1911550,
We are thus allow to set ¢ = [P~ !sign(y) — 2|71 [, [P~ 'sign(v)) in the
second equation of (B.I)). This yields

Hw”zzp(_()) = (1/}5 q)LQ(Q) = b+(eu7 Q)
= *b+(U9,Q) < || diVUﬂHLv(Q)HQHLv/(Q) < || diVUﬁHLP(Q)”wH?p(Q)'
Notice that we have used that [, = 0, which yields ||1/1H1£p(9) = (¥, @) 12(0)-
Utilize that p — p/p/ = 1 to arrive at [|¢||Lr(2) S | divug| ir(0)-
Step 3. Apply estimate (5.7) and the bounds for || V®||Lr (o) and [[¥| 1r(o)

obtained in Steps 1 and 2, respectively, to arrive at the a posteriori error
estimate

[VeullLro) + llexllr2) S IVl + 1¢lLe2) S mp-

This is where the smallness assumption (5.6]) is needed. This concludes the
proof.



FEM discretizations of the Navier—Stokes equations with Dirac measures 17

5.5 A posteriori error estimates: local estimates

We now proceed to investigate local estimates for the indicators 1, r defined
in (B.8)-(E9). To accomplish this task, we introduce the following notation:
for an edge or triangle G, we denote by V(G) the set of vertices of G. With
this notation at hand, we define, for T' € 7 and S € ., the standard element
and edge bubble functions [22[24]

or=27 [ N ws=4 [[ Mlr» T CNs,
vev(T) vev(s)

where )y corresponds to the barycentric coordinates of T'. Recall that Ng
corresponds to the patch composed of the two elements of 7 sharing S. We
also introduce the following bubble functions, whose construction we owe to
[B]. Given T € .7, we define

or(@) =l itz e
= T . 4
¢r() {QDT(JC), if2&T. (5:14)

Given S € %, we introduce the bubble function ¢g as

@S(x)‘mng, if z € Ng,
= 5 . 5.15
#s2) {ws@), if > ¢ . (>:19)

Here, /\Qfs denotes the interior of Ng. We recall that the Dirac measure ¢, is
supported at the point z € §2. It can thus be supported on the interior, an
edge, or a vertex of an element T' € 7.

Given S € .7, we introduce the continuation operator IT : L>®(S) —
L>*(Ns) as defined in [23] Section 3]. This operator maps polynomials onto
piecewise polynomials of the same degree. With this operator at hand, we
present the following result whose proof can be found in [9, Lemma 3]. We
notice that, due to the presence of the convective term, the polynomial degree
needs to be suitably modified in order to be able to handle both the mini—
element and the lowest degree Taylor-Hood elements.

Lemma 5 (bubble function properties) Let r € (1,00), T € 7, S € &,
and m € N. Then, the bubble functions ¢ and ¢g satisfy

7 lwm.rry S hQT/T_m- (5.16)

In addition, if v |y € [P5(T)])? and wa|g € [P3(S)]?, then

lvz i@y S lvaopllvr ) S vzl @, (5.17)
|lwz|lLrs) S lwzdsllus) S lwzllus), (5.18)

1
loslwz |-y S hpllwallrs)- (5.19)



18 Felipe Lepe et al.

With all these ingredients at hand, we are in position to investigate local
estimates for the indicators 7, 7.

Theorem 3 (local estimates) Let p € [4/3,2). Let (u,m) € X be the so-
lution of problem BI) and (ug,mg) € V() x P(T) its finite element
approximation obtained as the solution to [&1). Assume that the forcing term

6. is sufficiently small so that (5.6l holds. Then

—2/3
775,T S HveuHip(NT) + ||€W||Z£p(NT) + hp / HeuHip(NT)a (5.20)

where the hidden constant is independent of the continuous and discrete solu-
tions, the size of the elements in the mesh 7, and #.7 .

Proof To simplify notation, we define
RT = (A’u,y — (’u,y . V)’u,y — diV’ngUy — Vﬁg)h*, TT = ¢TRT7 (5.21)

where ¢r denotes the bubble function defined in (514]). With these definitions
at hand, we proceed on the basis of five steps.
Step 1. Let T' € 7. The goal of this step is to bound h’}HRTH{p(T) in

ER)-E3). As a first step, we invoke (B.I7) to obtain the basic estimate

1
nm%msmmmmféarn. (5.22)

To explore the term [ Ry - X, we observe that X7 (z) = ¢r(2)Rr(z) =0
and that, for S € 7, Y1g = 0. We thus set v = T'r in (EI2) to obtain

/ RT . TT = a(sﬁ, TT)
T

It thus suffices to bound the term a(®, Y 7). To accomplish this task, we first
notice that from assumption (B.0)), the following estimate can be derived:

l1—n
[VullLe o) + [Vuz i o) < 5= : (5.23)
) = s-Tcs,,

We thus invoke the first equation in problem (51 with v = X1 to obtain

a(®,T7) < (IVeullLrry + lexll o) IV ||e (1)
+ ([lulluseryllewllLery + lewllem luz s ) IV rllLer),  (5.24)

where we have also used that suppY'r C T. Here, s is such that 1/s+1/3p+
1/p = 1. Notice that, since p > 4/3, we have WP (§2) < L3P(£2) [11, Theorem
I1.3.2]. In what follows we control ||VY'r|ye(7), where Y7 = ¢rRr. Invoke
Lemma [B] and standard inverse inequalities to arrive at

VY7o ry S llor VR ||Ler(ry + [[VOTRr||Ler (1)
< b2 Rl ey S bt b3 P [ Relliaer).  (5.25)



FEM discretizations of the Navier—Stokes equations with Dirac measures 19

Similarly, [|[VY7|lLs(r) S h;thT/571||RT||L2(T). Replacing (5.25) and the pre-
vious estimate into (5.24]) and the obtained estimate into (5.22)), we obtain

_ 2 —1
IRTI22r) S (IVeulloiry + lenll o) bz hy P R [ler)
2/s—2
+lewlwo s IRrllieer).  (5.26)

The inverse inequality ||Ror||Le () S hQT/p71||RT||L2(T) thus yield

- -1-2/3
IRz llLs(ry S b (IVeulluocr) + llenlloer)+h' ™ ¥ lleulluory,  (5:27)

which immediately implies that

—2/3
hg||RT||€P(T) 5 HveuH{p(T) + ||67T||ip(T) + hT / |

|eu||ip(T). (5.28)
Step 2. We now control the term hr||[(Vug — Inz) - n]|ur(s) for S € A7
and T € 7. To simplify the presentation of the material, we define Jg :=
[(Vug —Irg)-n] and Ag := ¢gJs, where ¢g is the bubble function defined
in (BI5). As a first step, we invoke (B.I8) to obtain

1
F512cs) < 9503 sy = [ T5- . (529)
Set v = Ag in (B.12) and use that Ag(z) =0 to arrive at
/JS'ASZG@,AS)* Z Ry - Ag,
S T'eNs [

where Ry is defined as in (5:2I]). Notice that supp(Ag) C Rg := supp(¢s) C
{T" : T' € Ng}. We thus invoke similar arguments to the ones that yield

B24)) to obtain

/SJS'ASS Y IVl [V As Loy + [ R |y | As e )
T'CNs

Y |:(||veu||LP(T’)+||€7T||LP(T/))||VAS||LP/(T/)+||RT’||LP(T’)||AS||LP/(T’)
T'CNs

+ (lullwse (o lewllr () + lewllLe (1w s () ||VAS||LS(T'>]-

Inverse inequalities and (27)) yield the estimate

/JS'ASS > {h;’l(nveuHL”(T’)+||67rHLP(T’))HASHLP’(T’)
S T'eNs

—-1-2/3 2/s—2/p'—1
+ (2P lewlluoqry + 30 lewluoan ) 148l (rry | (5:30)
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Next, || As||Ler () S th/,p/HJSHLp/(S), which follows from (.19), and [|Js || (s) S
th/,p/_l/2||JS||L2(S) yield, on the basis of (529) and (5.30), the estimate

—1/p, 1/pi—1/2 1/p
Msleas < D [hT/”hT/P’ 2 (IVeal vy + llexllfonirr)
T'eNs

—3/2—2/3p+2/p’ 2/s—3/2
+hp 2 el + BT leullio i |

Finally, we invoke the inequality ||Jg||lre(s) S th//p_l/QHJSHLz(S) to obtain
—2/3
b3y S D0 [IVeulluirn + lexlhmin+hrs leallfsi | - (5:31)

T'eNs
Step 3. Let T' € 7. The estimate of the term || divuz||z»(7) is as follows:
I diV’ugHLp(T) = || div euHLp(T) < ||veu||Lp(T). (5.32)

Step 4. We now bound the term hi ?|f[P in (58). Let T € 7. I TN {z} =0,
the desired estimate ([0.20) follows directly from (52]), (31), and (E32). If
TN{z}# 0, and @) and (@) hold, 7, 7 contains the term A3 ?|f|P. To control
such a term, we invoke the smooth function p constructed in [Bl Section 3],
which is such that

Sy =supp(p) CNr, u(z)=1, |plr=s,) =1, [IVullpes,) S hr'
In addition, the function p satisfies the following estimates:

Il oy S BEYS IVEl vy S B Nlloresy S hEP. (5.33)

Set v = v, = p|f[P~'sign(f), where sign(f) must be understood as the
componentwise sign function of f, as a test function in (8H). Since (u,7) and
(@, 1)) solve problem ([BE) and (B respectively, we obtain

[FIP = a(w,v,) + b (v, 7) + c(u, u;vy,)
=a

(@,v,) ta(ug,vy) +b (v, 77) + c(ug, uz;v,).

Since supp(p) C N, similar arguments to the ones used in the previous steps
allow us to derive the estimate

17 S (IVeullur vy Hlexll Lo v DIV Ol vy Fllewlle v [ VOulle (v

+ Z IR lLe (7 |vp e (rry + Z [IsllLes)llvpllie sy | - (5.34)

T'eT Se.s
T'CNr SCONT
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We then apply the properties of u stated in (533) to obtain

F1P S [P (IVeuloq) + lexllzo)) + 2" euluon | 1F77!

+ 30 | IR ey + > h IsllLaes) | 1FP7Y (5.35)

T'eT Se.s
T'CNr SCONT

Invoke (527)) and (B3T) to conclude

1-2 2/s—2/p’
hr 7181 S Y (IVeulluoy + leall o +h2 ™ lleullunr)
T'eNT

which immediately implies the desired bound

2— —2/3
S S (IVealur +llexluim + b lealfui ) - (5:36)
T eNT

Step 5. Finally, by gathering estimates (5.28), (5.31), (£32) and (B34), we

arrive at the desired estimate (B.20). This concludes the proof.

6 Numerical Experiments

In this section we conduct a series of numerical examples that illustrate the
performance of the devised a posteriori error estimator (5.10). The numerical
examples have been carried out with the help of a code that we implemented
using C++. All matrices have been assembled exactly. The right—hand sides of
the assembled systems, the local indicators, and the approximation errors, are
computed by a quadrature formula which is exact for polynomials of degree
19. For simplicity, in all the experiments that we have performed, we have
taken the kinematic viscosity to be equal to one.

For a given partition .7, we seek (uz,m7) € V() x P(7) that solves
(@) on the basis of the discrete spaces (£4)—(H). We thus calculate the local
error indicators 1, 1, defined in (B.8)—(E9), in order to drive the adaptive mesh
refinement procedure described in Algorithm [l A sequence of adaptively
refined meshes is thus generated from the initial meshes shown in Figure [l
The total number of degrees of freedom is Ndof := dim(V (7)) + dim(P(.7)),
where (V(7),P(7)) is given by ([@4)—(A35).

In the experiments that we perform we go beyond the presented theory and
include a series of Dirac delta sources on the right-hand side of the momentum
equation. To be precise, we replace the forcing term in the first equation of ([B.3])
by Ztep f6:. Here, D denotes a finite ordered subset of {2 with cardinality
#D and {f,}tep C R% Within this setting, the following a posteriori error
estimator can be proposed:

=

G = (Z 45,T>

TeT
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Algorithm 1: Adaptive algorithm.

Input: Initial mesh 5, set of Dirac points D, vectors {f,}+ep, and the index p.

Set: i = 0.

1: Solve the discrete system (£7)) by using a fixed point algorithm.

2: For each T' € .7; compute the local error indicator n, 7 defined in (G.8)-E3);

3: Mark an element T for refinement if ng’T > % maxrre g, ng’T,;

4: From step 3, construct a new mesh 7,41 using a longest edge bisection algorithm.
Set i < i+ 1 and go to step 1.

Fig. 1 The initial meshes used in the adaptive loop of Algorithm[[when {2 is a two dimen-

sional g—shaped domain (Example 1) and a two dimensional L-shaped domain (Example
2).

For each T' € 7, (1 is defined as follows: If ¢ € DNT and (@) or (i) hold,
then

Cpr = (h’}HAUg —(ug -Vug —divuguy — VﬂyHip(T)

T e (Vg —Tng) - nllL, oo + Idivas (2, o,

+ Y BIA)T (6

teDNT

Ifte DNT and (@) or (@) do not hold, then

Cp,T = (hz%HA’u,y — (’U,y NVug —divugugs — Vﬂ'y”iz)(m
+hr (Vg —Trz) - n]l o0 + Idives )7 (6:2)

If TND = 0, then the indicator is defined as in (G.2). Notice that, when
#D = 1, the total error estimator ¢, coincides with 7,, the estimator defined
in (5I0). Depending on the test, we may use ([6.I)—([6.2]) instead of (B.8)—(E9)
in Algorithm [Ilin order to account for the forcing term >, 5, f;0:.

We perform two—dimensional examples on polygonal but nonconvex do-
mains with different number of source points. To accomplish this task we
use the adaptive procedure described in Algorithm [Il To solve the discrete
problem ([&.T]) we employ the Taylor—Hood finite element pair given as in (£4)—

(E35).
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6.1 Example 1: g-shaped domain

The first test that we report is posed on a L-shaped domain with a rectangular
obstacle. We will simply refer to such a domain as a g-shaped domain. To make
matters precise, we let 2 = (1,1.5) x (0,1.5] U ((0,1.5) x (1.5,3) \ [0.5,1] x
[2,2.5)),

D = {(1.25,2.25), (0.75,2.75), (0.25,2.25), (0.75,1.75), (1.25,0.75)},

f(1.25,2.25) = 0-027f(0.25,2.25) = 0-027f(0.75,2.75) = —0.03, f(0.75,1.75) = —0.03
and f (1 95,0.75) = 0.04. The purpose of this example is to investigate the perfor-

mance of the error estimator ¢, for different values of the integrability index p.
In particular, we consider p € {1.1,1.3,1.5,1.7}. Notice that the exact solution
to this problems is unknown.

In Figure2we present the results obtained for Example 1. We observe, from
subfigure (A), optimal experimental rates of convergence for the error estima-
tor (, for all the values of the integrability index p considered. In subfigures
(B) and (C) we present the finite element approximations of |u | and 75 ob-
tained after 20 adaptive refinements of the corresponding initial mesh shown
in Figure [T} the 20th adaptive mesh has 24238 elements and 12315 vertices. In
subfigures (D), (E), and (F) we show the adaptive meshes obtained after 28
iterations of our adaptive loop for p = 1.3, p = 1.5, and p = 1.7, respectively.
It can be appreciated that most of adaptive refinement is being concentrated
around the points ¢ € D where the Dirac measures are supported. Adaptive
refinement is also being performed at the re-entrant corners of the domain,
specially for small values of p. We also show, in subfigures (G), (H), and (I),
the streamlines of the velocity field ws obtained after 22 iterations of our
adaptive loop with p = 1.3 (11922 elements and 6091 vertices), p = 1.5 (3562
elements and 1831 vertices), and p = 1.7 (1697 elements and 870 vertices),
respectively.

6.2 Example 2 (L-shaped domain)

We let 2 = (0,1)%\[0.5,1)x(0,0.5], D = {(0.25,0.25), (0.25,0.75), (0.75,0.75)},
and f (0 25,0.25) = £(0.25.0.75) = F(0.75,0.75) = (1,1). In this example we investi-
gate, once more, the effect of varying the integrability index p by considering
pe{1.1,1.3,1.5,1.7}.

In Figure [B] we present the results obtained for Example 2. From subfig-
ure (A) we observe that, for the different values of p that we consider, opti-
mal experimental rates of convergence are attained for (,. Subfigures (B) and
(C) show the finite element approximations of the magnitude of the velocity
and the pressure, respectively. In subfigures (D), (E), and (F) we present the
adaptive meshes obtained after 20 iterations of our adaptive loop for p = 1.3,
p = 1.5, and p = 1.7, respectively. It can be observed that the refinement is
being concentrated around the points that support the Dirac measures and to
a lesser extent about the re-entrant corner.
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Fig. 2 Example 1: Experimental rates of convergence for the error estimator ¢, for p €
{1.1,1.3,1.5,1.7} (A); the finite element approximations of |u g | (B) and w5 (C) obtained
on the 20th adaptively refined mesh for p = 1.1; adaptively refined meshes obtained after
28 iterations of our adaptive loop with p = 1.3 (D), p = 1.5, (E) and p = 1.7 (F); and
streamlines of the velocity field u & obtained after 22 adaptive refinements for p = 1.3 (G),
p =15 (H), and p = 1.7 (I).
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