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Abstract. We analyze a nonlocal coupled system arising as the Euler–Lagrange equations of an
energy functional involving regional fractional Laplacians of orders s1 and s2 (0 < s1, s2 < 1), each
acting on a separate disjoint domain and coupled through a nonlocal interaction term depending
on a kernel J . Under suitable assumptions on the domains and the kernel, we prove existence and
uniqueness of the energy minimizer and derive regularity estimates in fractional Sobolev spaces.
We introduce a finite element discretization and establish a priori error estimates. We develop
an alternating Schwarz-type method for both the continuous and discrete problems and prove its
geometric convergence. Numerical experiments validate the theoretical predictions and illustrate the
performance of the method.
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1. Introduction. Let Ω1 and Ω2 be two open, connected, bounded domains with
Lipschitz boundaries in Rn (n ≥ 2) such that Ω1 ∩ Ω2 = ∅, and let d := dist(Ω1,Ω2)
denote the distance between Ω1 and Ω2. Note that d > 0. Let s1, s2 ∈ (0, 1). Let
J : Rn → R be a nonnegative, symmetric, measurable function such that J ∈ L1(Rn).
We further assume that supp(J) ⊃ Br(0) for some r > d, as illustrated in Figure 2.1.
In this work, we study the following nonlocal coupled system and develop and analyze
a numerical scheme for its approximation: Given f1 : Ω1 → R and f2 : Ω2 → R, find
u := u1χΩ1 + u2χΩ2 such that

(1.1)

2C1
ˆ

Ωc2

u1(x)− u1(y)

|x− y|n+2s1
dy +

ˆ
Ω2

J(x− y)
(
u1(x)− u2(y)

)
dy = f1(x), x ∈ Ω1,

2C2
ˆ

Ωc1

u2(x)− u2(y)

|x− y|n+2s2
dy +

ˆ
Ω1

J(x− y)
(
u2(x)− u1(y)

)
dy = f2(x), x ∈ Ω2.

Here, for i ∈ {1, 2}, we set Ci = c(n, si)/2, where c(n, si) denotes a positive normal-
ization constant, and χΩi denotes the characteristic function of the domain Ωi. We
impose the volumetric boundary condition ui = 0 in Ωci . In each equation of system
(1.1), the first integral term corresponds to a regional fractional Laplacian that cap-
tures the long-range diffusion within each domain, while the second integral accounts
for the interaction between the two components u1 and u2 across the gap between Ω1

and Ω2.
Classical partial differential equations (PDEs) have long served as the primary

mathematical framework for modeling a wide range of scientific and technological
processes. Such models are typically derived under smoothness assumptions and rely
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on local arguments, in the sense that the value of the solution at a given point is
determined solely by its immediate neighborhood. Despite their remarkable success,
classical PDEs fall short when describing phenomena involving singularities, discon-
tinuities, or inherently long-range interactions. Such phenomena commonly arise in
fracture mechanics and continuum mechanics [17, 34], and in anomalous diffusion,
including superdiffusion and subdiffusion arising in subsurface transport and turbu-
lence [32, 36]. These limitations have motivated the development of nonlocal models
[13, 18, 19], where the value of the governing operator at a given point depends on
the behavior of the solution over an extended region of the domain.

Such nonlocal models find applications across a wide range of disciplines, includ-
ing finance [9, 11], image science [23, 7], and peridynamics [20, 25]. They are typically
formulated as integro-differential equations whose defining feature is a kernel func-
tion that encodes long-range interactions. An important example from the family
of nonlocal operators is the integral fractional Laplacian (−∆)s (0 < s < 1), which
corresponds to the infinitesimal generator of a stable Lévy process. In probabilistic
terms, (−∆)s arises from a random motion allowing long jumps with a polynomially
decaying tail; see [39] and [8, Chapter 1]. When the random walk is instead confined
to a domain U , the resulting operator is the regional fractional Laplacian, which in-
tegrates over U rather than over the entire space. Under the volumetric boundary
condition ui = 0 in Ωci , this is precisely the operator appearing in the first integral
term of each equation in system (1.1).

Despite the success of nonlocal models in describing complex phenomena, many
real-world systems involve regions where different physical regimes coexist and inter-
act across distinct spatial domains. This has motivated the development of Local-
to-Nonlocal (LtN) coupling methods, which combine the computational efficiency of
classical PDE-based models with the accuracy of nonlocal formulations in regions
where nonlocal effects are significant [14]. Beyond computational convenience, LtN
coupling methods also offer a principled way to circumvent the nontrivial task of
prescribing nonlocal volumetric boundary conditions, since surface data are typically
available and classical boundary conditions can be imposed in the local subdomain
[14, 26]. A variety of approaches have been proposed in this direction, including
optimization-based coupling [12, 15], Arlequin-type methods [31, 24], morphing tech-
niques [29, 4], blending mechanisms [35, 38], splice methods [26], and varying-horizon
approaches [35]; we refer the reader to [14] for a comprehensive review.

In contrast to these LtN coupling strategies, the system (1.1) studied in this work
couples two purely nonlocal operators, each acting on one of the two disjoint domains,
through a cross-domain interaction kernel J . To the best of our knowledge, this
nonlocal-nonlocal coupling configuration on disjoint domains has not been previously
explored in the literature. From a mathematical standpoint, the system (1.1) poses
several analytical challenges: the two regional fractional Laplacians act on separate
domains with different fractional orders s1 and s2, and the coupling term introduces
a nonlocal interaction across a positive-distance gap, requiring the development of
a suitable functional framework. One possible physical interpretation is that of two
populations of particles, each supported on one of the disjoint domains and undergoing
anomalous diffusion via long-jump random walks, with the kernel J regulating their
mutual exchange across the gap.

The analysis of system (1.1) gives rise to the following contributions:
• Well-posedness via an energy functional : We introduce a suitable energy functional
E whose Euler–Lagrange equations yield a weak formulation of (1.1). We establish
the coercivity, continuity, and strict convexity of E and apply the direct method
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of the calculus of variations to prove the existence and uniqueness of a minimizer
u ∈ H, which is the unique solution of this weak formulation.

• Weak formulation and regularity estimates: We analyze the bilinear form associ-
ated with the weak formulation of (1.1) and establish its continuity and coercivity,
yielding a stability estimate for the unique solution u ∈ H. We further prove that
u enjoys additional Sobolev regularity, which is the key ingredient in the derivation
of the a priori error estimates.

• Finite element discretization: We propose a finite element discretization of (1.1)
based on piecewise linear elements and derive a priori error bounds in the energy
norm | · |H in terms of the mesh parameters h and h and the regularity of the
solution.

• Alternating scheme: We propose and analyze alternating schemes for both the
continuous and discrete problems, inspired by the classical Schwarz method [33,
28]. We first establish geometric convergence of the continuous scheme; the same
arguments then yield geometric convergence of the discrete scheme to the unique
solution of the discrete coupled system.

• Numerical experiments: We present two numerical experiments that validate the
theoretical predictions and illustrate the performance of the devised finite element
scheme.

The remainder of this work is organized as follows. Section 2 introduces the nota-
tion, assumptions, and functional framework. Section 3 establishes the well-posedness
of (1.1) via the minimization of an energy functional E , derives its Euler–Lagrange
equations as the weak formulation of (1.1), and provides stability and regularity esti-
mates. Section 4 presents the finite element discretization and derives a priori error
estimates in the energy norm | · |H . Section 5 proposes and analyzes continuous and
discrete alternating schemes inspired by the classical Schwarz method and proves
their geometric convergence. Finally, Section 6 presents two numerical experiments
validating the theoretical predictions.

2. Notation and preliminary remarks. We establish the notation and recall
some facts that will be useful later.

2.1. Notation. Throughout this work, let n ≥ 2. If Ω ⊂ Rn is an open, bounded
domain, we denote by ∂Ω the boundary of Ω and by Ωc the complement of Ω. Given
r > 0 and x ∈ Rn, Br(x) denotes the open Euclidean ball of radius r centered at x.
We write Br = Br(0) when x = 0.

If X and Y are Banach function spaces, X ↪→ Y denotes that X is continuously
embedded in Y . We denote by X ′ the dual of X and by ‖ · ‖X the norm of X .
The duality pairing between X ′ and X is denoted by 〈·, ·〉X ′,X , and we write simply
〈·, ·〉 when the spaces X ′ and X are clear from the context.

The relation a . b indicates that a ≤ Cb for some positive constant C independent
of a, b, and of discretization parameters; C may depend on n, Ω, and any fractional
exponents si appearing in the model. The value of C may change from line to line.

2.2. Assumptions. Let Ω1 and Ω2 be two open, connected, bounded domains
in Rn. We assume that ∂Ω1 and ∂Ω2 are Lipschitz and Ω̄1 ∩ Ω̄2 = ∅. The distance
between the sets Ω1 and Ω2 is [22, Section 0.6]

d := dist(Ω1,Ω2) := inf{|x− y| : x ∈ Ω1, y ∈ Ω2}.

Note that d is a strictly positive constant because Ω̄1 ∩ Ω̄2 = ∅.
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For a domain Ω ⊂ Rn, we denote the distance from a point x ∈ Rn to Ω by [22,
Section 0.6]

(2.1) δΩ(x) = inf{|x− t| : t ∈ Ω}.

We operate under the following assumptions on the kernel J :
(J1) J : Rn → R is nonnegative and symmetric, i.e., J(z) ≥ 0 for a.e. z ∈ Rn and

J(z) = J(−z) for a.e. z ∈ Rn;
(J2) J ∈ L1(Rn);
(J3) There exists r > d such that Br ⊂ supp(J).

Fig. 2.1. Nonlocal interactions between Ω1 and Ω2 due to the kernel J.

2.3. Convolution. Let f ∈ L1(Rn) and let g ∈ Lp(Rn) with 1 ≤ p ≤ ∞. We
define the convolution of f with g by

(2.2) (f ? g)(x) =

ˆ
Rn
f(x− y)g(y)dy.

The following is a classical result [6, Theorem 4.15].

Lemma 2.1 (continuity). If f ∈ L1(Rn) and g ∈ Lp(Rn) with 1 ≤ p ≤ ∞, then

(2.3) ‖f ? g‖Lp(Rn) ≤ ‖f‖L1(Rn)‖g‖Lp(Rn).

2.4. Function spaces. Fractional Sobolev spaces provide a natural framework
for analyzing problems involving fractional Laplace operators. In Rn, a family of such
spaces can be defined based on the Fourier transform F : For s ≥ 0, we define [37,
Definition 15.7], [27, Chapter 1, Section 7]

Hs(Rn) := {v ∈ L2(Rn) : (1 + |ξ|2)
s
2F(v) ∈ L2(Rn)},

endowed with the norm ‖v‖Hs(Rn) := ‖(1 + |ξ|2)
s
2F(v)‖L2(Rn).

Let Ω ⊂ Rn be a bounded Lipschitz domain. We define H̃s(Ω) as the closure of
C∞0 (Ω) in Hs(Rn) [30, page 77]. The space H̃s(Ω) admits the following equivalent
characterization as the space of zero-extension functions [30, Theorem 3.29]:

H̃s(Ω) = {v|Ω : v ∈ Hs(Rn), supp v ⊂ Ω̄}.

For s ∈ (0, 1), we equip H̃s(Ω) with the following inner product and seminorm [30,
page 75]:

(v, w)H̃s(Ω) :=

ˆ
Rn

ˆ
Rn

(v(x)− v(y))(w(x)− w(y))

|x− y|n+2s
dxdy, |v|H̃s(Ω) := (v, v)

1
2

H̃s(Ω)
.
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Owing to the fractional Poincaré inequality [3, Proposition 2.4]

(2.4) ‖v‖L2(Ω) ≤ C|v|H̃s(Ω) ∀v ∈ H̃s(Ω), C = C(Ω, n, s),

we have that | · |H̃s(Ω) is a norm in H̃s(Ω) and that H̃s(Ω) is a Hilbert space.

We denote by H−s(Ω) the dual space of H̃s(Ω).
For µ ∈ (0, 1), we introduce the Slobodeckĭi–Gagliardo seminorm [30, (3.18)]

(2.5) |v|Hµ(Ω) =

(ˆ
Ω

ˆ
Ω

|v(x)− v(y)|2

|x− y|n+2µ
dxdy

) 1
2

.

We note that the definition of | · |Hµ(Ω) remains valid for unbounded Ω ⊆ Rn. Let
s > 0 and write s = r + µ with r ∈ N0 and µ ∈ (0, 1). We define [30, page 74]

Hs(Ω) := {v ∈ Hr(Ω) : |∂αv|Hµ(Ω) <∞ for |α| = r},

equipped with the norm

‖v‖Hs(Ω) :=

‖v‖2Hr(Ω) +
∑
|α|=r

|∂αv|2Hµ(Ω)

 1
2

.

We conclude this section with the following Sobolev embedding results.

Lemma 2.2 (embedding results). Let s ∈ (0, 1). If r ∈ [1, 2n/(n − 2s)], then
Hs(Ω) ↪→ Lr(Ω). If r ∈ [1, 2n/(n− 2s)), then Hs(Ω) ↪→ Lr(Ω) is compact.

Proof. We refer the reader to [16, Theorem 6.7] for a proof of Hs(Ω) ↪→ Lr(Ω).
The fact that the embedding is compact for r < 2n/(n−2s) follows from [16, Corollary
7.2].

3. The nonlocal coupled model. Let s1, s2 ∈ (0, 1). We define the space

(3.1) H := H̃s1(Ω1)⊕ H̃s2(Ω2) = {u = u1 + u2 : u1 ∈ H̃s1(Ω1), u2 ∈ H̃s2(Ω2)}.

We equip the space H with the following seminorm:

(3.2) |u|H :=
(
|u1|2H̃s1 (Ω1)

+ |u2|2H̃s2 (Ω2)

) 1
2

, u = u1 + u2.

Owing to the Poincaré inequality (2.4), the seminorm | · |H is a norm in H.

3.1. The energy functionals. We introduce two energy functionals E and E .
As established in Section 3.4 below, the minimization of E leads to a weak formulation
of the coupled system (1.1). First, we define E : H → [0,∞) by

(3.3) E(u) :=
C1
2

ˆ
Ωc2

ˆ
Ωc2

(u1(x)− u1(y))2

|x− y|n+2s1
dydx+

C2
2

ˆ
Ωc1

ˆ
Ωc1

(u2(x)− u2(y))2

|x− y|n+2s2
dydx

+
1

2

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1(x)− u2(y))2dydx.

Here, for i ∈ {1, 2}, Ci = c(n, si)/2, where c(n, si) denotes a positive normalization
constant. The first two terms in (3.3) are well-defined by the definition of H in
(3.1), while the third term is well-defined because J ∈ L1(Rn), u1 ∈ L2(Ω1), and
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u2 ∈ L2(Ω2). Since J is a nonnegative function, E(u) ≥ 0 for all u ∈ H. Second,
given f1 ∈ L2(Ω1) and f2 ∈ L2(Ω2), we define E : H → R by

(3.4) E(u) := E(u)−
ˆ

Ω1

f1u1dx−
ˆ

Ω2

f2u2dx.

Note that E is well-defined since E is well-defined and
´

Ω1
f1u1dx and

´
Ω2
f2u2dx are

finite by the Cauchy–Schwarz inequality.

3.2. Properties of the energy functionals. In this subsection, we examine
some properties that the energy functionals E and E satisfy. We begin with a lower
bound for E in L2, which will be used to establish the coercivity of E .

Lemma 3.1 (A lower bound for E in L2). There exists C > 0 such that

(3.5) E(u) ≥ C
(
‖u1‖2L2(Ω1) + ‖u2‖2L2(Ω2)

)
∀u ∈ H.

Proof. We proceed by contradiction and assume that there is {uk}k∈N ⊂ H, so
that for each k ∈ N we have

(3.6) uk = u1,k + u2,k, ‖u1,k‖2L2(Ω1) + ‖u2,k‖2L2(Ω2) = 1, E(uk) ≤ k−1.

From (3.6), we can directly deduce that E(uk)→ 0 as k ↑ ∞.
As a first step, we note that since u1,k vanishes in Ωc1, the first term in E(uk)

equals the Slobodeckĭi–Gagliardo seminorm of u1,k. Therefore, the definition of E in
(3.3) and the nonnegativity of E allow us to conclude that, as k ↑ ∞,

(3.7)

ˆ
Ωc2

ˆ
Ωc2

(u1,k(x)− u1,k(y))2

|x− y|n+2s1
dydx→ 0 =⇒ |u1,k|2Hs1 (Ω1) → 0.

This convergence result, together with the fact that ‖u1,k‖L2(Ω1) ≤ 1 for all k ∈
N, shows that the sequence {u1,k}k∈N is uniformly bounded in Hs1(Ω1). Similar
arguments show that {u2,k}k∈N is uniformly bounded in Hs2(Ω2). We can thus extract
nonrelabeled subsequences {u1,k}k∈N and {u2,k}k∈N such that

(3.8)
u1,k ⇀ u1 in Hs1(Ω1), u1,k → u1 in L2(Ω1), k ↑ ∞,
u2,k ⇀ u2 in Hs2(Ω2), u2,k → u2 in L2(Ω2), k ↑ ∞.

We now note that (3.7) and a similar convergence argument for {u2,k}k∈N show that
the previously extracted subsequences satisfy the strong convergence properties:

(3.9) u1,k → u1 in Hs1(Ω1), u2,k → u2 in Hs2(Ω2), k ↑ ∞

because weak convergence and convergence of norms imply strong convergence in
Hs1(Ω1) and Hs2(Ω2). We again invoke (3.7) and use a similar argument for {u2,k}k∈N
to conclude that |u1|Hs1 (Ω1) = |u2|Hs2 (Ω2) = 0, and thus u1 = C1 and u2 = C2, where
C1, C2 ∈ R. Note that here we have used the fact Ω1 and Ω2 are connected.

On the other hand, since E(uk)→ 0 as k ↑ ∞, it also follows that

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1,k(x)− u2,k(y))2dydx→ 0, k ↑ ∞.
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This convergence property, along with the facts that u1 = C1, u2 = C2, the nonnega-
tivity of J , and the property supp(J) ⊃ Br, where r > d = dist(Ω1,Ω2), allows us to
conclude that

(C1 − C2)2

ˆ
Ω1

ˆ
Ω2

J(x− y)dydx = 0 =⇒ C1 = C2.

As a final step, we show that C1 = C2 = 0. To do this, we proceed as follows.
On one hand, we have that

(3.10)

ˆ
Ωc2

ˆ
Ωc2

(u1,k(x)− u1,k(y))2

|x− y|n+2s1
dydx→ 0

=⇒
ˆ

Ω1

ˆ
Ωc1∩Ωc2

u1,k(x)2

|x− y|n+2s1
dydx→ 0, k ↑ ∞.

We now introduce the set A = {z ∈ Ωc2 : dist(z,Ω2) ≤ d/2}, which lies near Ω2 and is
disjoint from Ω1. We note that

ˆ
Ω1

ˆ
Ωc1∩Ωc2

u1,k(x)2

|x− y|n+2s1
dydx ≥

ˆ
Ω1

ˆ
A

u1,k(x)2

|x− y|n+2s1
dydx.

Define h : Ω1 → R by h(x) =
´
A
|x−y|−n−2s1dy. Note that h ∈ L∞(Ω1). Indeed, since

d = dist(Ω1,Ω2), we have that |x − y| ≥ d/2 for x ∈ Ω1 and y ∈ A. Moreover, since
|x−y| is bounded above uniformly for x ∈ Ω1 and y ∈ A, the integrand |x−y|−n−2s1 is
bounded below by a positive constant on Ω1×A. Thus, since |A| > 0, h(x) ≥ CA > 0
for all x ∈ Ω1. As a result,

ˆ
Ω1

ˆ
A

u1,k(x)2

|x− y|n+2s1
dydx =

ˆ
Ω1

u1,k(x)2h(x)dx ≥ CA

ˆ
Ω1

u1,k(x)2dx

for every k ∈ N. If we take the limit as k ↑ ∞ in the previous inequality and use the
strong convergence of {u1,k}k∈N in L2(Ω1) as k ↑ ∞ (see (3.8)), we obtain

CA

ˆ
Ω1

u1(x)2dx ≤ 0.

Note that we have also used (3.10). Since u1 = C1, this shows that CA|Ω1|C2
1 = 0,

which implies that C1 = 0. Therefore, C1 = C2 = 0, and u1,k → 0 in L2(Ω1) and
u2,k → 0 in L2(Ω2) as k ↑ ∞. This contradicts (3.6) and concludes the proof.

Lemma 3.2 (E is convex and continuous). The energy functional E defined in
(3.4) is convex and continuous on H.

Proof. The fact that E is convex on H is clear. Now, let us prove that E is
continuous on H. To do this, let {uk}k∈N ⊂ H be such that

(3.11) uk = u1,k + u2,k, u1,k → u1 in H̃s1(Ω1), u2,k → u2 in H̃s2(Ω2), k ↑ ∞.

In the following, we prove that E(uk) → E(u) as k ↑ ∞. From (3.11), the Poincaré
inequality (2.4), and the fact that f1 ∈ L2(Ω1) and f2 ∈ L2(Ω2), it follows that

ˆ
Ω1

f1u1,kdx→
ˆ

Ω1

f1u1dx,

ˆ
Ω2

f2u2,kdx→
ˆ

Ω2

f2u2dx, k ↑ ∞.
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It remains to prove that E(uk) → E(u) as k ↑ ∞. To do this, we begin with a
straightforward application of the triangle inequality and obtain

||u1,k|Hs1 (Ωc2) − |u1|Hs1 (Ωc2)| ≤ |u1,k − u1|Hs1 (Ωc2) ≤ |u1,k − u1|Hs1 (Rn) → 0,

||u2,k|Hs2 (Ωc1) − |u2|Hs2 (Ωc1)| ≤ |u2,k − u2|Hs2 (Ωc1) ≤ |u2,k − u2|Hs2 (Rn) → 0

as k ↑ ∞. Recall that, for v ∈ H̃s(Ω), |v|H̃s(Ω) = (v, v)
1
2

H̃s(Ω)
= (v, v)

1
2

Hs(Rn). We thus

immediately obtain that

ˆ
Ωc2

ˆ
Ωc2

|u1,k(x)− u1,k(y)|2

|x− y|n+2s1
dydx→

ˆ
Ωc2

ˆ
Ωc2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx,

ˆ
Ωc1

ˆ
Ωc1

|u2,k(x)− u2,k(y)|2

|x− y|n+2s2
dydx→

ˆ
Ωc1

ˆ
Ωc1

|u2(x)− u2(y)|2

|x− y|n+2s2
dydx

(3.12)

as k ↑ ∞. We still need to prove the convergence of the nonlocal term representing
the coupling. As a first step, we write

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1,k(x)− u2,k(y))2dydx =

ˆ
Ω1

ˆ
Ω2

J(x− y)u2
1,k(x)dydx

−2

ˆ
Ω1

ˆ
Ω2

J(x−y)u1,k(x)u2,k(y)dydx+

ˆ
Ω1

ˆ
Ω2

J(x−y)u2
2,k(y)dydx := Ik+IIk+IIIk.

Let us analyze Ik. For this purpose, we define g : Ω1 → R by g(x) :=
´

Ω2
J(x− y)dy

for a.e. x ∈ Ω1 and note that g ∈ L∞(Ω1). In fact, for a.e. x ∈ Ω1, we have

|g(x)| ≤
ˆ
Rn
|J(x− y)|dy = ‖J‖L1(Rn).

We now note that the convergence property u1,k → u1 in L2(Ω1) as k ↑ ∞ guarantees
that {u1,k}k∈N is uniformly bounded in L2(Ω1) so there exists M > 0 such that
‖u1,k + u1‖L2(Ω1) ≤M for every k ∈ N. This, together with g ∈ L∞(Ω1), shows that∣∣∣∣ˆ

Ω1

g(x)(u2
1,k(x)− u2

1(x))dx

∣∣∣∣ ≤ ‖g‖L∞(Ω1)

ˆ
Ω1

|u2
1,k(x)− u2

1(x)|dx

≤M‖g‖L∞(Ω1)

(ˆ
Ω1

|u1,k(x)− u1(x)|2dx

) 1
2

→ 0, k ↑ ∞.

As a result,

Ik =

ˆ
Ω1

u2
1,k(x)g(x)dx→

ˆ
Ω1

ˆ
Ω2

J(x− y)u2
1(x)dydx, k ↑ ∞.(3.13)

Similar arguments combined with Fubini’s Theorem show that

IIIk →
ˆ

Ω1

ˆ
Ω2

J(x− y)u2
2(y)dydx, k ↑ ∞.(3.14)

It only remains to analyze IIk. In the following, we prove that

(3.15) IIk → II := −2

ˆ
Ω1

ˆ
Ω2

J(x− y)u1(x)u2(y)dydx, k ↑ ∞.
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To this end, for each k ∈ N, we define ϑk : Rn → R by ϑk(x) = J ∗ (u2,kχΩ2
)(x). We

also define ϑ : Rn → R by ϑ(x) = J ∗ (u2χΩ2
)(x). We bound the difference ϑ− ϑk in

L2(Ω1) with the help of the continuity property of Lemma 2.1:

‖ϑ− ϑk‖L2(Ω1) ≤ ‖J‖L1(Rn)‖u2 − u2,k‖L2(Ω2) → 0, k ↑ ∞.

In particular, {ϑk}k∈N is uniformly bounded in L2(Ω1). Consequently,

|IIk − II| ≤ 2

ˆ
Ω1

|u1,k(x)− u1(x)||ϑk(x)|dx+ 2

ˆ
Ω1

|u1(x)||ϑk(x)− ϑ(x)|dx

≤ 2‖u1,k − u1‖L2(Ω1)‖ϑk‖L2(Ω1) + 2‖u1‖L2(Ω1)‖ϑk − ϑ‖L2(Ω1) → 0, k ↑ ∞.

Consequently, IIk → II as k ↑ ∞, as we intended to show.
The convergence properties (3.12)–(3.15) allow us to conclude that E(uk)→ E(u)

as k ↑ ∞. This concludes the proof.

3.3. Existence of a minimizer. We are now ready to present one of the most
important results in this section.

Theorem 3.3 (existence of a unique minimizer). Let s1, s2 ∈ (0, 1), let f1 ∈
L2(Ω1), and let f2 ∈ L2(Ω2). Then, there exists a unique minimizer u of E in H.

Proof. We proceed according to the direct method of the calculus of variations
[10, Theorem 5.51]. To apply this method, we must verify that E is proper, convex,
lower semicontinuous, and coercive in H. Since E is well-defined over H, it is clear
that E is proper in H. The convexity and continuity of E follow from Lemma 3.2. It
remains to prove that E is coercive in H.

Let u = u1 + u2 ∈ H, where u1 ∈ H̃s1(Ω1) and u2 ∈ H̃s2(Ω2). To prove the
coercivity of E , we first show that there exists a constant C > 0 such that

C1
2

ˆ
Ωc2

ˆ
Ωc2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx+

C2
2

ˆ
Ωc1

ˆ
Ωc1

|u2(x)− u2(y)|2

|x− y|n+2s2
dydx

≥ C1
2
|u1|2H̃s1 (Ω1)

+
C2
2
|u2|2H̃s2 (Ω2)

− C
(
‖u1‖2L2(Ω1) + ‖u2‖2L2(Ω2)

)
.

(3.16)

As a first step in deriving (3.16), we use Fubini’s theorem and the fact that u1 = 0 in
Ω2 to obtain the following identity:

|u1|2H̃s1 (Ω1)
=

ˆ
Ωc2

ˆ
Ωc2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx+ 2

ˆ
Ωc2

ˆ
Ω2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx.

Let us now control the second term on the right-hand side of the previous expression.
To this end, we first note that if x ∈ Ω1 and y ∈ Ω2, then |x− y| ≥ d = dist(Ω1,Ω2).
Exploiting further that u1 = 0 in Ω2, we write

ˆ
Ωc2

ˆ
Ω2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx =

ˆ
Ω1

ˆ
Ω2

|u1(x)|2

|x− y|n+2s1
dydx ≤ |Ω2|d−n−2s1‖u1‖2L2(Ω1).

As a result, we obtain the following bound

(3.17) |u1|2H̃s1 (Ω1)
− 2|Ω2|d−n−2s1‖u1‖2L2(Ω1) ≤

ˆ
Ωc2

ˆ
Ωc2

|u1(x)− u1(y)|2

|x− y|n+2s1
dydx.
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Similarly, the following estimate can be obtained

(3.18) |u2|2H̃s2 (Ω2)
− 2|Ω1|d−n−2s2‖u2‖2L2(Ω2) ≤

ˆ
Ωc1

ˆ
Ωc1

|u2(x)− u2(y)|2

|x− y|n+2s2
dydx.

If we add the inequalities in (3.17) and (3.18), we obtain the desired estimate (3.16).
Using bound (3.16) and the nonnegativity of J , we deduce that

E(u) ≥ C1
2
|u1|2H̃s1 (Ω1)

+
C2
2
|u2|2H̃s2 (Ω2)

− C
(
‖u1‖2L2(Ω1) + ‖u2‖2L2(Ω2)

)
.

We can now apply the estimate from Lemma 3.1 and conclude that

(3.19) CE(u) ≥ C1
2
|u1|2H̃s1 (Ω1)

+
C2
2
|u2|2H̃s2 (Ω2)

,

where C = 1 + C−1C, C is the constant from Lemma 3.1, and C is the constant from
(3.16). Combining (3.19) with the definition of E given in (3.4) and applying Hölder’s
and Young’s inequalities, we obtain

CE(u) ≥ C1
2
|u1|2H̃s1 (Ω1)

+
C2
2
|u2|2H̃s2 (Ω2)

− C

(
ε1‖u1‖2L2(Ω1) + ε2‖u2‖2L2(Ω2) +

1

4ε1
‖f1‖2L2(Ω1) +

1

4ε2
‖f2‖2L2(Ω2)

)
,

where ε1, ε2 > 0. We now apply the Poincaré inequality (2.4) and choose ε1 and ε2
sufficiently small to obtain

E(u) & |u1|2H̃s1 (Ω1)
+ |u2|2H̃s2 (Ω2)

− ‖f1‖2L2(Ω1) − ‖f2‖2L2(Ω2).

We can thus conclude that E is coercive in H; that is, E(u)→∞ as |u|H →∞.
After proving that E is coercive in H, the existence of a minimizer follows from

the direct method of the calculus of variations. Uniqueness follows from the strict
convexity of the functional E . Since E is obtained from E by subtracting linear terms,
it suffices to note that E is strictly convex. This follows from its quadratic structure.

3.4. The Euler–Lagrange equations. Let u be the minimizer of E in H. The
existence and uniqueness of this minimizer are guaranteed by Theorem 3.3. We now
derive the corresponding nonlocal coupled problem that determines u. Since u is a
minimizer of E in H, for every function v ∈ H, we have

∂

∂t
E(u+ tv)

∣∣∣
t=0

= 0.

A direct calculation shows that u solves the weak formulation: Find u ∈ H such that

(3.20) A(u, v) =

ˆ
Ω1

f1(x)v1(x)dx+

ˆ
Ω2

f2(x)v2(x)dx ∀v ∈ H.

Here, A : H ×H → R is defined as

(3.21) A(u, v) = C1
ˆ

Ωc2

ˆ
Ωc2

(u1(x)− u1(y))(v1(x)− v1(y))

|x− y|n+2s1
dydx

+ C2
ˆ

Ωc1

ˆ
Ωc1

(u2(x)− u2(y))(v2(x)− v2(y))

|x− y|n+2s2
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1(x)− u2(y))(v1(x)− v2(y))dydx.
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From the weak formulation (3.20), we obtain a nonlocal coupled system as follows:
First, we consider v ∈ H with v2 = 0 in (3.20) to obtain

C1
ˆ

Ωc2

ˆ
Ωc2

(u1(x)− u1(y))(v1(x)− v1(y))

|x− y|n+2s1
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1(x)− u2(y))v1(x)dydx =

ˆ
Ω1

f1(x)v1(x)dx

(3.22)

for all v1 ∈ H̃s1(Ω1). Second, we consider v ∈ H with v1 = 0 in (3.20) to obtain

C2
ˆ

Ωc1

ˆ
Ωc1

(u2(x)− u2(y))(v2(x)− v2(y))

|x− y|n+2s2
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)(u2(y)− u1(x))v2(y)dydx =

ˆ
Ω2

f2(x)v2(x)dx

(3.23)

for all v2 ∈ H̃s2(Ω2).

Remark 3.4 (equivalence and weak formulation). The following comments are
appropriate.

1. The system (3.22)–(3.23) corresponds to a weak formulation of (1.1).
2. By construction, if u = u1 + u2 ∈ H solves (3.20), then u1 and u2 solve the

nonlocal coupled problem (3.22)–(3.23). Conversely, since H = H̃s1(Ω1) ⊕
H̃s2(Ω2), (3.20) can be obtained by adding (3.22) and (3.23). Therefore,
problem (3.20) and system (3.22)–(3.23) are equivalent.

Since it will be useful later, in the next lemma we present the most important
properties that form A satisfies.

Lemma 3.5 (properties of A). A is bilinear, continuous, and coercive in H×H,
that is, there exist positive constants M and α such that A(u, v) ≤ M |u|H |v|H and
A(v, v) ≥ α|v|2H for all u, v ∈ H.

Proof. We divide the proof into three steps.
Step 1. The fact that A is bilinear is straightforward.
Step 2. We now prove that A is bounded in H ×H. Let u, v ∈ H, and note that

C1
ˆ

Ωc2

ˆ
Ωc2

(u1(x)− u1(y))(v1(x)− v1(y))

|x− y|n+2s1
dydx ≤ C1|u1|H̃s1 (Ω1)|v1|H̃s1 (Ω1),(3.24)

C2
ˆ

Ωc1

ˆ
Ωc1

(u2(x)− u2(y))(v2(x)− v2(y))

|x− y|n+2s2
dydx ≤ C2|u2|H̃s2 (Ω2)|v2|H̃s2 (Ω2),(3.25)

which follow directly from the fact that u1 and v1 vanish outside Ω1, and u2 and v2

vanish outside Ω2, as well as from the Cauchy–Schwarz inequality. We now analyze
the nonlocal term representing the coupling. To do this, we first bound it as

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1(x)− u2(y))(v1(x)− v2(y))dydx

≤
[ˆ

Ω1×Ω2

J(x− y)|u1(x)− u2(y)|2dydx

] 1
2
[ˆ

Ω1×Ω2

J(x− y)|v1(x)− v2(y)|2dydx

] 1
2

.
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Let us now write the square of the first term on the right-hand side of the previous
bound as follows; the other term can be treated similarly:

(3.26)

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1(x)− u2(y))2dydx =

ˆ
Ω1

ˆ
Ω2

J(x− y)u2
1(x)dydx

− 2

ˆ
Ω1

ˆ
Ω2

J(x− y)u1(x)u2(y)dydx+

ˆ
Ω1

ˆ
Ω2

J(x− y)u2
2(y)dydx := I1 − 2I2 + I3.

The control of I1, I2, and I3 follows from the arguments in the proof of Lemma 3.2.
Below, we briefly present these arguments. First, we have the bounds

(3.27) I1 ≤ ‖J‖L1(Rn)‖u1‖2L2(Ω1), I3 ≤ ‖J‖L1(Rn)‖u2‖2L2(Ω2).

Second, using the definition of convolution, the Cauchy–Schwarz inequality, the esti-
mate from Lemma 2.1, and Young’s inequality, we obtain

(3.28) I2 =

ˆ
Ω1

u1(x)(J ? u2χΩ2
)(x)dx ≤ ‖u1‖L2(Ω1)‖J ? u2χΩ2

‖L2(Rn)

≤ ‖u1‖L2(Ω1)‖J‖L1(Rn)‖u2‖L2(Ω2) ≤
‖J‖L1(Rn)

2

[
‖u1‖2L2(Ω1) + ‖u2‖2L2(Ω2)

]
.

A collection of bounds (3.24), (3.25), (3.27), and (3.28), and their analogues for v,
and a suitable use of the Poincaré inequality (2.4) establishes the continuity of A:

(3.29) A(u, v) ≤ C|u|H |v|H ∀u, v ∈ H.

Step 3. Finally, we prove that the bilinear form A is coercive in H×H. Given u ∈
H, we observe from the definitions of E and A given in (3.3) and (3.21), respectively,
that A(u, u) = 2E(u). We then use the bound (3.19) to obtain

(3.30) A(u, u) ≥ α
(
|u1|2H̃s1 (Ω1)

+ |u2|2H̃s2 (Ω2)

)
= α|u|2H .

We have thus proved that A is bilinear, continuous, and coercive in H ×H. This
concludes the proof.

Remark 3.6 (inner product). Since A is symmetric in H ×H, Lemma 3.5 guar-
antees that A defines an inner product on H.

We conclude this section with the following stability bound.

Theorem 3.7 (stability bound). The solution u = u1 +u2 ∈ H̃s1(Ω1)⊕H̃s2(Ω2)
of (3.20), or equivalently of the coupled system (3.22) and (3.23), satisfies the follow-
ing stability bound

(3.31) |u1|H̃s1 (Ω1) + |u2|H̃s2 (Ω2) . ‖f1‖L2(Ω1) + ‖f2‖L2(Ω2),

with a hidden constant that is independent of u, f1, and f2.

Proof. Set v = u ∈ H in (3.20) to obtain A(u, u) = (f1, u1)L2(Ω1) +(f2, u2)L2(Ω2).
The coercivity property of the bilinear form A stated in (3.30), combined with basic
inequalities and the Poincaré inequality (2.4), yields the desired stability estimate
(3.31). This concludes the proof.
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3.5. Regularity properties. We now examine regularity results for the solution
of (3.20).

Theorem 3.8 (Sobolev regularity). Let s1, s2 ∈ (0, 1), let f1 ∈ L2(Ω1), and let
f2 ∈ L2(Ω2). Let u = u1 + u2 ∈ H be the unique solution to (3.20). Then, for each
i ∈ {1, 2}, ui ∈ Hsi+κi−εi(Ωi) for all 0 < εi < si, where κi = 1

2 for 1
2 < si < 1 and

κi = si − εi for 0 < si ≤ 1
2 . In addition, we have the bound

‖ui‖Hsi+κi−εi (Ωi) ≤ Ciε
−νi
i

(
‖f1‖L2(Ω1) + ‖f2‖L2(Ω2)

)
, ∀εi ∈ (0, si),

where νi = 1
2 for 1

2 < si < 1 and νi = 1
2 + ν0,i for 0 < si ≤ 1

2 . Here, ν0,i is a positive
constant depending on Ωi and n, and Ci is a positive constant depending on Ω1, Ω2,
n, s1, s2, and J .

Proof. We provide a proof for u1; the argument for u2 is similar. From relation
(3.22), and after some algebraic manipulations using the fact that u1 and v1 vanish
outside Ω1, we conclude that u1 is the weak solution of the following problem:

u1 ∈ H̃s1(Ω1) : (−∆)s1u1 = f1 + 2C1u1h− u1g + ϑ =: g in Ω1,(3.32)

supplemented with the volumetric boundary condition u1 = 0 in Ωc1. Here, the func-
tions h, g, ϑ : Ω1 → R are defined as follows:

h(x) =

ˆ
Ω2

|x− y|−n−2s1dy, g(x) =

ˆ
Ω2

J(x− y)dy, ϑ(x) =

ˆ
Ω2

J(x− y)u2(y)dy.

Since dist(Ω1,Ω2) = d > 0, it is immediate that the function h belongs to L∞(Ω1).
On the other hand, since J ∈ L1(Rn), the function g belongs to L∞(Ω1). Since
h, g ∈ L∞(Ω1) and u1 ∈ H̃s1(Ω1) ⊂ L2(Ω1), we deduce that u1(2C1h − g) belongs
to L2(Ω1). Applying the continuity bound from Lemma 2.1 shows that ϑ belongs
to L2(Ω1). Combining these results, we conclude that the forcing term g ∈ L2(Ω1).
Moreover, the stability bound (3.31), the fact that h, g ∈ L∞(Ω1), and Lemma 2.1
yield ‖g‖L2(Ω1) . ‖f1‖L2(Ω1) + ‖f2‖L2(Ω2). The desired regularity then follows from a
direct application of [5, Theorem 2.1]. This concludes the proof.

4. A finite element discretization. Under the additional assumption that Ω1

and Ω2 are both Lipschitz polytopes, we introduce a finite element solution technique
to approximate the solution of the coupled system (3.22)–(3.23). We begin with some
terminology and describe the construction of the underlying finite element spaces. For
this purpose, we first introduce the families

{T1,h}h>0, {T2,h}h>0,

of conforming and quasi-uniform meshes of Ω̄1 and Ω̄2, respectively, made of closed
simplices T . Here, h := max{hT : T ∈ T1,h} and h := max{hT : T ∈ T2,h} denote
the mesh sizes of T1,h and T2,h, respectively, and hT = diam(T ).

Given a mesh T1,h and a mesh T2,h, we introduce the finite element spaces

V1,h := {vh ∈ C(Ω̄1) : vh|T ∈ P1(T ) ∀T ∈ T1,h, vh = 0 on ∂Ω1},(4.1)

V2,h := {vh ∈ C(Ω̄2) : vh|T ∈ P1(T ) ∀T ∈ T2,h, vh = 0 on ∂Ω2}.(4.2)

Remark 4.1 (homogeneous Dirichlet boundary conditions). We note that we en-
force a classical homogeneous Dirichlet boundary condition on ∂Ω1 (∂Ω2) and that
discrete functions in V1,h (V2,h) can be trivially extended to Ωc1 (Ωc2) by zero.

In view of the comments in Remark 4.1, V1,h ⊂ H̃s1(Ω1) and V2,h ⊂ H̃s2(Ω2) for
every s1, s2 ∈ (0, 1).
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4.1. The discrete scheme. We propose the following finite element approxi-
mation of the system (3.22)–(3.23): Find u1,h ∈ V1,h and u2,h ∈ V2,h such that

C1
ˆ

Ωc2

ˆ
Ωc2

(u1,h(x)− u1,h(y))(v1,h(x)− v1,h(y))

|x− y|n+2s1
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)(u1,h(x)− u2,h(y))v1,h(x)dydx =

ˆ
Ω1

f1(x)v1,h(x)dx

(4.3)

for all v1,h ∈ V1,h, and

C2
ˆ

Ωc1

ˆ
Ωc1

(u2,h(x)− u2,h(y))(v2,h(x)− v2,h(y))

|x− y|n+2s2
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)(u2,h(y)− u1,h(x))v2,h(y)dydx =

ˆ
Ω2

f2(x)v2,h(x)dx

(4.4)

for all v2,h ∈ V2,h.
Define Hh,h := V1,h ⊕ V2,h. If we add the discrete equations (4.3) and (4.4) and

use the structure of the discrete space Hh,h, we obtain the following equivalent weak
formulation: Find uh,h = u1,h + u2,h ∈ Hh,h such that

(4.5) A(uh,h, vh,h) =

ˆ
Ω1

f1(x)v1,h(x)dx+

ˆ
Ω2

f2(x)v2,h(x)dx

for all vh,h = v1,h + v2,h ∈ Hh,h.
We have the following result for the discrete problem.

Theorem 4.2 (existence and uniqueness). The discrete problem (4.5), or equiv-
alently the discrete coupled system (4.3) and (4.4), admits a unique solution uh,h =
u1,h + u2,h ∈ Hh,h = V1,h ⊕ V2,h. In addition, we have the following stability bound:

(4.6) |u1,h|H̃s1 (Ω1) + |u2,h|H̃s2 (Ω2) . ‖f1‖L2(Ω1) + ‖f2‖L2(Ω2),

where the hidden constant is independent of u1,h, u2,h, f1, f2, and the discretization
parameters h and h.

Proof. Since A is bilinear, continuous, and coercive on H ×H (see Lemma 3.5),
and since the finite–dimensional space Hh,h ⊂ H, the existence and uniqueness of
a solution uh,h follow directly from the Lax–Milgram lemma. The desired stability
estimate (4.6) is obtained by substituting v1,h = u1,h and v2,h = u2,h into (4.5)
and using the coercivity of the bilinear form A from (3.30) as well as the Poincaré
inequality (2.4). This concludes the proof.

4.2. A priori error bounds. We begin this subsection with the following result.

Lemma 4.3 (Galerkin orthogonality). Let u ∈ H and let uh,h ∈ Hh,h be the solu-
tions of problems (3.20) and (4.5), respectively. Then,

(4.7) A(u− uh,h, vh,h) = 0 ∀vh,h ∈ Hh,h.

Proof. Since Hh,h ⊂ H, we are allowed to set vh,h = v1,h + v2,h ∈ Hh,h as a test
function in problem (3.20). We obtain

A(u, vh,h) =

ˆ
Ω1

f1(x)v1,h(x)dx+

ˆ
Ω2

f2(x)v2,h(x)dx ∀vh,h ∈ Hh,h.

If we subtract the discrete equation (4.5) from the previous relation, we obtain the
desired Galerkin orthogonality property.
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We now derive the following quasi-best approximation result.

Lemma 4.4 (Cea’s lemma). Let u = u1 +u2 ∈ H and let uh,h = u1,h+u2,h ∈ Hh,h
be the solutions of problems (3.20) and (4.5), respectively. Then,

|u1 − u1,h|2H̃s1 (Ω1)
+ |u2 − u2,h|2H̃s2 (Ω2)

. min
vh,h∈Hh,h

(
|u1 − v1,h|2H̃s1 (Ω1)

+ |u2 − v2,h|2H̃s2 (Ω2)

)
.

(4.8)

Proof. The proof is standard. We provide a brief proof for completeness. Using
the coercivity and continuity of the bilinear form A established in Lemma 3.5 and the
Galerkin orthogonality property (4.7), it follows that

α|u− uh,h|2H ≤ A(u− uh,h, u− uh,h)

= A(u− uh,h, u− vh,h) ≤M |u− uh,h|H |u− vh,h|H ∀vh,h ∈ Hh,h.

Taking the minimum over vh,h ∈ Hh,h yields the desired estimate (4.8).

We are now in a position to state and prove the following a priori error bound.

Theorem 4.5 (a priori error bound). Let s1, s2 ∈ (0, 1), let f1 ∈ L2(Ω1), and let
f2 ∈ L2(Ω2). Let u = u1 + u2 ∈ H and let uh,h = u1,h + u2,h ∈ Hh,h be the solutions
of problems (3.20) and (4.5), respectively. Then, we have the following error bound:

(4.9) |u1 − u1,h|2H̃s1 (Ω1)
+ |u2 − u2,h|2H̃s2 (Ω2)

.
(
h2γ1 | log h|2ϕ1 + h2γ2 | log h|2ϕ2

) (
‖f1‖2L2(Ω1) + ‖f2‖2L2(Ω2)

)
.

Here, for i ∈ {1, 2}, γi = min{si, 1
2}, ϕi = νi if si 6= 1

2 , ϕi = 1 + νi if si = 1
2 , and

νi ≥ 1
2 is the constant in Theorem 3.8.

Proof. With the quasi-best approximation estimate (4.8) in hand, we can consider
vh,h = Πhu1 + Πhu2, where Πh and Πh denote appropriate quasi-interpolation opera-
tors (possible choices include the Scott–Zhang and Clément interpolation operators),
and obtain the bound

|u1 − u1,h|2H̃s1 (Ω1)
+ |u2 − u2,h|2H̃s2 (Ω2)

. |u1 −Πhu1|2H̃s1 (Ω1)
+ |u2 −Πhu2|2H̃s2 (Ω2)

.

The desired estimate follows from the arguments given in the proof of [5, Theorem
3.5], combined with the regularity results of Theorem 3.8. This concludes the proof.

5. Alternating schemes. Inspired by the method proposed by Schwarz in [33],
we propose and analyze the continuous alternating Algorithm 5.1 in this section and
prove that it converges to the solution of the coupled problem (3.22)–(3.23). Although
it is already established that the coupled problem (3.22)–(3.23) has a unique solution
(see Theorem 3.3), the analysis of this algorithm provides the basis for proposing and
analyzing the fully discrete alternating Algorithm 5.2, an iterative algorithm that
converges to the solution of the finite element approximation (4.3)–(4.4).

5.1. The continuous alternating scheme. We begin this section by intro-
ducing the continuous alternating scheme mentioned above (Algorithm 5.1).
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Algorithm 5.1: The continuous alternating scheme

Input: Ω1,Ω2 ⊂ Rn, s1, s2 ∈ (0, 1), f1 ∈ L2(Ω1), f2 ∈ L2(Ω2), J ∈ L1(Rn), and
u0

2 ∈ H̃s2(Ω2).
Step 0: Define u0 = 0 + u0

2 ∈ H.
For i = 1 until convergence do

1: Find the solution u2i−1
1 ∈ H̃s1(Ω1) of (3.22) with u2 replaced by u2i−2

2 .
2: Define u2i−1

2 = u2i−2
2 ∈ H̃s2(Ω2) and u2i−1 = u2i−1

1 + u2i−1
2 ∈ H.

3: Find the solution u2i
2 ∈ H̃s2(Ω2) of (3.23) with u1 replaced by u2i−1

1 .
4: Define u2i

1 = u2i−1
1 ∈ H̃s1(Ω1) and u2i = u2i

1 + u2i
2 ∈ H.

5.1.1. Solution operators. To analyze Algorithm 5.1, we introduce suitable
solution operators. Given forcing terms f1 ∈ L2(Ω1) and f2 ∈ L2(Ω2), we define

Lf1 : L2(Ω2)→ H̃s1(Ω1), w2 7→ u1 = Lf1(w2),(5.1)

Lf2 : L2(Ω1)→ H̃s2(Ω2), w1 7→ u2 = Lf2(w1).(5.2)

Here, u1 corresponds to the solution of (3.22), where u2 is replaced by w2, and u2

corresponds to the solution of (3.23), where u1 is replaced by w1.
We now prove that the operators Lf1 and Lf2 are well-defined and continuous.

Lemma 5.1 (Lf1 and Lf2). The operators Lf1 and Lf2 , defined in (5.1) and (5.2),
respectively, are well-defined and continuous, and satisfy the following bounds:

|Lf1(w2)|H̃s1 (Ω1) . ‖f1‖L2(Ω1) + ‖J‖L1(Rn)‖w2‖L2(Ω2),(5.3)

|Lf2(w1)|H̃s2 (Ω2) . ‖f2‖L2(Ω2) + ‖J‖L1(Rn)‖w1‖L2(Ω1).(5.4)

Proof. We analyze the operator Lf1 ; the analysis for the operator Lf2 is similar.

Let w2 ∈ L2(Ω2). Define E1 : H̃s1(Ω1)→ R+
0 and E1 : H̃s1(Ω1)→ R as follows:

E1(u1) :=
C1
2

ˆ
Ωc2

ˆ
Ωc2

(u1(x)− u1(y))2

|x− y|n+2s1
dydx+

1

2

ˆ
Ω1

ˆ
Ω2

J(x− y)u2
1(x)dydx,(5.5)

E1(u1) := E1(u1)−
ˆ

Ω1

f1(x)u1(x)dx−
ˆ

Ω1

ˆ
Ω2

J(x− y)w2(y)u1(x)dydx.(5.6)

We first note that E1(u1) ≥ C1‖u1‖2L2(Ω1) for all u1 ∈ H̃s1(Ω1), where C1 is a positive
constant. This result follows from an adaptation of the arguments in the proof of
Lemma 3.1. With this bound, we follow the arguments in the proof of Theorem 3.3
and use (3.17), the nonnegativity property of the kernel J , and the continuity property
of Lemma 2.1 to derive the following coercivity properties:

E1(u1) & |u1|2H̃s1 (Ω1)
∀u1 ∈ H̃s1(Ω1),(5.7)

E1(u1) & |u1|2H̃s1 (Ω1)
− ‖f1‖2L2(Ω1) − ‖J‖

2
L1(Rn)‖w2‖2L2(Ω2) ∀u1 ∈ H̃s1(Ω1).(5.8)

Let us also note that E1 is convex and continuous in H̃s1(Ω1). The convexity of E1 is
clear, and its continuity follows from the arguments presented in the proof of Lemma
3.2. With these properties, the direct method of the calculus of variations allows us
to deduce the existence of a minimizer u1 of E1 in H̃s1(Ω1). The strict convexity of
E1 guarantees the uniqueness of u1. Finally, as in section 3.4, it can be shown that u1
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is the unique solution to the problem

(5.9) C1
ˆ

Ωc2

ˆ
Ωc2

(u1(x)− u1(y))(v(x)− v(y))

|x− y|n+2s1
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x−y)u1(x)v(x)dydx =

ˆ
Ω1

f1(x)v(x)dx+

ˆ
Ω1

ˆ
Ω2

J(x−y)w2(y)v(x)dydx

for all v ∈ H̃s1(Ω1), i.e., Lf1(w2) = u1. This shows that Lf1 is well-defined. We now
set v = u1 in (5.9) and use the nonnegativity of J , the Cauchy–Schwarz inequality,
the Poincaré inequality (2.4), Lemma 2.1, and Young’s inequality to obtain a stability
bound for u1, which implies the desired bound for Lf1 .

Let i ∈ {1, 2}. In the case where fi ≡ 0, we simply write Li. Since problem (5.9)
is linear in both u1 and w2, and its solution is unique (as established in the proof
above), it follows that L1 is a linear operator; the same result holds for L2.

Having defined the operators Lf1 and Lf2 , we rewrite the continuous alternating

scheme as follows: Given u0
2 ∈ H̃s2(Ω2), we define u0 = 0 + u0

2 ∈ H, where 0 denotes
the zero function on Ω1, and compute, for i = 1 until convergence,

(5.10)
u2i−1

1 = Lf1(u2i−2
2 ), u2i−1

2 = u2i−2
2 , u2i−1 = u2i−1

1 + u2i−1
2 ∈ H,

u2i
2 = Lf2(u2i−1

1 ), u2i
1 = u2i−1

1 , u2i = u2i
1 + u2i

2 ∈ H.

5.1.2. Definition of convergence and equivalence. We say that Algorithm
5.1 converges if the sequence {ui}i≥0 ⊂ H, where ui = ui1 + ui2, converges to the
solution u = u1 + u2 of problem (3.22)–(3.23) in the following sense:

ui → u in H, i ↑ ∞.

Remark 5.2 (equivalence). Let f1 ∈ L2(Ω1), f2 ∈ L2(Ω2), and let u = u1 + u2

be the unique solution of the coupled system (3.22)–(3.23). The key observation is
that the error sequence {u − ui}i≥0 satisfies the same iterative scheme as (5.10) but
with f1 ≡ f2 ≡ 0 and initial datum u2 − u0

2. Indeed, using the affine dependence of
Lf1 and Lf2 on their arguments, the sequence {u− ui}i≥0 verifies for every i ≥ 1:

(5.11)

u1 − u2i−1
1 = Lf1(u2)− Lf1(u2i−2

2 ) = L1(u2 − u2i−2
2 ),

u2 − u2i−1
2 = u2 − u2i−2

2 ,

u2 − u2i
2 = Lf2(u1)− Lf2(u2i−1

1 ) = L2(u1 − u2i−1
1 ),

u1 − u2i
1 = u1 − u2i−1

1 ,

where Li is defined as in (5.1)–(5.2) with fi ≡ 0. Therefore, it suffices to prove
convergence of (5.10) in the case f1 ≡ f2 ≡ 0, which corresponds to the following
iterative method: Given u0

2 ∈ H̃s2(Ω2), define u0 = 0 + u0
2 ∈ H, where 0 denotes the

zero function on Ω1, and compute, for i = 1 until convergence,

(5.12)
u2i−1

1 = L1(u2i−2
2 ), u2i−1

2 = u2i−2
2 , u2i−1 = u2i−1

1 + u2i−1
2 ∈ H,

u2i
2 = L2(u2i−1

1 ), u2i
1 = u2i−1

1 , u2i = u2i
1 + u2i

2 ∈ H.

Here, {ui}i≥0 denotes the sequence corresponding to the case f1 ≡ f2 ≡ 0, to distin-
guish it from the original sequence {ui}i≥0.
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5.1.3. Convergence analysis. We define

V1 = {u = u1 + u2 ∈ H : u1 = L1(u2), u2 ∈ H̃s2(Ω2)},(5.13)

V2 = {u = u1 + u2 ∈ H : u2 = L2(u1), u1 ∈ H̃s1(Ω1)}.(5.14)

Since L1 and L2 are both linear, we deduce that V1 and V2 are both subspaces of H.

Lemma 5.3 (H = V1 ⊕ V2). It holds that H = V1 ⊕ V2.

Proof. We divide the proof into two steps.
Step 1. V1 ∩ V2 = {0}. Let u = u1 + u2 ∈ V1 ∩ V2. From the definition of V1

and V2 we deduce that u1 = L1(u2) ∈ H̃s1(Ω1) and u2 = L2(u1) ∈ H̃s2(Ω2). We
now use the definition of the operators L1 and L2 from (5.1) and (5.2), respectively
(with f1 ≡ f2 ≡ 0), to conclude that u = u1 + u2 ∈ H solves the coupled problem
(3.22)–(3.23) with f1 ≡ f2 ≡ 0. Since this problem is well-posed, we immediately
deduce that u1 ≡ u2 ≡ 0 and then that u ≡ 0.

Step 2. H = V1 + V2. Let u = u1 + u2 ∈ H. We need to prove that there exist
v ∈ V1 and w ∈ V2 such that u = v + w. By the definition of the subspaces V1 and
V2, we have that v = v1 + v2, where v1 = L1(v2), and that w = w1 + w2, where
w2 = L2(w1). In view of this fact, in the following we prove the existence of v2 and
w1, so that u1 = L1(v2) + w1 and u2 = v2 + L2(w1).

Step 2.1 Existence of v2. Applying the linear operator L2 to the relation u1 =
L1(v2) + w1 gives L2(u1) = L2(L1(v2)) + L2(w1). We use this relation and u2 =
v2 + L2(w1) to obtain L2(u1) = L2(L1(v2)) + u2 − v2, which can be rewritten as
follows:

(5.15) u2 − L2(u1) = v2 − L2(L1(v2)) = (I − L2 ◦ L1)v2.

We now note that the operator L2 ◦ L1 : L2(Ω2) → H̃s2(Ω2). Given the compact
embedding H̃s2(Ω2) ↪→ L2(Ω2), we can consider L2 ◦ L1 : L2(Ω2)→ L2(Ω2), which is
thus a linear and compact operator.

With this setting in hand, let us now show that there exists a unique v2 that
verifies (5.15). To accomplish this task, we will rely on the Fredholm alternative and
prove that Ker(I − L2 ◦ L1) = {0} to conclude that (I − L2 ◦ L1) is a bijection. Let
v2 ∈ L2(Ω2) be such that (I − L2 ◦ L1)v2 = 0. This implies that (L2 ◦ L1)(v2) = v2.
Using the definition of the linear maps L1 and L2, we can show that L1(v2) + v2 =
L1(v2) + L2(L1(v2)) ∈ H solves the coupled problem (3.22)–(3.23) with f1 ≡ f2 ≡ 0.
Since this problem is well-posed, we can thus conclude that v2 = 0. It follows that
I − L2 ◦ L1 : L2(Ω2) → L2(Ω2) is a bijection and thus that there exists a unique v2

that verifies (5.15).
Step 2.2 Existence of w1. Having determined v2, we consider w1 ∈ H̃s1(Ω1) as

(5.16) w1 = u1 − L1(v2).

Step 2.3. u = v + w. From the relations (5.15) and (5.16) we obtain

u1 = w1 + L1(v2), u2 = v2 + L2(w1),

as we intended to show. This concludes the proof.

To continue our analysis, we define the linear operators

P1 : H → H, u = u1 + u2 7→ P1(u) = L1(u2) + u2,(5.17)

P2 : H → H, u = u1 + u2 7→ P2(u) = u1 + L2(u1).(5.18)
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We note that P1 and P2 are linear. In the following, we analyze orthogonality prop-
erties of these operators with respect to the bilinear form A, which induces an inner
product in H ×H; see Remark 3.6. For this purpose, we define

(5.19) 〈u, v〉A := A(u, v), |v|A := 〈v, v〉
1
2

A ∀u, v ∈ H.

Lemma 5.4 (orthogonal projection). Let i ∈ {1, 2}. The map Pi is an orthogonal
projection from H onto Vi with respect to the inner product defined in (5.19).

Proof. We analyze the operator P1 : H → V1; the analysis for P2 is similar.
The fact that P1 is a projection is trivial. In fact, P1(P1(u)) = P1(L1(u2)+u2) =

L1(u2) + u2 = P1(u) for all u = u1 + u2 ∈ H. We now prove that P1 : H → V1 is
an orthogonal map with respect to the inner product 〈·, ·〉A defined in (5.19). Given
u = u1 + u2 ∈ H, we prove below that

(5.20) 〈u− P1(u), v〉A = 〈(u1 − L1(u2)) + 0, v〉A = 0 ∀v = L1(v2) + v2 ∈ V1.

Denote U1 = u1 −L1(u2) ∈ H̃s1(Ω1). From the definition of the inner product 〈·, ·〉A
and the bilinear form A(·, ·), it follows that

〈u− P1(u), v〉A = C1
ˆ

Ωc2

ˆ
Ωc2

(U1(x)− U1(y))(L1(v2)(x)− L1(v2)(y))

|x− y|n+2s1
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)U1(x)(L1(v2)(x)− v2(y))dydx.

On the other hand, let us note that L1(v2) ∈ H̃s1(Ω1) solves the following problem:

C1
ˆ

Ωc2

ˆ
Ωc2

(L1(v2)(x)− L1(v2)(y))(z1(x)− z1(y))

|x− y|n+2s1
dydx

+

ˆ
Ω1

ˆ
Ω2

J(x− y)((L1(v2)(x)− v2(y))z1(x)dydx = 0 ∀z1 ∈ H̃s1(Ω1).

If we set z1 = U1 in the previous weak formulation, we obtain (5.20), as we intended
to show. This shows that P1 : H → V1 is an orthogonal map with respect to 〈·, ·〉A.

To present the main result of this section, we note that the elements of the
sequence {ui}i≥0 defined in (5.12) can be rewritten in terms of the orthogonal pro-
jections P1 and P2, defined in (5.17) and (5.18), respectively, as follows: u0 = 0 + u0

2

and for every i ≥ 1,

u2i−1 = L1(u2i−2
2 ) + u2i−2

2 = P1(u2i−2),(5.21)

u2i = u2i−1
1 + L2(u2i−1

1 ) = P2(u2i−1).(5.22)

Theorem 5.5 (convergence of Algorithm 5.1). Given f1 ∈ L2(Ω1) and f2 ∈
L2(Ω2), the sequence {ui}i≥0 generated by the continuous alternating method described
in (5.10) converges to the unique minimizer u = u1 + u2 ∈ H of the energy E defined
in (3.4), which is characterized as the unique solution of the system (3.22)–(3.23):

(5.23) ui1 → u1 in H̃s1(Ω1), ui2 → u2 in H̃s2(Ω2), i ↑ ∞.

Moreover, the method is geometrically convergent: there exists κ ∈ (0, 1) such that

(5.24) |u1 − ui1|H̃s1 (Ω1) + |u2 − ui2|H̃s2 (Ω2) . κi ∀i ∈ N.
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Proof. Given the equivalence presented in Remark 5.2, we assume that f1 ≡ 0
and f2 ≡ 0 and analyze the convergence of the sequence {ui}i≥0 described in (5.12).
Let us note that within this setting, i.e., f1 ≡ 0 and f2 ≡ 0, the unique solution of
the coupled problem (3.22)–(3.23) is u ≡ 0 + 0.

Given the previously derived results (Lemma 5.3 and Lemma 5.4) we are able
to apply [28, Theorem I.1] and obtain convergence. In fact, Pi, for i ∈ {1, 2}, is an
orthogonal projection from H onto Vi with respect to the inner product 〈·, ·〉A (cf.
Lemma 5.4) and H = V ᵀ

1 ⊕ V
ᵀ
2 (cf. Lemma 5.3 combined with [6, Corollary 2.15]).

We can thus obtain that there exists κ ∈ (0, 1) such that

ui → 0 in (H, | · |A) as i ↑ ∞, |ui+1|A ≤ κi|u0|A ∀i ≥ 0.

From this we can deduce that ui1 → 0 in H̃s1(Ω1) and that ui2 → 0 in H̃s2(Ω2) as
i ↑ ∞. Let us now use the coercivity property (3.30) of the bilinear form A to obtain

|ui+1
1 |2

H̃s1 (Ω1)
+ |ui+1

2 |2
H̃s2 (Ω2)

. |ui+1|2A . κ2i ∀i ≥ 0.

This directly implies that |ui1|H̃s1 (Ω1) . κi and |ui2|H̃s2 (Ω2) . κi for all i ≥ 0.

5.2. The discrete alternating scheme. In this section, we present the discrete
alternating Algorithm 5.2, which is an iterative method for solving the finite element
discretization (4.3)–(4.4).

Algorithm 5.2: The discrete alternating scheme

Input: Ω1,Ω2 ⊂ Rn, s1, s2 ∈ (0, 1), f1 ∈ L2(Ω1), f2 ∈ L2(Ω2), J ∈ L1(Rn),
T1,h,T2,h, and u0

2,h ∈ V2,h.

Step 0: Define u0
h,h = 0 + u0

2,h ∈ Hh,h.
For i = 1 until convergence do

1: Find the solution u2i−1
1,h ∈ V1,h of (4.3) with u2,h replaced by u2i−2

2,h .

2: Define u2i−1
2,h = u2i−2

2,h ∈ V2,h and u2i−1
h,h = u2i−1

1,h + u2i−1
2,h ∈ Hh,h.

3: Find the solution u2i
2,h ∈ V2,h of (4.4) with u1,h replaced by u2i−1

1,h .

4: Define u2i
1,h = u2i−1

1,h ∈ V1,h and u2i
h,h = u2i

1,h + u2i
2,h ∈ Hh,h.

According to the arguments developed in section 5.1, the following results emerge.

Theorem 5.6 (convergence of Algorithm 5.2). Given f1 ∈ L2(Ω1) and f2 ∈
L2(Ω2), the sequence {uih,h}i≥0 generated by the discrete alternating method described
in Algorithm 5.2 converges to the unique solution of the discrete coupled system
(4.3)–(4.4):

ui1,h → u1,h in V1,h, ui2,h → u2,h in V2,h, i ↑ ∞.

Moreover, the method is geometrically convergent: there exists κ ∈ (0, 1) such that

|u1,h − ui1,h|H̃s1 (Ω1) + |u2,h − ui2,h|H̃s2 (Ω2) . κi ∀i ∈ N.

6. Numerical experiments. In this section, we present two numerical experi-
ments in two dimensions that illustrate the performance of the devised finite element
scheme. These experiments were conducted using a MATLAB code that adapts the
solution technique from [1] for the integral fractional Laplacian to our framework,
combined with the alternating method described in Algorithm 5.2. All integrals in-
volved are approximated using a suitable Gaussian quadrature.
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We now describe Algorithm 6.1, which implements the discrete alternating scheme
to approximate the solution of the discrete system (4.3)–(4.4). Given two meshes,
T1,h for Ω1 and T2,h for Ω2, the algorithm produces the approximation sequence
{ukh,h}Nk=0 ⊂ Hh,h, where N depends on a prescribed tolerance criterion, and outputs

uNh,h = uN1,h + uN2,h ∈ Hh,h

as the final approximation. The algorithm is initialized in Step 0 with an initial
guess u0

2,h ∈ V2,h, setting u0
h,h = 0 + u0

2,h ∈ Hh,h, where 0 denotes the zero function
on Ω1, err = 1, and i = 1. Each iteration i ≥ 1 proceeds as follows. Steps 1–4
alternate between solving the discrete problem on Ω1 using the current approximation
on Ω2, and solving the discrete problem on Ω2 using the updated approximation on
Ω1, yielding the new iterates u2i−1

h,h and u2i
h,h. Step 5 then updates the error indicator

err = ‖(u2i
1,h, u

2i
2,h)− (u2i−2

1,h , u2i−2
2,h )‖2,

where ‖ · ‖2 denotes the Euclidean norm of the vector of nodal values in both subdo-
mains. The algorithm terminates when err < 10−8.

Algorithm 6.1: Implemented discrete alternating scheme

Input: T1,h,T2,h, and u0
2,h ∈ V2,h.

Step 0: Define u0
h,h = 0 + u0

2,h ∈ Hh,h, where 0 denotes the zero function on Ω1. Set
err = 1 and i = 1.
While err ≥ 10−8 do

1: Find the solution u2i−1
1,h ∈ V1,h of (4.3) with u2,h replaced by u2i−2

2,h .

2: Define u2i−1
2,h = u2i−2

2,h ∈ V2,h and u2i−1
h,h = u2i−1

1,h + u2i−1
2,h ∈ Hh,h.

3: Find the solution u2i
2,h ∈ V2,h of (4.4) with u1,h replaced by u2i−1

1,h .

4: Define u2i
1,h = u2i−1

1,h ∈ V1,h and u2i
h,h = u2i

1,h + u2i
2,h ∈ Hh,h.

5: Set err = ‖(u2i
1,h, u

2i
2,h)− (u2i−2

1,h , u2i−2
2,h )‖2 and i← i+ 1.

We now describe the setting for our numerical experiments. We set n = 2, Ω1 =
B1(x1), and Ω2 = B1(x2), where x1 = −x2 = (1, 1). Note that d = dist(Ω1,Ω2) =
2
√

2− 2 > 0. We choose the kernel

J = |B6(0)|−1χB6(0).

Note that r = 6 > 2
√

2 − 2 = d, so assumption (J3) is satisfied. The exact solution
ū = ū1 + ū2 is given by

ū1(x) = (22s1Γ2 (1 + s1))−1(1− |x− x1|2)s1+ ,

ū2(x) = (22s2Γ2 (1 + s2))−1(1− |x− x2|2)s2+ ,
(6.1)

where t+ = max{0, t}. Within this setting, following the approach of Theorem 3.8,
the source terms f1 and f2 are given by

(6.2) f1 = 1− ū1 (2C1h1 − g1)− ϑ1, f2 = 1− ū2 (2C2h2 − g2)− ϑ2,
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where

h1(x) =

ˆ
Ω2

|x− y|−2−2s1dy, h2(x) =

ˆ
Ω1

|x− y|−2−2s2dy,

ϑ1(x) =

ˆ
Ω2

J(x− y)ū2(y)dy, ϑ2(x) =

ˆ
Ω1

J(x− y)ū1(y)dy,

g1(x) =

ˆ
Ω2

J(x− y)dy, g2(x) =

ˆ
Ω1

J(x− y)dy.

In (6.2), the constant 1 follows from the fact that (−∆)si ūi = 1 in Ωi; see [21, Theorem
3] and [1, Theorem 6.1].

Finally, we note that in all experiments below, the alternating method converges
in 4 or 5 iterations.

6.1. Example 1: Convergence behavior for different fractional param-
eters. We consider various combinations of s1 and s2, specifically

(s1, s2) ∈ {(0.2, 0.2), (0.2, 0.4), (0.2, 0.6), (0.4, 0.4), (0.4, 0.6), (0.6, 0.6)}.

The mesh sizes are set equal, h = h. This experiment illustrates the performance of
the devised finite element method and provides experimental validation of the error
estimate in Theorem 4.5, measured in the norm | · |H defined in (3.2).

In Figure 6.1, we present the experimental convergence rates for |ū− ūh,h|H . We
observe that, for each combination of s1 and s2 considered, the experimental rate of
convergence behaves as O(h1/2). This agrees with the error bound in Theorem 4.5
when s1, s2 ≥ 1/2. However, when s1 < 0.5 or s2 < 0.5, the experimental rates of
convergence are higher than those predicted by Theorem 4.5, but are consistent with
the regularity result:

(6.3) ūi ∈ Hsi+
1
2−εi(Ωi), 0 < εi < si + 1

2 , i ∈ {1, 2}.

The error bounds derived in Theorem 4.5 are based on the regularity estimates of
Theorem 3.8, which follow from [5, Theorem 2.1]. For si ∈ (0, 0.5], this gives ūi ∈
H2si−εi(Ωi) for all εi ∈ (0, si), which is weaker than (6.3). As noted in [5, page 1921],
higher regularity is expected when the forcing term belongs to Hr(Ωi) for some r > 0,
but this cannot be derived from [5, Theorem 2.1]. We emphasize that these regularity
estimates hold under the sole assumption that ∂Ωi is Lipschitz. Finally, we note that
ū1 and ū2 defined in (6.1) satisfy (6.3).

6.2. Example 2: Influence of refining only the mesh T1,h. In this example,
we fix the mesh size h associated with the mesh T2,h. We consider

(s1, s2) ∈ {(0.2, 0.2), (0.4, 0.2), (0.6, 0.2)}.

The purpose of this experiment is to investigate the influence of refining only the mesh
T1,h on the errors |u1 − u1,h|H̃s1 (Ω1) and |u2 − u2,h|H̃s2 (Ω2).

In Figure 6.2, we present the experimental rates of convergence for

|u1 − u1,h|H̃s1 (Ω1), |u2 − u2,h|H̃s2 (Ω2).

For all considered values of (s1, s2), the error |u1 − u1,h|H̃s1 (Ω1) initially exhibits an
optimal experimental rate of convergence, which persists up to the fourth refinement
step. After this point, the convergence rate deteriorates, as expected: the fixed mesh
T2,h causes the error |u2 − u2,h|H̃s2 (Ω2) to stagnate, which in turn prevents further

decay of |u1 − u1,h|H̃s1 (Ω1).
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Fig. 6.1. Example 1: Experimental rates of convergence of |ū−uh,h|H for various combinations
of s1 and s2: (s1, s2) ∈ {(0.2, 0.2), (0.2, 0.4), (0.2, 0.6), (0.4, 0.4), (0.4, 0.6), (0.6, 0.6)}.

Fig. 6.2. Example 2: Experimental rates of convergence of |u1 − u1,h|H̃s1 (Ω1) and |u2 −
u2,h|H̃s2 (Ω2) for various combinations of s1 and s2: (s1, s2) ∈ {(0.2, 0.2), (0.4, 0.2), (0.6, 0.2)}.

7. Conclusions. In this work, we introduced and analyzed a nonlocal coupled
system involving two regional fractional Laplacians, each acting on a separate domain
and coupled through a nonlocal interaction kernel. Well-posedness of the continuous
problem was established via the direct method of the calculus of variations. We
then proposed and analyzed a finite element discretization based on piecewise linear
elements, for which we obtained a priori error estimates grounded in regularity theory
for the fractional Laplacian on Lipschitz domains. The resulting convergence rates
are in agreement with the observed experimental behavior.

To solve the discrete coupled system efficiently, we proposed and analyzed a dis-
crete alternating scheme inspired by the classical Schwarz method. As an instru-
mental step, we first established geometric convergence of a continuous counterpart;
the same arguments then yield geometric convergence of the discrete scheme to the
unique solution of the discrete coupled system. The analysis rests on the orthogonal
decomposition H = V1 ⊕ V2 and the theory of alternating projections.

The numerical experiments confirm the theoretical predictions and reveal that,
when si < 1/2, the experimental rates of convergence exceed those predicted by the
theory. This phenomenon is consistent with higher regularity of the exact solution,
which cannot currently be derived from available regularity theory for the fractional
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Laplacian on Lipschitz domains.
Natural directions for future work include the study of nonlocal coupled systems

on non-disjoint domains, the analysis of more general coupling kernels, the extension
to nonlinear problems, and the formulation and analysis of optimal control problems
governed by (1.1).
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