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FRACTIONAL SEMILINEAR OPTIMAL CONTROL: OPTIMALITY
CONDITIONS, CONVERGENCE, AND ERROR ANALYSIS*
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Abstract. We adopt the integral definition of the fractional Laplace operator and analyze an
optimal control problem for a fractional semilinear elliptic partial differential equation (PDE); control
constraints are also considered. We establish the well-posedness of fractional semilinear elliptic PDEs
and analyze regularity properties and suitable finite element discretizations. Within the setting of our
optimal control problem, we derive the existence of optimal solutions as well as first and second order
optimality conditions; regularity estimates for the optimal variables are also analyzed. We devise
a fully discrete scheme that approximates the control variable with piecewise constant functions;
the state and adjoint equations are discretized with continuous piecewise linear finite elements. We
analyze convergence properties of discretizations and derive a priori error estimates.
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1. Introduction. In this work we are interested in the analysis and discretiza-
tion of a distributed optimal control problem for a fractional, semilinear, and elliptic
partial differential equation (PDE). To make matters precise, we let 2 C R™ be an
open and bounded domain in R™ (n € {2, 3}) with Lipschitz boundary 92; additional
regularity requirements on 02 will be imposed in the course of our regularity and
convergence rate analyses ahead. Let us introduce the cost functional

(1.1) J(u, 2) ::/QL(:r,u(x))der%/Q|z(x)|2d:z:,

where L : Q x R — R denotes a Carathéodory function of class C? with respect to
the second variable and o > 0 corresponds to the so-called regularization parame-
ter. Further assumptions on L will be deferred until section 2.1. In this work, we
shall be concerned with the following PDE-constrained optimization problem: Find
min J(u, z) subject to the fractional, semilinear, and elliptic PDE

(1.2) (—A)Y’u+a(,u) =zin Q, u=0in Q°,

and the control constraints a < z(z) < b for a.e. z € Q. Here, Q¢ = R™\Q). The control
bounds a,b € R are such that a < b. Assumptions on the nonlinear function a will
be deferred until section 2.1. We will refer to the previously defined PDE-constrained
optimization problem as the fractional semilinear optimal control problem.

For smooth functions w : R™ — R, there are several equivalent definitions of the
fractional Laplace operator (—A)® in R™ [24]. Indeed, (—A)?® can be naturally defined
by means of the following pointwise formula:

(1.3) (=A)w(z) = C(n,s)p.v./ Mdy, C(n,s) = m’

|z —y[n+2e

n
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where p.v. stands for the Cauchy principal value and C(n, s) is a positive normaliza-
tion constant that depends only on n and s. Equivalently, (—A)® can be defined via
Fourier transform: F((—A)%w) (&) = [£]* F(w)(€). A proof of the equivalence of these
two definitions can be found in [25, section 1.1]. In addition to these two definitions,
several other equivalent definitions of (—A)® in R™ are available in the literature [24].
Regarding equivalence, the scenario in bounded domains is substantially different. For
functions supported in €, we may utilize the integral representation (1.3) to define
(—A)*. This gives rise to the so-called restricted or integral fractional Laplacian. No-
tice that we have materialized a zero Dirichlet condition by restricting the operator to
acting only on functions that are zero outside 2. We must immediately mention that
in bounded domains and in addition to the restricted or integral fractional Laplacian
there are, at least, two other nonequivalent definitions of nonlocal operators related to
the fractional Laplacian: the regional fractional Laplacian and the spectral fractional
Laplacian; see [8, section 2] and [22, section 6] for details. In this work, we adopt the
restricted or integral definition of the fractional Laplace operator (—A)®, which, from
now on, we shall simply refer to as the integral fractional Laplacian.

During the very recent past, there has been considerable progress in the design and
analysis of solution techniques for linear problems involving fractional diffusion. We
refer the interested reader to [9, 14] for a complete overview of the available results and
limitations. In contrast to these advances, the numerical analysis of PDE-constrained
optimization problems involving (—A)® has been less explored. Restricting ourselves
to problems that consider the spectral definition, we mention [4, 17, 29] within the
linear-quadratic scenario, [5] for optimization with respect to order, [30, 32] for sparse
PDE-constrained optimization, and [31] for bilinear optimal control. We also mention
[7], where the authors analyze, at the continuous level, a semilinear optimal control
problem for the spectral and integral fractional Laplacian. Concerning the integral
fractional Laplacian, it seems that the results are even scarcer; the linear-quadratic
case has been recently analyzed in [15, 20]. We conclude this paragraph by mention-
ing [3, 16] for discretizations of optimal control problems involving suitable nonlocal
operators and [27] for a related fractional optimal control problem.

In addition to this exposition being the first one that studies numerical schemes
for semilinear optimal control problems involving the integral fractional Laplacian, the
analysis itself comes with its own set of difficulties. Overcoming them has required
us to provide several results. Let us briefly detail some of them:

(i) Fractional PDEs: Let s € (0,1), n > 2, r > n/2s, and z € L"(Q2). We
show that (1.2) is well-posed for a = a(z, u) being a Carathéodory function,
monotone increasing in u, satisfying (3.2) and a(-,0) € L"(9Q) (Theorem 3.1).

(ii) Finite element discretizations: We prove convergence of finite element dis-
cretizations on Lipschitz polytopes and obtain error estimates on smooth
domains, the latter under additional assumptions on a and the underlying
forcing term that guarantee the regularity estimates of Theorem 5.1; see
section 5.

(iii) Ewistence of an optimal control: Assuming that, in addition, L = L(x,u) is
a Carathéodory function and a and L satisfy (4.3), we show that our control
problem admits at least a solution; see Theorem 4.1.

(iv) Optimality conditions: Let n € {2,3} and s > n/4. Under additional assump-
tions on a and L, we derive second order necessary and sufficient optimality
conditions with a minimal gap; see section 4.3.

(v) Regularity estimates: Let n > 2 and s € (0,1). We obtain regularity prop-
erties for optimal variables: @, p, z € H*T1/27¢(Q), where € > 0 is arbitrarily
small; see Theorem 4.10.
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(vi) Convergence of discretization and error estimates: Let n > 2 and s € (0,1).
We prove that global solutions of discrete optimal control problems converge
to a global solution of the continuous one and that strict local continuous
solutions can be approximated by local discrete ones; see Theorems 7.2 and
7.3. When n € {2,3} and s > n/4, we derive error estimates; see Theorem
7.5. To obtain these results we have assumed that solutions to finite element
discretizations of (1.2) are uniformly bounded in L (£2).

Over the last 20 years, several contributions have delineated the numerical analy-
sis of semilinear optimal control problems. Without a doubt, these studies have paved
the way for the achievement of the aforementioned results. In particular, we have fol-
lowed [37], for the analysis of (1.2) and the optimal control problem; [12], for deriving
second order optimality conditions; and [10, 11, 12], for analyzing convergence prop-
erties and deriving error estimates.

The rest of the paper is organized as follows. In section 3, we analyze the frac-
tional state equation (1.2). A complete study of the fractional semilinear optimal
control problem is presented in section 4. In sections 5 and 6, we study finite element
discretizations for (1.2) and the so-called adjoint equation, respectively. Section 7 is
dedicated to the analysis of finite element discretizations for the fractional semilinear
optimal control problem: convergence and error estimates.

2. Notation and preliminaries. Let us begin by presenting the main notation
and assumptions we shall operate under. For n > 2, we let Q C R™ be an open and
bounded domain with Lipschitz boundary 9f2; we will impose additional assumptions
on n and 0 when needed. We will denote by ¢ the complement of Q. If X and
Y are normed spaces, we write X < ) to denote that X is continuously embedded
in Y. Let {x,}22, be a sequence in X. We will denote by z,, — z and z,, — =
the strong and weak convergence, respectively, of {x,}22 ; to . The relation a < b
indicates that a < Cb, with a positive constant C that does not depend on either a,
b, or the discretization parameters but that might depend on s, n, and 2. The value
of C' might change at each occurrence.

2.1. Assumptions. We will operate under the following assumptions on a and
L. We must, however, immediately mention that some of the results obtained in this
work are valid under less restrictive requirements; when possible we explicitly mention
the assumptions on a and L that are needed to obtain a particular result.
(A1) a: QxR — R is a Carathéodory function of class C? with respect to the
second variable and a(-,0) € L"(Q2) for r > n/2s.
(A.2) 22(z u) >0 for a.e. x € Q and for all u € R.

ou
(A.3) For all m > 0, there exists a positive constant Cy, such that

2

>

i=1

0%a 0%a

dta 9 = 28
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7(1'7114)
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< Cn, ‘ <x,w>‘ < Culo - u]

for a.e. € Q and u,v,w € [-m, m].

(B.1) L: QxR — R is a Carathéodory function of class C? with respect to the
second variable and L(-,0) € L}(Q).

(B.2) For all m > 0, there exist ¢y, ¢m € L"(2), with r > n/2s, such that

0?L

OL
< Ym(x), W(axu)

5

for a.e. € Q and u € [—m, m].

(z,u) < Pm(x)
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The following assumptions are particularly needed to derive regularity estimates:
(C.1) a(-,0) € L2(Q) N Hz—¢(Q) and 22(-,0) € H(Q) for every B < .
(Qmpmemwm>0mﬁue[mmL%()eL%mmH%+qm.

n (C.1) and (C.2), € > 0 denotes an arbitrarily small positive constant.

2.2. Function spaces. For any s > 0, we define H*(R"), the Sobolev space of
order s over R”, by [36, Definition 15.7]

H*(R™) := {v € L2(R™) : (1+ [€)2)/2F(v) € LQ(R”)} .

With the space H*(R") at hand, we define H*(£2) as the closure of C§°(Q2) in H*(R™).
This space can be equivalently characterized by [26, Theorem 3.29]

(2.1) H*(Q) = {v|q : v € H¥(R™), supp v C Q}.

When 99 is Lipschitz H*(Q) is equivalent to H*(Q) = [L?*(2), H}(Q)]s, the real
interpolation between L?(Q2) and H}(Q) for s € (0,1) and to H*(Q) N H}(Q) for
s € (1,3/2) [26, Theorem 3.33]. We denote by H—*(Q) the dual space of H*(Q) and
by (-,-) the duality pair between these two spaces. We define the bilinear form

0 Aww- SO [ ) —ul)

|LL’ _ |n+2s

and denote by || - ||s the norm that A(-,-) induces, which is just a multiple of the
H?(R™)-seminorm: ||v||s = v/ A(v,v) = €(n,s |U|HS(]R17.), where €(n, s) = y/C(n,s)/2.

We will repeatedly use the following continuous embedding: H*(Q) — LI(Q) for
1 <q<2n/(n—2s) [2, Theorem 7.34]; observe that n > 2s. If q < 2n/(n — 2s) the
embedding H*(2) — L9(§) is compact [2, Theorem 6.3].

3. The state equation. Let f € H~°(2) be a forcing term. In this section, we
analyze the following fractional, semilinear, and elliptic PDE:

(3.1) A(u,v) + (a(-,u),v) = (f,v) Yo e H* Q).

Here, a = a(z,u) : & x R — R denotes a Carathéodory function that is monotone
increasing in u. In addition, we assume that, for every m > 0, there exists

(32) om € LY(Q):  |a(z,u)| < |om(2)| ae. 2 € Q, u € [-m,m], t=2n/(n+2s).

We present the following existence and uniqueness result.

THEOREM 3.1 (well-posedness of fractional and semilinear PDEs). Let n > 2,

€ (0,1), and r > n/2s. Let Q C R™ be an open and bounded domain with Lipschitz

boundary. If f € L"™(Q), a satisfies (3.2), and a(-,0) € L"(Q), then problem (3.1)
admits a unique solution u € H5(Q) N L>®(Q). In addition, we have the estimate

(3-3) |ul e @ny + llull=@) S 1f = al-, 0)llr@

with a hidden constant that is independent of u, a, and f.

Proof. We proceed in four steps.
Step 1. Let us assume, for the moment, that, in addition, there exists ¢ € L'(Q)
such that |a(z,u)| < |p(z)| for a.e. z € Q and u € R and that a(-,0) = 0. Define the

mapping
A:H(Q) — H*(Q):  (Au,v) = A(u,v) + (a(-,u),v) Yve H(Q).
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Since A is bilinear, continuous, and coercive on H*(Q) x H*(Q) and a = a(x,u) is
globally bounded and monotone increasing in w, it is immediate that 2 is well-defined,
monotone, and coercive. In addition, since a = a(z,u) is continuous in u for a.e. x € Q,
dominated convergence yields the hemicontinuity of 2. Existence and uniqueness of
u € H*(Q) follows from the main theorem on monotone operators [40, Theorem 26.A],
[35, Theorem 2.18]. Set v = u (3.1) to obtain |u|gsmn) < || fllH-+ ()

Step 2. Define, for k > 0, v, by vi(x) = u(z) —k if u(z) > k, vg(x) =0 if |u(z)] <
k, and vi(z) = u(z) + k if u(x) < —k. We also define the set

O(k) :={z € Q:|u(x)| > k}.

Since a = a( ,u) is monotone increasing in u and a(-,0) = 0, we have (a(-,u),v;) =
Jo a( vg(z)dr > 0. This yields A(u,vg) < (f,vg). The relations and in-
equahtles (2 2 )—(2.30) in [6] reveal that A(vg,vg) < A(u,vg). We can thus obtain
llokll2 = A(vk, vk) < (f,vi). Define q := 2n/(n — 2s). Thus, for t < 2n/(n — 2s),

1 — — —
il Za ey < [oklEre ey S lokllLa@ QB fllLr@), a7 +r 7+t =1.

On the other hand, [[vx[|7q ) = [ou) [ve(@)[%dz = [o, llu(z)| — k['dz. Let h > k,
then Q(h) C Q(k) and fﬂ(k) [lu(z)] — k|9dx > (h — k)92 ( )|. Consequently,

(h — E)Q(R)]7 < |logllz

1
Loy S QRN fllr@)-

Since q/t > 1, an application of [23, Lemma B.1] yields the existence of h > 0 such
that [Q(h)| = 0, which implies that v € L>(Q) and [Jul|p~() S [|fllzr@)-

Step 3. We relax the assumption of Step 1. Define, for k& > 0, ax by ax(z,u) =
alx, k) if u > k, ap(z,u) = a(z,u) if |u| < k, and ag(z,u) = a(z,—k) if u < —k.
In view of (3.2), there exists ¢ € L'(f2) such that, for a.e. x € Q and u € R,
laxk(z,u)| < |er(z)|. We thus invoke the arguments of the previous steps to guarantee
the existence of a unique solution u to problem (3.1) with a replaced by ax. In
addition, we have |u|gs®n) + |[ul L) < cllfl|L (@) with ¢ > 0 being independent of
ay and thus of k. Choose k > || f| 1~ (q) so that ax(z,u(x)) = a(z, u(z)) for a.e. z € Q.
Consequently, u solves (3.1). Uniqueness of solutions follows from the monotonicity
of a.

Step 4. We remove the condition a(-,0) = 0 by replacing a(-,u) by a(-,u) —
a(+,0). 0

4. The optimal control problem. In this section, we analyze the following
weak version of the fractional semilinear optimal control problem: Find

(4.1) min{J(u, 2) : (u,2) € H*(Q) X Zaa}
subject to the fractional, semilinear, and elliptic state equation
(4.2) A(u,v) + (a(-,u),v) p2q) = (2,0)12() Vv € HY(Q).

Here, Zgq :={v € L?*(Q) :a <wv(x) < b ae. z € Q} and a,b € R are such that a < b.
Let 7 > n/2s and a = a(z,u) : 2 x R — R be a monotone increasing in u
Carathéodory function satisfying (3.2) and a(-,0) € L™(£2). Within this setting, The-
orem 3.1 guarantees the existence of a unique solution u to problem (4.2). We thus
introduce the control to state map S : L"(€2) — H*(Q) N L>°(2) which, given a con-
trol z, associates to it the unique state u that solves (4.2). With S at hand, we also
introduce the reduced cost functional j : Z,q — R by the relation j(z) = J(Sz, z).
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4.1. Existence of optimal controls. The existence of an optimal state-control
pair (&, z) is as follows.

THEOREM 4.1 (existence of an optimal pair). Letn > 2, s € (0,1) and r > n/2s.
Let a = a(z,u) : @ x R — R be a Carathéodory function that is monotone increasing
inu. Let L = L(z,u) : @ x R = R be a Carathéodory function. Assume that, for
every m > 0, there exist pm € L"(Q) with r > n/2s and 1y € L1(Q) such that

(4.3) la(z,u)] < om(x), |L(z,u)| < n(z), ae z€Q, uec[—mm.

Thus, (4.1)~(4.2) admits at least one solution (i, z) € H*(Q) N L®(Q) X Zag.

Proof. Let {(ux, zx)}72; be a minimizing sequence, i.e., for k € N, 2z, € Zoq and
up = Sz, € H*(Q) are such that J(uy,zx) — j 1= inf{J(S2,2) : 2 € Zaa} as k T co.
Since Zgq is bounded in L>°(€2), there exists a nonrelabeled subsequence {z }7° ; such
that z;, = z in L>°(Q) as k 1 co. On the other hand, since, for every k € N, zi, € Zqq,
Theorem 3.1 yields the existence of m > 0 such that |ug(x)| < m for a.e. x € Q and
k € N. This implies that {a(-,uy)}72, is bounded in L"(£2). We can thus conclude
the existence of a nonrelabeled subsequence {u,}$ | such that uy — @ in H*(Q2) and
ur — 4 in L?(Q) as k 1 oo; @ is the natural candidate for the desired optimal state.

We now observe that, for k € N, uy € H*(Q) N L=(1) solves

(4.4) A(ug,v) + (a(-,ug),v) = (zx,v) Yv € ﬁS(Q)

Since there exists M > 0 such that |ug(x)] < M for a.e. z € Q and k € N and the set
M:={veL"(Q): |v(z) <M ae xe Q}is weakly sequentially closed, we conclude
that @ € 9. We can thus invoke (4.3) and the Lebesgue dominated convergence
theorem to obtain [[a(-,%) — a(-,ux)||zr) — 0 as k T co. In view of the previous
convergence results, passing to the limit in (4.4) yields @ = Sz.

On the other hand, the map L?(Q) > v HUH%Q(Q) € R is continuous and convex;
it is thus weakly lower continuous. Consequently,

T - _ .. o 2 _
j= ngIglo J(ug, zx) = /QL(x,u(as))dx + hir%glf §||zk||Lg(Q) > J(, z).

The Lebesgue dominated convergence theorem combined with (4.3) and the fact that
up — in L2(Q), as k 10, yield | [, [L(z, () — L(z, ux(2))]dz| — 0 as k 1 0. O

Remark 4.1 (assumptions on a). To obtain the result of Theorem 4.1 we have
assumed (4.3). Observe that (3.2) can be guaranteed because n/2s > 2n/(n + 2s).

4.2. First order necessary optimality conditions. In this section, we ana-
lyze differentiability properties for the control to state map S and derive first order
necessary optimality conditions. Since the optimal control problem (4.1)—(4.2) is not
convex, we analyze optimality conditions in the context of local solutions.

We begin by precisely introducing the concept of local minimum. Let g € [1, 00)
and € > 0. We denote by B¢(Z) the closed ball in L?(2) of radius € centered at z.

DEFINITION 4.2 (local minimum). Let g € [1,00). We say that Z € Zaq is a local
minimum, or locally optimal, in L1(QY) for (4.1)—(4.2) if there exists € > 0 such that
J(2) < j(2) for every z € B(Z) N Zgg.

Remark 4.2 (local optimality in L?(Q) == local optimality in L9(Q)). Since
Zaq 1s bounded in L (), it can be proved that if Z € Z,4 is a (strict) local minimum
in L2(Q), then z € Z,q is a (strict) local minimum in L9(2) [12, section 5].



FRACTIONAL SEMILINEAR PDE-CONSTRAINED OPTIMIZATION 7

In what follows, we will operate in L?(Q) regarding local optimally.

THEOREM 4.3 (differentiability properties of §). Letn > 2, s € (0,1), and
r > n/2s. Assume that (A.1), (A.2), and (A.3) hold. Then, the control to state
map S : L"(Q) — H*(Q) N L®(Q) is of class C2. In addition, if z,w € L"(2), then
¢ =8'(z)w e H*(Q) N L®(Q) corresponds to the unique solution to the problem

0 -
(4.5) A(p,v) + (a(-, u)gb,v) = (w,v) 2 Yve H*(Q),

u L2(Q)
where u = Sz. If wi,wy € L"(Q), then 1 = S"(2)(wy,ws) € H*(Q) N L>®(Q)
corresponds to the unique solution to

(4.6) A, 0) + (&L(~,u)¢,v> = (32“(-,@%%,@) o € f*(Q),

ou ou? 12(9)

where u =Sz and ¢, = S’ (2)w;, with i € {1,2}.

Proof. The first order Fréchet differentiability of S from L"(Q) into H*(Q) N
L>(Q) follows from a slight modification of the proof of [37, Theorem 4.17] that
basically entails to replace H'(Q) by H*(Q) and C(Q) by L>°(2). These arguments
also show that ¢ = S'(2)w € H*(Q) N L>() corresponds to the unique solution to
(4.5); since w € L™(§2) and %(a@u) > 0 for a.e. x €  and all u € R, problem (4.5)
is well-posed.

The second order Fréchet differentiability of S can be obtained by utilizing the
implicit function theorem [37, Theorem 4.24]. Let us introduce the linear map

R:L7(Q) = HY(Q)NL®(Q) : fou,  Av) = (f,v) Yo e H(Q).

Define § : [H*(Q) N L=(Q)] x L"(Q) — H*(Q) N L®(Q) by F(u,z) := u — R(z —
a(-,u)). We first observe that § is of class C2. Second, §F(Sz,2) = 0. Third, since
9% /0u(u, z)v = v+RAa/du(-,u)v, it can be deduced that the linear map 0F/0u(u, 2)
is invertible from H*(Q) N L>(Q) into itself. The implicit function theorem thus
implies that S is of class C2. The fact that 1 solves (4.6) follows from differentiating
the relation §(Sz, z) = 0; see [37, Theorem 4.24(ii)] for details. 0

The following result is standard: If Z € Z,4 denotes a locally optimal control for
problem (4.1)-(4.2), then j'(2)(z —2) > 0 for all z € Z,4 [37, Lemma 4.18]. To explore
this inequality, we define the adjoint state p € H*(Q2) N L*° () as the solution to

(4.7) A(v,p) + (gi(-,u)p, v) b = <g§(-,u),v> o Yo € H*(Q).

Assumption (A.2) guarantees that da/Ou(z,u) > 0 for a.e. z € Q and for all u € R.
Assumption (B.2) yields OL/0u(-,u) € L"(Q2) for r > n/2s. The existence of a unique
solution p € H*(2) N L>°(Q) to problem (4.7) is thus immediate.

We present first order necessary optimality conditions for problem (4.1)—(4.2).

THEOREM 4.4 (first order necessary optimality conditions). Letn > 2, s € (0,1),
and r > n/2s. Assume that (A.1)=(A.3) and (B.1)=(B.2) hold. Then, every locally
optimal control Z € Zqq satisfies the variational inequality

where p € H*(Q) N L>®(Q) denotes the solution to (4.7) with u replaced by @ = SZ.
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Proof. Define £ : L>*(Q) — R by £(u) = [, L( ))dz, and observe that (B.1)-
(B.2) yield the Fréchet differentiability of £ on L°°( ) Smce S is differentiable as a
map from L"(2) into H*(Q2) N L>(12), we thus deduce the Fréchet differentiability of
j as a map from L°(2) to R, where o = max{n/2s,2}, upon noticing that L?() >
z ||z||2L2(Q) € R is also differentiable. Basic computations thus reveal

4.9)  j(D)h= /Q (‘;ﬁ (2, S%(2))S (2)h(z) + az(x)h(x)) de, heL°(Q).

Set h =z — Z € Z,q and define x = §’(Z)h. Setting v = y in problem (4.7) and v = p
in the problem that x solves allow us to obtain (2 — 2,p)r2(q) = (g—ﬁ(~7ﬁ), X)L2(Q)-
Replace this identity into (4.9) to obtain (4.8). This concludes the proof.

Define g ¢ : L'(Q) = Zagq by g (v) := min{b, max{v,a}} a.e. in Q. We
present the following projection formula: If zZ € Z,4 denotes a locally optimal control
for problem (4.1)—(4.2), then [37, section 4.6]

(4.10) Z(x) == p)(—a~'p(z)) ae. x € .

Since p € H5(Q) N L>®°(Q) and s € (0,1), it is immediate that z € H*(Q) N L=(Q);
further regularity properties for zZ are obtained in Theorem 4.10 below.

4.3. Second order optimality conditions. In Theorem 4.4 we derived a first
order necessary optimality condition. Since our optimal control problem is not convex,
sufficiency requires the use of second order optimality conditions. The purpose of this
section is thus to derive second order necessary and sufficient optimality conditions.
To accomplish this task, we begin by introducing some preliminary concepts. Let
Z € Zqq satisfy (4.8). Define p := p + az. Observe that (4.8) immediately yields

=0 aexeifa<z<hb,
(4.11) p(z){>0 aexzeQifz=a,
<0 aezeQifz=n0.

Define the cone of critial directions C; = {v € L?(Q) : (4.12) holds and p(x) #
0 = wv(x) = 0}, where condition (4.12) reads as follows:

(4.12) v(z) >0ae zeNif z2(x) =a, v(z) <0ae ze€Nif Z(z) =b.

The following result is instrumental.
PROPOSITION 4.5 (j is of class C?). Letn > 2, s € (0,1), r > n/2s, and

o = max{2,n/2s}. Assume that (A.1)—(A.3) and (B.1)~(B.2) hold. Then the reduced
cost j : L7(Q) — R is of class C?. In addition, for z,wi,ws € L°(2), we have

27, 2
(413) j//(z)(wlaw2) :/ (g 2 ($ u)¢w1¢w2 + awjws — pg Z((E u)¢w1¢w2) dit

where u = Sz, p solves (4.7) and ¢, = S'(2)w; with i € {1,2}.

Proof. The fact that j is first order differentiable follows from Theorem 4.4. The-
orem 4.3 guarantees that S is second order Fréchet differentiable as a map from LT(Q)
into H*(Q) N L*®(Q). In view of (B.1)~(B.2), the map u — £(u = [ L( ))dz is
second order Fréchet differentiable as well as a map from L*° (Q) to R. The chaln rule
allows us to conclude that j € C?. The identity (4.13) follows from the arguments
elaborated in [37, section 4.10]. d
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We are now in position to formulate second order necessary optimality conditions.

THEOREM 4.6 (second order necessary optimality conditions). Let n € {2,3}
and s > n/4. If Z € Zgq denotes a locally minimum for problem (4.1)—(4.2), then
(4.14) " (2)? >0 Ve s,

where C; = {v € L?(Q) : (4.12) holds and p(z) #0 = v(z) = 0}.
Proof. Let v € Cs. Define, for every k € N and for a.e. z € §2, the function

oa() = 0 if z:a<z(z)<a+4, b—t <z(z)<b,
g B _jp(v(z)) otherwise.

Since v € Cz, we deduce that vy € Cz. In addition, |vg(z)| < |v(x)| and v (x) — v(x)
for a.e. z € Q as k 1 oo; therefore v, — v in L%(2). Now, since z + pvj, € Zgq for
p € (0,k72] and % is locally optimal for j, we arrive, for p sufficiently small, at

1., o g T
(4.15) 0< ;[J(Z + por) = 3(2)] = 5" (Z)vr. + gJ”(Z + Opvr)vy,  Or € (0,1).

Observe that (4.9) and vy, € C; reveal that j/'(2)vp = [, p(z)vk(x)dz = 0. We thus
divide by p in (4.15), utilize (4.13), and let p | 0 to obtain j”(2)vZ > 0. Let k 1 oo
and invoke (4.13), again, and ||y — v| z2(q) — 0 to conclude. O

We now provide a sufficient second order optimality condition with a minimal
gap with respect to the necessary one derived in Theorem 4.6.

THEOREM 4.7 (second order sufficient optimality conditions). Letn € {2,3} and
s>nf4. Letu € H*(Q), p € H*(Q), and Z € Zqq satisfy the first order optimality
conditions (4.2), (4.7), and (4.8). If

(4.16) i"(2)v* >0 Vuve ;)\ {0},
then there exist kK > 0 and p > 0 such that

. L R _
(4.17) i(z) = j(2) + §HZ—Z||2L2(Q)

for every z € Zaq such that ||Z — z||2(q) < p.

Proof. We proceed by contradiction and assume that for every k € N there exists
an element z, € Z,q such that

_ 1 . L 1,
(4.18) 12 = zllL2(0) < o j(zk) < j(2) + ﬁHZ — 2kll72 (-

Define py, := ||z — Z||r2(0) and vy, := p, ' (2 — 2). Notice that there exists a nonrela-
beled subsequence {vy}32, C L?(2) such that vy, — v in L?(2) as k 1 co.

We now proceed on the basis of three steps.

Step 1. We prove that v € C. Since the set of elements satistying (4.12) is closed
and convex in L?(Q) and, for every k € N, vy belongs to this set, we deduce that v
satisfies (4.12). It suffices to prove that p(z) # 0 implies v(x) = 0. In view of (4.8),
we deduce that [, p(z)v(z)dz > 0 because [,p(z)ve(z)dz = pi* [, p(z)(2k(z) —
Z(x))dz > 0. On the other hand, observe that (4.18) and the mean value theorem
reveal that

. . . 1 P2
-\ _ = — — - 2 _ Fk
Jak) = 3(2) = 5" (2 + Oz = 2)) (2 = 2) < 12 = zallz2) = 5 Ok € (0,1).
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Divide by px and let k 1 co to arrive at j'(Z + 0k (zx — 2))vr < (2k) "Lpr — 0 as k T 0.
Define 2; := z + 0j(2x — 2). Since s > n/4 and 2, — z in L?(2), as k 1 oo, we have
oL, . oL
87’11,(.7 uk:) — %
upon invoking (B.2). Consequently, pr — p in H*(Q) N L®(Q) as k T oo. Here, py,
denotes the solution to (4.7) with u replaced by . Thus,

Gy := S(%) — S(2) = @ in H*(Q) N L>=(Q), (-,@) in L™(Q),

/ p(x)v(z)dz = ]%m [Pr(z) + azi ()] vk (x)dx = lgm J'(Z 4 0k (2 — 2))vr <0.
We have thus deduced that [, p(z)v(z)dz = [, |p(z)v(x)|dz = 0. Consequently,

p(x) # 0 implies v(x) = 0 for a.e. x E Q This proves that veCs.
Step 2. We prove that v = 0. We begin with an application of Taylor’s theorem
and write

H26) = 9 + pud (B + "Gk € (0.1,

where 2, = Z 4 0 (2 — 2) and pgvg = 2, — 2. Now, j/(2)vg > 0 and (4.18) yield

1
/ Sz = 2l

This implies that j”(2;)v? < k~1. Consequently, j”(Z)vi < k=t — 0 as k 1 oo.
We now prove that j”(z)v? < liminfy j”(2;)v. We begin by noticing that

P (02 < () — 4(2) <

O*L d%a
NS 2 ~ 2 ~ ~ 2 2
7" (Zr)vii = /Q (W(%Uk)(byk _pkw(%uk)(bvk + O‘“k) da.

As k 1 oo, 2y — Z and vy — v in L*(Q). We thus have 4 — @ and pr — p in
H#(Q) N L>®(Q) and ¢y, — ¢, in H?(Q); the latter implies that ¢,, — ¢, in LI(Q),
as k 1 oo, for q < 2n/(n — 2s). Invoke (B.2) to obtain

2 2
‘/ <8 L (2, ty,)p2, — gltj;(ihﬂ)%) dz

+ 9wl @) |60 + GullLa@)lldw — dupllLa@) = 0, k1T oo
On the other hand, invoke (A.2) to derive

0%a
‘/(&L2 e pka Q(xuk) )dx

+ Callprllzr) (18 = el @) 190llFa o) + 0 + duellza@) 160 = dullzae)) =0

0°L 2L,
‘aug('yuk)aug('vu)

< ||¢1)k ||2LH(Q)
L™ (Q)

< Cn ||¢v||Lq(Q)||P brllzr

as k 1 oo. Finally, observe that Hv||%2(ﬂ) < liminfyqeo ”ka%z(Q) because || - ||%2(Q) is

weakly lower semicontinuous. We thus conclude that j”(z)v? < liminfgte j” (2k)v3.
Finally, since lim infjtoo j”(25)v < 0 and v € Cs, (4.16) implies that v = 0.
Step 3. Since v = 0, we have that ¢,, — 0 in LI(2), for q < 2n/(n — 2s), as

k 1 co. Consequently, from the identity

1A 0’L, . . 0%a
o = O[”'Uk”%z(g) :j/,(Z]c)'U%C _/Q <au2(xvuk) : pka 2(.’E uk)¢ )dl’

and the fact that liminfgee j”(2)vi < 0, we conclude that o < 0. This contradicts
the fact that a > 0 and concludes the proof. 0
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Define, for 7 > 0,
(4.19) CI.={ve Lz(Q) : (4.12) holds and |p(z)| > 7 = v(z) = 0}.

THEOREM 4.8 (equivalent optimality conditions). Let n € {2,3} and s > n/4.
Let w € H*(Q), p € H*(Y), and Z € Zqq satisfy the first order optimality conditions
(4.2), (4.7), and (4.8). Thus, (4.16) is equivalent to

(4:20) > 00 @R > plolfag Yo e T,

where CT is defined in (4.19).
Proof. Since C; C C7, we immediately conclude that (4.20) implies (4.16). To

z

prove that (4.16) implies (4.20) we proceed by contradiction. Assume that, for 7 > 0,
Jor € CL: § (20} < Tlvr] 20

Define w;, := ||vT||221(Q)vT. Note that, up to a nonrelabeled subsequence if necessary,

(4.21) wy € CF, lwrllz2Q) = 1, 3" (2)w? < T, w, — w in L*(Q).
We prove that w € C5. Since the set of elements satisfying (4.12) is weakly closed
in L?(Q), we conclude that w satisfies (4.12) as well. On the other hand,

/ p(x)w(z)dz = lim/ p(x)w,(r)dz = lim p(@)wr(z)de <lim74/|Q] =0,
Q ™0 /o 0 fp(@)|<r 40

where we have used that p € L*(Q), w, — w in L*(Q), w, € CT, and ||w-||r2(0) = 1.
As a result, [, [p(z)w(z)|dz = [,p(z)w(z)dz = 0. This implies that if [p(z)| # 0,
then w(x) = 0 for a.e. z € . We can thus conclude that w € Cs.

We now prove that w = 0. Since w € C3, (4.16) implies that either w = 0
or j’(2)w? > 0. On the other hand, the arguments elaborated in Step 2 of the
proof of Theorem 4.7 in conjunction with (4.21) yield j”(2)w? < liminf, o j"(2)w? <
limsup, | j”(z)w? < 0. Consequently, w = 0 and lim, o j"(Z)w? = 0.

Finally, since w = 0 and w, — 0 in L?(Q2) as 7 | 0, we have that ¢, — 0 in
LY(Q),as 710, for g < 2n/(n—2s). Thus, a = a||w7\|%2(ﬂ) < liminf, o j”(Z)w2 =0,
which is a contradiction. This concludes the proof. 0

4.4. Regularity estimates. In this section, we derive regularity estimates for

the optimal control variables. To accomplish this task, the following regularity result
for the linear case a = 0 will be of importance.

PROPOSITION 4.9 (Sobolev regularity on smooth domains). Letn > 1, s € (0, 1),
and Q be a domain such that 0 € C*. Let u be the solution to (—A)°u = f in
Qand u = 0in Q°. Iff € HY(Q) for some t > —s, then u € H**?(Q), where
¥ =min{s +¢,1/2 — €} and € > 0 is arbitrarily small. In addition, we have

(4-22) ||u||HS+19(Q) N Hf”Ht(Q),
where the hidden constant depends on 0, n, s, and 0.

Proof. See [21, 38]. O

Observe that smoothness of f does not ensure that the solution to (—A)*u =f in
Q and u = 0 in Q€ is any smoother than N{H*+1/27¢(Q) : € > 0}.

To present regularity estimates, we will assume that, in addition to (A.1)—(A.3)
and (B.1)—(B.2), the nonlinear functions a and L satisfy (C.1)—(C.2).
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THEOREM 4.10 (regularity estimates: s € (0,1)). Let n > 2 and s € (0,1). If
Q is such that 0Q € C™, then u,p,z € Ht/2=¢(Q), where € denotes an arbitrarily
small positive constant.

Proof. Since z € Zqq and af(-,0) € L?(9), we apply Proposition 4.9 with ¢t = 0 to
obtain w € H¥" (), where v = min{s, 1/2 — €} and € > 0 is arbitrarily small and

(4.23) lall govvo) SN2 —al @)l L2@) S 2Lz + llal-; 0)l 22 ()

upon utilizing that a is locally Lipschitz in the second variable and ||il[s < [|Z]| g+ (q)-
We now obtain a first regularity estimate for p. To accomplish this task, we invoke
Proposition 4.9 to obtain p € H**(Q), where . = min{s + A\, — e}, A = min{0, 3 —
s — €} and € > 0 is arbitrarily small. In addition, we have the following estimate:

da oL
421) ol ch,u)p % .q
Her () ou L2() ou 3@
oa oL
< lli~co \(«a) \(-,m .
@ 9u L2() ou HE o)

In view of (4.10), [28, Theorem 1] yields z € H*T*(Q) with a similar estimate.

We now consider three cases.

Case 1: s € (3,1). Observe that v = ¢ = 1 —e. Thus, @,p,z € Hs‘*‘%_e(ﬂ) for
€ > 0 being arbitrarily small. In addition, the estimates (4.23) and (4.24) yield

da
U 1 D z 1 < |Ipll 7, —(,u
0 oy 1y Vol S | G

+ ||a(,0)||L2(Q) =: 8.

1

Nzl + | 22 @)
L2(Q) ou '’

H37°75(Q)
Case 2: s = % The proof follows similar arguments. For brevity, we skip the
details.
Case 3: s € (0,3). Here, v =1 = s. Thus, a,p € H*(Q). In view of (4.10),

a nonlinear interpolation result based on [23, Theorem A.1] and [36, Lemma 28.1]
yields z € H?*(Q). In addition, we have the estimate
12l 7722 () + 1Pl 22 @) + 2] 20 0) S B
In what follows, we proceed on the basis of a bootstrap argument as in [4, 15].
Case 3.1: s € [1,1). Invoke Proposition 4.9 with ¢t = 1/2 — s — € to obtain
@ € H*t/27¢(Q), where € > 0 is arbitrarily small, and the estimate

1all ot 3 e gy S N2l g3 —ome g +llals @) = al O)l g —ome ) + M0G0y —ome )

S Wzl a2 ) + @l 2o @) + llal, 0)ll g3 —oe ) S B+ llal 0)ll g3 —ome -

Observe that 2s > % — s — € for € > 0 being arbitrarily small. On the other hand, in
view of assumption (C.1), we have that 2%(-,a) € H*(Q). Since p € H*(2), it thus
follows that %(-, a)p € H*(Q). In fact, notice that, for x,y € 2, we have the estimate

o)) ~ S ()|

< |Gt ato) 1) o) + o) | G ) G o).

The definition of || () mplies |52 (-, @)pla () S 1Bl @) + 7] L= (@) 52 (-, @) |1+ 0,
upon utilizing (A.3). We thus invoke Proposition 4.9 with t = 1/2 — s — € to obtain
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Oa oL
5 <115l 1+ Bl oo con || 22 (- @ 9L &
101y S WP + Il | Goom)| o+ |G

H%_S_E(Q) .

A nonlinear interpolation argument yields z € H S+%_€(Q) with a similar estimate.
Case 3.2: s € [, 1). Proposition 4.9 with t = 1/2 — s — ¢ yields u € H*+1/27¢(Q)

for € > 0 being arbitrarily small. On the other hand, (C.1) guarantees that 5%(-,u) €

H?3(Q). Since p € H?*(2), we conclude that g—g(~,ﬂ)ﬁ € H?*(Q). Observe that

258 > % — s —¢, and invoke Proposition 4.9 with ¢ = 1/2 — s — € to obtain the estimate

oL
_ <5 Sl _ oL
120 pos s —c ) S 1P 20 (@) + 1Pl (@) u) ESLD

H25(Q) ‘ H%*S*E(Q) .

oa
‘%(a
This implies that z € H 5+%’6(Q) with a similar estimate; € > 0 is arbitrarily small.

Case 3.3: s € (0,%). Invoke Proposition 4.9 with ¢ = 25 to obtain @ € H**(Q)
and

lall s @) S NZlla2e @) + Nallmze@) + laC 0 g —ome o S B 4 Mlal0)l g —ome -
On the other hand, 2%(-,u) € H?¥(Q). Since p € H?*(12), we can thus conclude that
%a(.,u)p € H**(Q2). Invoke Proposition 4.9 with ¢ = 2s to obtain
’3@

%(,ﬂ) =:C.

_ _ _ oL, _
Pl S Wolaeniny + 17l +geca) |
H24(Q) HZ~°75(Q)
A nonlinear interpolation argument yields z € H**(Q2) with a similar estimate.

Case 3.3.1: s € [%7 %) Observe that 4s > 1 — s — € for € > 0 being arbitrarily
small. Invoke Proposition 4.9 with ¢t = 2 — s — € to obtain @ € H5t37¢(Q) with

H’U’”H.H»%fe(ﬂ) /S ||ZHH4S(Q) + ||’a||H45(Q) + ||a(.70)||H%7576(Q) /S ¢+ ||a’(') O)IlHéfs—E(Q)'

Invoke Proposition 4.9 again to deduce that p, z € Hs+%_5(Q).
Case 3.3.2: 5 € (0, 75). Invoke Proposition 4.9 with ¢ = 4s to obtain @ € H%(Q).
Since p, %(-, @) € H*(Q), an application of Proposition 4.9 yields p, z € H%*(Q).

Case 3.3.2.1: s € [, %0) Observe that 6s > 1 — s — ¢ for € > 0 being arbitrarily

small. Invoke Proposition 4.9 with ¢t = 2 — s — € to obtain @,p, z € Hs+27¢(Q).
Case 3.32.2: s € (0,4;). Invoke Proposition 4.9 with ¢ = 6s to obtain u €
H®%(Q). Since p, g—g(~, u) € H%(Q), Proposition 4.9 also yields p, z € H%(Q).
From this procedure we note that, at every step, there is a regularity gain. Conse-
quently, after a finite number of steps, which is proportional to s~!, we can conclude

that the desired regularity results hold. This concludes the proof. ]

5. Finite element approximation of fractional semilinear PDEs. In this
section, we analyze the convergence properties of suitable finite element discretiza-
tions and derive, when possible, a priori error estimates. For analyzing convergence
properties, it will be sufficient to assume that €2 is an open and bounded Lipschitz
polytope. However, additional assumptions on 2 will be imposed for deriving error
estimates: Q is smooth and convex, convexity being assumed for simplicity. Since
in this case 2 cannot be meshed exactly, we consider curved simplices to discretize
O\ Qp; Q being a suitable polytopal domain that approzimates Q.

For the sake of brevity, we restrict the presentation to open and bounded domains
Q C R™ (n > 2) such that 9Q € C?; for Lipschitz polytopes the presentation is simpler
(see Remark 5.1). We follow [33, section 5.2] and consider a family of open, bounded,
and convex polytopal domains {2, } >0, based on a family of quasi-uniform partitions
made of closed simplices {7, } >0, that approximate  in the following sense:
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(5.1) Ni CQny NN, COQ, [0\ Q] S B2

Here, h = maxypeg, hr denotes the mesh-size of the quasi-uniform partition .7, =
{T'}, where hy = diam(T"), and N, corresponds to the set of all nodes of the mesh
T;,. We shall also assume that € is convex so that Q; C Q for every h > 0.

Given a mesh .7, we define the finite element space of continuous piecewise
polynomials of degree one as

(5.2) YV = {vh S Co(ﬁ) topp € Py (T) VT € 9}, v, =0 on Q\Qh}

Note that discrete functions are trivially extended by zero to Q¢ and that we enforce
a classical homogeneous Dirichlet boundary condition at the degrees of freedom that
are located at the boundary of £2y,.

Remark 5.1 (polytopes). If Q is a Lipschitz polytope the previous construction is
not necessary: Q = Q, and Vy, = {vy, € C%(Q) : vp)p € Po(T) VT € T}

5.1. The discrete problem. We introduce the following finite element approx-
imation of problem (3.1): Find u, € V), such that

(5.3) A(up, vp) +/

Qp
Let r > n/2s and f € L"(Q). Let a = a(z,u) : @ Xx R — R be a Carathéodory
function that is monotone increasing in u. Assume, in addition, that a satisfies (3.2)
and a(-,0) € L"(€2). Within this setting, Theorem 3.1 guarantees that the continuous
problem (3.1) admits a unique solution u € H*(€2) N L>°(Q) satisfying (3.3). Since A
is coercive and a is monotone increasing in u, an application of Brouwer’s fixed point
theorem [39, Proposition 2.6] yields the existence of a unique solution for (5.3); see
also the proof of [40, Theorem 26.A]. In addition, |[ux|ls S || flz-+(q) for every h > 0.

a(z,up(x))vp(x)de = A f(z)vp(x)dx Vo, € V.

5.2. Regularity estimates. Before deriving error estimates, understanding of
regularity estimates for the solution of (3.1) is of fundamental importance.

THEOREM 5.1 (regularity estimates: s € (0,1)). Letn > 2, s € (0,1), and Q
be a domain such that 0 € C*. Assume, in addition, that a is locally Lipschitz
with respect to the second variable. If both a(-,0) and f belong to H'/?=5=¢(Q) with €
arbitrarily small, then u € H*TY/27¢(Q).

Proof. The proof follows along the same lines as Theorem 4.10. For brevity, we
skip the details. 0

5.3. Error estimates. We now present error estimates. In doing so, we will
assume, in addition, that there exists ¢ € L*(€Q) with v = n/2s such that
(5.4) la(z,u) — a(z,v)] < |p(x)||lu —v| a.e. z € Q, u,v €R.

THEOREM 5.2 (error estimates). Let n > 2, s € (0,1), and r > n/2s. Let Q be
an open and bounded domain with Lipschitz boundary. Assume that a is as in the
statement of Theorem 3.1. Assume, in addition, that a satisfies (5.4). Let u € H*(Q)
be the solution to (3.1), and let u, € V}, be its finite element approximation obtained
as the solution to (5.3). Then, we have the quasi-best approximation result

(5.5) lu —uplls S llu—ovnlls Yon € V.

If, in addition, Q) is smooth and convex, a is locally Lipschitz with respect to the second
variable, and a(-,0), f € HY/?=5=¢(Q) with € > 0 arbitrarily small, then

(5.6) lu = unlls S hEClull gorrr2e (-
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If, in addition, (5.4) holds with v =n/s, then
(57) ||u — uh”L? Q) hﬁ+2 E||u||H<+1/2 ()"

Here, ¥ = min{s, % — e} with € > 0 being arbitrarily small. In all three estimates the
hidden constant is independent of u, up, and h.

Proof. Since a is monotone increasing in the second variable, we obtain

lu—un|? =A(w—up,u—up) < A(u—up,u—up) + (a(,u) — a(-,up), u— up) r2(0)
= A(u — up,u —vp) + (a(,u) —a(-,up),u — Uh)L2(Q)7 vp €V
upon utilizing Galerkin orthogonality. Invoke estimate (5.4) and the Sobolev embed-
ding H*(2) — L(Q2) with q < 2n/(n — 2s) to obtain (5.5).
Assume now that € is smooth and convex so Theorem 5.1 applies, convexity being
assumed for simplicity. To bound ||u — vp]||s we first invoke [26, Theorem 3.33]:

1
||u—vh||85\|u—vhHHs(Q) V’UhEVh, 86(0,1)\{2}.

The second ingredient is the localization of fractional order Sobolev seminorms [18, 19]:

y)? ¢
|UH5(Q)<ZU/S |x_ |n+25 e i dde ol | s, e>0,
T

for v € H*(Q); St denotes a suitable patch associated to T. We stress that curved
domains/simplices are also handled in [18, 19]. It thus suffices to note that, if ¥
denotes a boundary curved simplex, the fact that u € H*(Q) N H*F1/2-¢(Q) with
€ > 0 arbitrarily small implies

lu—unllzzc) < lullcz@von S P lullae@), v =min{l,s+1/2 — €},

which follows from interpolating [33, estimate (5.2.18)] and |[v[|z2(\a,) < [|v]lL2()-
On the other hand, if v € H*(Q) N H*t1/27¢(Q) with € > 0 arbitrarily small, then

(y)[?
//S |x—y|”+29 = dydx < \v
<

We thus utilize interpolation error estimates for the Scott—Zhang operator [9, Propo-
sition 3.6] and Theorem 5.1 to arrive at the estimate (5.6); see [9, section 3.2] for
details and the particular treatment of the case s = 1/2.

The error estimate in L?(2) follows from duality. Define 0 < x € L*(f2) by

a(z,u(z)) — a(z, up(z)) . :

T) = if u(x up(x), z) =0 if u(z) = up(x).
o) = A e () # unle), x(e) = 0 f u(a) = un(z)
Let 3 € H*(Q) be the solution to A(v,3) + (x3,v)12() = (f,v) for all v € H3(Q);

fe H*(2). Let 35 be the finite element approximation of 3 within Vj. Thus,

250 S B0

(Fou—un) = A(u — up,3) + (x3,u — un) r2(0) = A(u — up, 3 — 3n) + A(u — up, 3n)
+ (X3, u — un)r2Q) = Alu —un, 3 — 3n) + (a(-,u) —al-,un), 3 — 3n)L2(0)
< lu = unllsllz = snlls + 1@llr@llw — unlla)lls — 3nllLa(o)-
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Here, ¢ satisfies 2¢7* +r~! = 1, ie.,, ¢ = 2n/(n — 2s). Set f = u — u, € L*(Q).
Notice that, since ¢ € L*(Q) with t = n/s, x3 belongs to L?(2). We can thus invoke
Proposition 4.9 with ¢ = 0 to obtain [3]| g=+e() S |u — unlL2(q). Consequently,

1_
lu = unlliz (o) < llu = unllslls = anlls < b2~ ul P = unll L2,

Hs+% —s(
where ¢ = min{s, 1/2 — €} and e > 0 is arbitrarily small. This concludes the proof. O

5.4. Convergence properties. Let 1 < p < oo, and let {f;,}1>0 be a sequence
such that f, € LP(). We will say that fp, — f in LP(Q) as h | 0 if f € LP(Q2) and

(5.8) frn(@)v(z)de — / fx)v(z)dz Yo e LYQ), hl0, pt+qgt=1
Q, Q

If p = oo, we will say that f, = f in L>(Q) if f € L>(Q) and (5.8) holds for every
v € LY(2). Observe that, upon considering a suitable extension of f; to Q\ Qu,
fn can be understood as an element of LP(§2). Since |2\ Q] — 0 as h | 0, (5.8)

is equivalent to [, fu(z)v(x)dz — Jo f(@)v(z)dz, for instance, for {fj}n>o being a
uniformly bounded extension of {f }1~¢ to € or an extension independent of h.

Remark 5.2 (polytopes). If Q is a Lipschitz polytope, then (5.8) reduces to the
standard concept of weak convergence in LP(2) because Q) = Q for every h > 0.

PROPOSITION 5.3 (convergence). Let n > 2, s € (0,1), and r > n/2s. Let Q be
an open, bounded, and convex domain such that OQ € C2. Assume that a is as in the
statement of Theorem 3.1 and satisfies, in addition, (5.4). Let u € H*(Q) solve (3.1).
Let uy, € Vy, be the solution to (5.3) with f replaced by fr, € L"(Qy,). Then,

fo—=finL"(Q) = w, »uin LYQ), hl0, t<2n/(n—2s).

Here, fr, = f in L™(Q) is understood in the sense of (5.8).

Proof. We begin with a simple application of the triangle inequality and write
lu —unlle) < llu—unlloea) + lun —unllzeo), t<2n/(n—2s),

where up, denotes the solution to (5.3). Since H*(Q}) — LI(Q) for q < 2n/(n — 2s),
the quasi-best approximation estimate (5.5) yields [lu — upl|ze) S [lu — valls for
an arbitrary vy, € Vp,. A density argument as in [13, Theorem 3.2.3] reveals the
convergence result [[u — up||Le() — 0 as h ] 0.

To control [Jup — up||L¢(q) we invoke the problems that uj, and w, solve:

lun — unll? = A(up —wp,up —w) = (f = fr,un — W) r2(0)

—(a(-,up) —al-,up),up — uh)L2(Q) <|f- fh“H*S(Q)HUh —up||s-

This immediately yields [lup —un|le ) S IIf — fallz—+ (o). Since fr — fin L"(Q2) we
can thus obtain that |up — usl[z¢ ) — 0 as h | 0. This concludes the proof. d

Remark 5.3 (convergence on polytopes). The result of Proposition 5.3 can also be
obtained for Lipschitz polytopes; observe that the involved arguments do not utilize
further regularity beyond what is natural for the problem: u € H*(2) N L>(£2).
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6. Finite element approximation of the adjoint equation. We begin the
section by introducing the following approximation of (4.7): Find ¢, € V, such that

Oa oL
(6.1) A(vn, qn) + <('7U)Qh,vh> = ((nu),vh) Yoy, € Vp,.
ou L2(9) ou L2(9)

Here, v € H*(Q) N L>(2) denotes the unique solution to (4.2). Observe that as-
sumption (B.2) yields 0L/0u(-,u) € L"(Q) for r > n/2s, while assumption (A.2)
guarantees that da/0u(x,u) > 0 for a.e. z € Q and for all u € R. The existence of a
unique discrete solution g;, € Vy, to problem (6.1) is thus immediate.

We present the following error estimates.

THEOREM 6.1 (error estimate). Let n > 2 and s € (0,1). Let Q be a convex
domain such that 02 € C*(Q). Assume that (A.1)—(A.3), (B.1)—(B.2), and (C.1)-
(C.2) hold. Let p € H*(Q) be the solution to (4.7), and let q, € V), be its finite
element approzimation obtained as the solution to (6.1). Then, we have the error
estimates

1_ 9+ —
62 Ip=anls SH NPl ey = anllz@) S RTFENl g

where 9 = min{s,1/2—¢} and € > 0 is arbitrarily small. In both estimates, the hidden
constant is independent of p, qn, and h.

Proof. Notice that, within our setting, Galerkin orthogonality reads as follows:

for every vy, € Vj,, we have A(vp,p — qn) + (%‘j(-,u)(p —qn),vn)r2(q) = 0. Thus,

0
I~ 012 = A= 0n.9) + (G0l = ). )

L2(Q)
oa

=A(p—qn,p—vn) + (au(nU)(p —qn)sqn — Uh)
Since da/0u(z,u) > 0 for a.e. z € Q and u € R, we invoke (A.3) and the fact that u €
H*(Q)NL>(Q) to obtain [[p—qn||? < [[p—agnlls[p—vnlls+Cumllp—anllL2@)llp—vnl 2 ()
This estimate yields the quasi-best approximation property: ||[p—qnlls < |lp—vn|s for
every v, € Vy. The left-hand-side estimate in (6.2) thus follows from the arguments
developed in the proof of Theorem 5.2. We note that, in view of Proposition 4.9 and
assumptions (C.1) and (C.2), a bootstrap argument, like the one developed in the
proof of Theorem 4.10, reveals that p € HH%’e(Q) for every € > 0 arbitrarily small.
The right-hand-side estimate in (6.2) follows from a duality argument. ]

L2() .

In what follows, we will operate under the assumption that discrete solutions uy,
to problem (5.3) are uniformly bounded in L>(Q), i.e.,

(6.3) 3C >0: ||Uh||LOO(Q) <C Vh>D0.

Let uyp, be the solution to (5.3) with f replaced by zp; z, being an arbitrary
piecewise constant function over .7;,. Let p; € V}, be the unique solution to

da oL
(6.4) A(vn,pn) + (a(',uh)ph,vh> = (a(vuh%%) Vo, € V.
v L2() v L2()

We now derive estimates for the error p — pp. To accomplish this task, we first

define ¢ as the solution to the following problem: Find ¢ € H*(£2) such that
0 oL ~

(65) A(v,q)+ j('auh)qav = 7('7uh)av Vo € HS(Q)
ou ou £2(9)

L2(Q)
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In view of the assumptions on the data and (6.3), problems (6.4) and (6.5) are well-
defined. In particular, we have ¢ € H*(2) N L>°(Q2). Observe that pp can be seen as
the finite element approximation of ¢ within Vj. Consequently, Theorem 6.1 yields

1_ 9+ 1_
6.6)  la=palls S BNl oy Na=pallizy S B F Nal ey

where ¢ = min{s,1/2 — €} and € is arbitrarily small. Observe that (C.1) and (C.2)
guarantee that g € H“%*E(Q). We also define the variable y to be such that

(6.7) ye H(Q):  Aly,v) + {al-,y),v) = (2n,0) Vo€ H(9).

Since z, € L®(Q), Theorem 3.1 yields the well-posedness of (6.7) and y € H*(Q) N
L>(Q). On the other hand, since z, € H%*E(Q)7 for every ¢ > 0, a bootstrapping
argument and (C.1) allow us to conclude that y € H5t27¢(Q) for every ¢ > 0.

We present the following error estimates.

THEOREM 6.2 (error estimates). Let the assumptions of Theorem 6.1 hold. As-
sume, in addition, that OL/Ou is locally Lipschitz with respect to the second variable
and that a satisfies (5.4). Let p € H5(Q) be the solution to (4.7), and let py, € V}, be
the solution to (6.4). Then, we have the error estimate

(6.8) Ip—pulls S A2+ |z — 21l 2 (-

If, in addition, a satisfies (5.4) with v =n/s, we also have the error estimate

l—E
(6.9) Ip = prllrz) S hPT27 + ||z — 2nl L2 ().

where ¥ = min{s,1/2 — €}. In both estimates, ¢ > 0 is arbitrarily small, and the
hidden constant is independent of h.

Proof. We begin with a simple application of the triangle inequality: ||p —pg||s <
lp — qlls + llg — pnlls- The control of ||g — p||s follows from (6.6). To bound [|p —ql|s,
we first observe that, for every v € H*(f2), we have

p—geH(Q): AWwp—q)+ (ZZ(-,u)(p - q)’v> 12(@)

Oa da oL oL
B <[3u(’uh) - %(’U)} q7v> L2(Q) i <8U(’u) a 811(.7Uh)7v> L2(Q) '
da

Since g and g—ﬁ are locally Lipschitz with respect to the second variable we obtain
lp —alls S llu—unlz2) (1 + |lgllze=(q)). It thus suffices to bound [|u — uxl[z2(q). To
do this, we write ||u — ual|2(0) < |u — yllL2(0) + ||y — unllL2(q), Where y denotes the
solution to (6.7). An application of Theorem 5.2 yields the control of ||y — up||z2(q)-
The control of |[u — y||12(q) follows from writing the problem that u — y solves and
utilizing assumptions (A.1)~(A.3): ||u —yl[z2) < |2 — 2nllz2(@)- A collection of the
derived estimates yields (6.8). The proof of (6.9) follows similar arguments. 0
7. Finite element approximation for the optimal control problem. In
this section, we propose a finite element discretization scheme for our control problem.
We analyze convergence properties and derive, when possible, error estimates. To
accomplish this task, we operate within the discrete setting introduced in section 5
and introduce, in addition, the finite element space of piecewise constant functions

(7.1) Zy, = {vn € L™(Q) : vn)r € Po(T) VT € T}

and the space of discrete admissible controls Zaa n = Zaq N Zy,.



FRACTIONAL SEMILINEAR PDE-CONSTRAINED OPTIMIZATION 19

7.1. The discrete optimal control problem. We consider the following dis-
crete counterpart of the continuous optimal control problem (4.1)—(4.2): Find

(7.2) min{Jy, (un, 21) : (Un,2n) € Vi X Zaa,n}

subject to the discrete state equation

(7.3) A(up,vp) + /

a(z,up(x))vp(z)dx =/ zn(z)vp(x)dr Yo € V.
Qp

Qp
Here, Jp, : Vi, XZgan 3 (un, 2n) — Jp(un, 21) = th L(;z:,uh(a:))dx+%||zh||2m(ﬂh) cR.
We present the following result.

THEOREM 7.1 (optimal pair and optimality system). Letn > 2 and s € (0,1).
Assume that (A.1)-(A.3) and (B.1)-(B.2) hold. Thus, the discrete optimal control
problem (7.2)—(7.3) admits at least one solution zZy € Zaa,p. In addition, if Zn, denotes
a local minimum for (7.2)—(7.3), then the triple (G, pp, 2n) € Vi, X Vi, X Zga,n, with
up, and pp, being the associated optimal state and adjoint state, respectively, satisfies

(7.4) A(tp,vp) + (CL(-, ﬂh),vh)L2(Qh) = (2h7vh>L2(Qh) Yup € Vi,
0 oL
(7.5)  A(vn,pn) + (;('7uh)ph71}h> = (8(',%),%) Yo, € Vi
u L2(Qn) u L2(n)

and the variational inequality
(7.6) (Pr + QZn, 20 — Zn)12(0,) = 0

for every z, € Zgq p-

Proof. The proof follows from the finite dimensional analogue of the arguments
elaborated in the proof of Theorems 4.1 and 4.4. For brevity, we skip details. 0

7.2. Convergence of discretizations. We begin with the following conver-
gence result: a sequence {Zp}nso of global solutions of the discrete optimal control
problems (7.2)—(7.3) admits subsequences that converge, as h | 0, to global solutions
of the continuous optimal control problem (4.1)—(4.2).

THEOREM 7.2 (convergence). Let n > 2 and s € (0,1). Let Q be a Lipschitz
polytope satisfying the exterior ball condition. Assume that (A.1)—(A.3) and (B.1)-
(B.2) hold. Assume that a = a(x,u) satisfies, in addition, (5.4) and that L satisfies, in
addition, for all m > 0, the estimate |g—ﬁ(z,u)| < Cy for a.e. z € Q and u € [—m,m].
Let zp, for every h > 0 be a global solution of the discrete optimal control problem.
Then, there exist nonrelabeled subsequences {Zptnso such that z, = z as h | 0, in
L>(Q), with Z being a global solution of (4.1)—(4.2). In addition, we have

(7.7) 12 = Znllz2() — O, Jn(Zn) — j(2)

as h 0.

Proof. Since {Zn}n>0 is uniformly bounded in L>°(£2), we deduce the existence of
a nonrelabeled subsequence {Zp, }n>0 such that z; = z in L>(Q2) as h | 0. In what
follows, we prove that Z is a global solution of the continuous optimal control problem
and that jn(Zp) — j(2) as h | 0.

Let Z € Zqq be a global solution of (4.1)-(4.2). Define p as the solution to
(4.7), with u replaced by @ := SZ, and Z, € Zaan by Zp|r = [, Z(z)dz/|T)| for
T € 9. Observe that, since (A.3) holds and p,0L/0u(-,a) € L*>(Q), we deduce
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that OL/0u(-, @) — da/Ou(-,u)p € L>(2). In view of the fact that Q is Lipschitz and
satisfies the exterior ball condition, we can thus invoke [34, Proposition 1.1] to obtain
that p € C*(R"). The projection formula (4.10) thus yields 7 € C*(Q). Consequently,
|2 = ZnllL~(@,) — 0 as h | 0. Invoke that Z is a global solution of (4.1)-(4.2) and
that Zz, corresponds to a global solution of the discrete control problem to arrive at

J(2) <j(2) <liminf j,(2) < limsup jn(z,) < limsup jn(Z,) = j(2).
hl0 hl0 hi0
To obtain the last equality, we used that [|Z — Zp|| 1~ (q,) — 0 implies jn(Zn) — j(2)
as h | 0. We have thus proved that z is a global solution and j,(z,) — j(Z) as h | 0.
We now prove that ||Z — Z| r2(q) — 0 as h | 0. In view of Proposition 5.3, we
have that @, — @ in LY(Q), for q < 2n/(n — 2s), as h | 0. Consequently,

—0, hlO.

/Q L(z, a(z))dz — / L(z, in(x))dz

Qp

In view of the convergence result j5,(Z,) — j(Z), we can thus obtain
a a
§||Zh\|%2(nh) - 5“2"%2(9)7 h 0.

This and the weak convergence z, — z in L?(Q) imply that z, — z in L?(2) as h | 0.
This concludes the proof. 0

We now prove a somehow reciprocal result: every strict local minimum of the
continuous problem (4.1)—=(4.2) can be approzimated by local minima of the discrete
optimal control problems.

THEOREM 7.3 (convergence). Let the assumptions of Theorem 7.2 hold. Let Z be
a strict local minimum of problem (4.1)—(4.2). Then, there exists a sequence {Zn}n>0
of local minima of the discrete optimal control problems such that

(7.8) 12 = Znllz2@) = 0, Jn(zn) = j§(2)
as h | 0.

Proof. Since Z is a strict local minimum for problem (4.1)—(4.2), we deduce the
existence of € > 0 such that the minimization problem

(7.9) min{j(2) : 2 € Zaq and ||Z — 2| 2(q) < €}

admits a unique solution zZ € Z,4. On the other hand, let us introduce, for A > 0, the
discrete problem

(7.10) min{jp(zp) : zn € ZLaq,n, and Iz — Zh||L2(Q) < e}

To conclude that problem (7.10) admits at least a solution, we need to verify that
the set where the minimum is sought is nonempty; notice that such a set is compact.
To accomplish this task, we define, as in the proof of Theorem 7.2, 2, € Zyq,n by
Zhlr = [ Z(x)dz/|T| for T € . Since z € C*(Q), we have that ||z — 2| (@) — 0
as h | 0. As aresult, if h is sufficiently small, 2, € Zqq,5, is such that ||Z2— 2/ 12(q) < e
We can thus conclude the existence of h, > 0 such that problem (7.10) admits at least
a solution for h < h,.

Let h < h,, and let z, be a global solution to problem (7.10). Since {Zj, }}o<n<n,
is bounded in L*°(12), there exists a subsequence {Zp, }3>, of {Zr}o<n<n, such that
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Zn, — Z in L®(Q) as k 1 oo. Proceed as in the proof of Theorem 7.2 to obtain that Z
is a solution to the continuous problem (7.9) and 2, — # in L?(2) as k 1 co. Since
problem (7.9) admits a unique solution, we must have Z = z and 2z, — z in L?(Q2) as
h | 0. Observe that, for h sufficiently small, the constraint ||Z — zp||z2(q) < € is not
active in problem (7.10). Consequently, Z;, solves the original discrete problem. The
remaining convergence property in (7.8) follows from the arguments elaborated in the
proof of Theorem 7.2. This concludes the proof. 0

Remark 7.1 (curved domains). The results of Theorems 7.2 and 7.3 can also be
obtained for curved domains. In fact, to prove Theorem 7.2 it suffices to consider a
uniformly bounded extension {Zj }n~0 C L(Q) of {z}r>0 C L®(24). On the other
hand, to adapt the results of Theorem 7.3 to a curved setting, we extend discrete
functions zjp, € Zqq,n, defined over €y, to Q by setting z,(x) = z(x) for z € Q\ Q.

7.3. Error estimates. Let {Z,} € Z,q4, be a sequence of local minima of the
discrete optimal control problems such that ||z — Z4[/z2(q,) — 0 as h | 0, Z being a
local solution of the continuous problem (4.1)—(4.2); see Theorems 7.2 and 7.3. The
main goal of this section is to provide an error estimate for z — 2z, in L?(£2;,), namely,

1
(7.11) 12 = Zullz2 (@) ShY, v =min {1, s+ 3~ e} Vh < h,.

Here, ¢ > 0 is arbitrarily small. In what follows, if necessary, we extend discrete
functions zj, € Zgq,pn, defined over €y, to Q by setting z,(z) = Z(x) for z € Q\ Q.
We begin with the following instrumental result.

THEOREM 7.4 (instrumental error estimate). Let n € {2,3} and s > n/4. Let
Q be a convexr domain such that 0Q € C*>. Assume that (A.1)-(A.3), (B.1)-(B.2),
and (C.1)—(C.2) hold. Assume, in addition, that (5.4) and (6.3) hold. Let Z € Zqq
satisfies the second order optimality condition (4.16), or equivalently (4.20). Let us
assume that (7.11) is false. Then, there exists hy > 0 such that

(712) = 2l < [7) — 7 ()] (3~ 2)

for every h < h,, where € = min{p, a}, p is the constant appearing in (4.20), and o
denotes the reqularization parameter.

Proof. Since (7.11) is false, there exist sequences {h,}3°, and {z,}72, such that
he 10 as €1 oo and ||Z — Zn, | 20,y /by — o0 as hy | 0. In what follows, to simplify
notation we omit the subindex /.

Define vy, := (2, — 2)/||2n — Z||12(), and observe that, for every h > 0, we have
llonllz2(@) = 1. Upon considering a subsequence, if necessary, we can assume that
v, — v in L?(Q) as h | 0. Since the set of elements satisfying (4.12) is weakly
closed in L?(2) and each vy, satisfies (4.12), we conclude that v satisfies (4.12) as
well. We now prove that |[p(z)| > 0 implies v(z) = 0; recall that p = p + az. Define
Pr := pn + az. Observe that Proposition 5.3 and the arguments elaborated in the
proof of Theorems 6.1 and 6.2 yield [|p — pn|z2(q) — 0 as h | 0. As a result, we can
thus arrive at

/ﬁ(x)v(x)dx =lim [ pp(z)op(x)ds
Q

h—0 Qn
) 1 _ _ _ _ _
B T Ly, PO 0 + () = s
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where II, : L?(Q) — Z; denotes the orthogonal projection operator onto piece-
wise constant functions over J,. Since 0 < j; (Zp)(IInZ — 2p) = th pr(x)(Mpz(x) —
Zp(x))dz, because IIZ € Zgq,p, we have

/ B(z)o()de < lim —— { / B (@) (0 3(2) — 2(x))dz |
Q h—0 ||Zh — ZHLZ(Q) Qn

Invoke the regularity results for Z obtained in Theorem 4.10, namely, z € H**1/ 2=¢(Q),
where € > 0 is arbitrarily small, standard error estimates for II, and limp_,0||Z —
Znll2 (@) /Y = oo to obtain [, p(z)v(z)dz < 0. In view of (4.12), we can thus
conclude that [, [p(z)v(z)|dz = 0 and thus that |[p(z)| > 0 implies v(z) = 0 for
a.e. r € (). Consequently, v € C5.

Invoke the mean value theorem to obtain

(7.13) (' (20) = 5'(2)) (2n — 2) = " (Z+ On(2n — 2)) (20 — 2)°, 0, € (0,1).

Define 2j, 1= Z 4 0y(Z, — 2), uz, = u(Zp) := SZp, and pz, = p(Zp) as the solution to
(4.7) with u replaced by uz, . Invoke (4.13) to obtain

TP . 0?L 0%a
lim j’ (zh)vi = lim 5 <6u2(x’u2“)¢12’h —pg,LW(x,UE,L)qﬁih + avﬁ) dzx
L, ., 0%, .,
=« +/Q (W(z,u)gbv pw(z,u)ngU) dz,

where we have used us, — @ and ps, — p in H*(Q)NL>(Q) and ¢,, — ¢, in H5(Q);
the latter implies that ¢, — ¢, in LI(Q2) as k 1 oo for q < 2n/(n — 2s); see the proof
of Theorem 4.7 for details. Since Z satisfies (4.16), Theorem 4.8 yields

lim 5" (2n)v;, = o+ 5" (2)0? = allvl|Za(q) = @+ (1 — a)[vl|72(q)-

h—0
Since [[v]|r2() < 1, we can thus conclude that lim,_gj”(2,)v; > €, where € =
min{y, a}. As a result, there exists h, > 0 such that, for every h < h,, we have
3" Gn)vp > €/2.

In view of (7.13), we can finally derive (7.12) and conclude the proof. 0

We now provide an error estimate for the difference z — zj, in L?(9y,).

THEOREM 7.5 (error estimate for approximation of a control variable). Let n €
{2,3} and s > n/4. Let Q be a convex domain such that OQ € C™. Assume that
(A.1)-(A.3), (B.1)—(B.2), and (C.1)—(C.2) hold. Assume, in addition, that (5.4) and
(6.3) hold. Let z € Zgq satisfies the second order optimality condition (4.16), or
equivalently (4.20). Then, there exist hy > 0 such that

1
(715) Hé_éh”LQ(Qh) gh"/’ 'yzmin{l,s+2—e} Vh < h,,

where € > 0 is arbitrarily small.

Proof. We proceed by contradiction. Let us assume that (7.15) is false so that
we have at hand the instrumental error estimate of Theorem 7.4.

We begin by observing that j;, (24)(zr,—Zn) > 0 for every zj, € Zga,n and j'(Z)(Zn,—
z) > 0. In view of these inequalities, we invoke (7.12) to obtain

(7.16) %Hf = Znll72n) < Uh(Zn) = 5" (Z0)) (20 — 20) + 5" (20) (20 — 2)
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for every zj, € Zgan. Let 11, : L?(2) — Zj, be the orthogonal projection operator
onto piecewise constant functions over J,. Set z, = I Z € Zqq,, in (7.16) to obtain

¢ e e _ g _
5112 = 2nllZe0,) < Ua(zn) = ')l (Th2 = 20) + 5'(20) (Th2 — 2) =: T+ 1L,

We bound the term II as follows. First, standard properties of II; reveal that

(717) IIQh = (pgh + azp, Lz — Z)L2(Qh) = (pgh,HhZ — Z)LQ(Q’L)

_ _ 1_ _
= (pz, — Mppz, , IpZ — 2)2¢,) S ATT0T2 E\pzh|Hs+%_e(m\z|m(ﬂ),

where ¥ = min{s,1/2 — €}, v = min{l,s + 1/2 — €}, and € > 0 is arbitrarily small.
Here, pz, = p(zn) denotes the solution to (4.7) with u replaced by Sz,. Notice that
Theorem 4.10 guarantees that z € HY(2). On the other hand, on the basis of (C.1)-
(C.2) and a bootstrap argument, Proposition 4.9 reveals that ps;, € H*t1/27¢(Q),
where € > 0 is arbitrarily small. The remaining term Ilg\q, vanishes:

|HQ\Qh| = |(p2h + azp, L,z — 2)L2(Q\Qh)| =0.

We now control I. To accomplish this task, we first observe that I = (p, —
Pz, UnZ — Zn) L2(q)- Second, we split I = Iq, + o\, and control Io, as follows:

(7.18) Iq, = (Prn — Pz, 1InZ — Zn) 2(0,) = (Ph — Pz, Ha(Z = 21)) 12 (0))

2

= . < _ 2 2941 —
S pn = pallez @12 = Znllz2u) < 7112 = ZnllLe(q,) + Ch 2 €)|P2h,|Hs+%fe(Q)a

where ¥ = min{s,1/2 — €}, € > 0 is arbitrarily small and C' > 0. The control of
lPn — pz, |lL2(q) follows from Theorem 6.1. Since discrete functions zj, € Zga,n are
extended to Q upon setting z;,(z) = Z(x) in Q\ Qp, Ig\q, = 0.

A collection of the derived estimates yields the bound ||z — Z4|| £2(q) < k7, which
is a contradiction. This concludes the proof. 0

Remark 7.2 (optimality). The error estimate (7.15) is, in terms of approximation,
optimal for s > % and suboptimal for s < %, suboptimality being dictated by the

regularity properties obtained in Theorem 4.10.

Remark 7.3 (L?(Qp)-error estimate). To derive (7.15), the L?(2,)-error estimate
of Theorem 6.1 and the instrumental one obtained in Theorem 7.4 are essential. The
latter strongly relies on the second order optimality conditions analyzed in Theorems
4.7 and 4.8; observe inequality (4.20). In view of the assumptions n € {2,3} and
5 > n/4, solutions to the state and adjoint equations belong to H*(€2) N L>(Q) for
corresponding forcing terms in L?(£2). Without these assumptions, global ones on a

and L should be imposed in order to provide an analysis and an error estimate in
L?(Q2p,); observe the local nature in (A.1)—(A.3), (B.1)~(B.2), and (C.1)—(C.2).

We conclude the section with the following result.

THEOREM 7.6 (error estimates for approximation of state and adjoint variables).
Let the assumptions of Theorem 7.5 hold. Assume, in addition, that OL/Ou is locally
Lipschitz with respect to the second variable. Then, there exist hy > 0 such that

(7.19) @ —anlls ShE™, |5 —Bulls ShEC VA <h,

where € > 0 is arbitrarily small.
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Proof. Observe that ||a — @p||s < || —yl|s + ||[y — Gn|s, where y solves (6.7) with
zp, replaced by z,. The assumptions on a combined with the arguments elaborated in
the proof of [37, Theorem 4.16] and the error estimate (5.6) yield the estimates

_ _ _ _ 1_
la=ylle S 12 = 2nlurey  y—Bnlle S BNl ey g

In view of (7.15), we obtain the left-hand-side estimate in (7.19). The bound for the
error committed within the approximation of p is the content of Theorem 6.2. 0

8. Numerical experiments. In this section, we illustrate the performance of
the fully discrete scheme proposed in section 7 and the sharpness of the error estimates
derived in Theorems 7.5 and 7.6.

8.1. Implementation. The implementation has been carried out in MATLAB
on the basis of the finite element code devised in [1]. To solve the discrete optimality
system we have utilized a slight variation of the primal-dual active set strategy de-
scribed in [37, section 2.12.4]; on each iteration of such a strategy we solve the ensuing
nonlinear system by using a Newton-type method.

Let us now construct an exact solution for the fractional semilinear optimal control
problem (4.1)—(4.2). To accomplish this task, we slight modify the state equation (1.2)
by incorporating an extra forcing term f: (=A)*u+a(,u) = f+zin Q and u =0 in
Q°. Let n =2, Q= B(0,1), s € (0,1), and a = 1. We set the control bounds a and
b, the nonlinear term a(-,u), and the forcing term f to be as follows:

a=—0.8, b=-0.1, a(-,u) = u?’7 f=1- s — 7.
Within this setting, the optimal state @ is given by

I'(3

v
= 223F( n-ng )

(8.1) a(x)

(1 - |a:|2)i, tT =max{t,0}, n=2.

)
I'(1+s)

Additionally, we set L(-,u) = 3(u — uq)?, where uy4 corresponds to a suitable desired

state. Within this particular framework, the optimal adjoint variable p satisfies
peH(Q): A(v,p) + (3a*p, U>L2(Q) = (U= ug, V)2 VVE H3(Q).

We consider ug = i — 3u%p — 1 so that p is given by (8.1). Finally, the optimal control
can be obtained in view of a projection formula: z(x) = Iljq (—p()) for a.e. x € Q.

We notice that the previous construction of an exact solution is such that both
@ and p belong to H*t/27¢(Q) for every € > 0 so that it retains essential difficulties
and singularities and allows us to evaluate experimental rates of convergence.

8.2. Experimental rates of convergence. We discretize () using a sequence of
quasi-uniform meshes and study the performance of the fully discrete scheme described
in section 7 with s € {0.1,0.2,...,0.9}. In Figure 8.1 we present experimental rates
of convergence for the error committed in the approximation of the optimal control,
state, and adjoint variables. We observe that such experimental rates of convergence
are in agreement with the error estimates derived in Theorems 7.5 and 7.6.
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Fic. 8.1. Ezperimental rates of convergence for the fully discrete scheme of section 7 within the
setting described in section 8.1. The obtained experimental rates of convergence are in agreement
with the error estimates derived in Theorems 7.5 and 7.6; observe that h ~ Ndof~1/2.
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