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Abstract. We consider the square root of the Laplace operator (—A)l/2 in a bounded domain. The square
root of the Laplacian can be realized as the Dirichlet to Neumann operator of an extension problem posed on a
semi-infinite cylinder. This extension problem involves a mixed boundary value problem, which we analyze in
the framework of Sobolev spaces. For numerical approximation we propose a suitable truncated problem, which
can be justified by the rapid decay of the solution to the extension problem. A finite element approximation is
considered for the truncation. A priori error estimates are obtained for conforming and shape regular meshes
and numerical experiments are presented illustrating the theory.

1. Introduction. Singular integrals and nonlocal operators have been a standard topic
in different branches of mathematics such as operator theory and harmonic analysis (see [21]).
They are now becoming increasingly important because of their strong connection with real-
world problems. Concerning applications, nonlocal operators arise in: boundary control prob-
lems [12], finance [11], electromagnetic fluids [18], image processing [15], material science [5],
turbulence [2] and others.

In this work, we shall be interested in a specific nonlocal positive operator: the square root
of the Laplace operator in a bounded domain with zero Dirichlet boundary conditions and its
respective numerical approximation via the finite element method.

The problem we shall be concerned with reads as follows: Given a smooth enough function
f, find u such that

(=AY = f inQ,
{ u = 0 on 01, (1.1)

where Q C R” with n > 1 is a bounded domain with a smooth boundary 92, and (—A)Y?2
denotes the square root of the Laplace operator —A supplemented with homogeneous Dirichlet
values on 0.

The study of elliptic equations involving the square root of the Laplacian is important
in many physical applications in which long-range or anomalous difussion is considered. For
instance in probability, (—A)Y? is the infinitesimal generator of a stable Lévy process (see [6]).

Problem (1.1) involves the square root of the Laplace operator, which is a nonlocal operator
(see [16, 21, 8, 9]). It is well known that problem (1.1) can be realized in a local manner as
an operator that maps a Dirichlet boundary condition to a Neumann-type condition via an
extension problem in the semi-infinite cylinder C := Q x (0,00). This extension problem
corresponds to a mixed boundary value problem for the laplace operator —A:

—Au = 0 inC,

0
8—5 = f on Qx{0},
where 91,C := 99 x [0,00) denotes the lateral boundary of C, and v the unit outer normal to

C at Q2 x {0}.
Then, the square root of the Laplace operator —A in a bounded domain €2 is related to
the Dirichlet to Neumann operator for problem (1.2) in the following way:

(=A% = % in Q.
v

Using the idea developed above, our stategy to solve the nonlocal problem (1.1) is as
follows: given a sufficiently smooth function f we solve problem (1.2), obtaining a function u.
Hence, taking the trace of u at  x {0} we obtain the function u that solves (1.1).
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The outline of this paper is as follows. In section 2 we consider a suitable function space
designed to study problems (1.1) and (1.2), and we define the square root of the Laplace
operator in R™ and bounded domains. In order to approximate numerically u, in section 3 we
study a suitable truncated problem of (1.2). In section 4, a finite element approximation is
considered for the truncation and a priori error estimates for both u and u are obtained. We
conclude with numerical experiments, which ilustrate the developed theory.

2. Preliminaries: Function spaces and the fractional Laplace operator.

2.1. Function spaces. In order to define the square root of the Laplace operator, we start
by recalling some appropriate function spaces, see for instance ([17, 19, 22]). The fractional
Sobolev space HY?(Q) can de defined via the so called Gagliardo-Slobodeckii seminorm (see
[19, 22]). Let © be a open non-empty subset of R™, we define the Gagliardo-Slobodeckii
seminorm | - | gy2 ) as follows:

1/2
u(x) — u(y)® )
Ul gy = —————= dxdy .
[elzv=qo (/Q o |z—y/"t!

Then, the fractional Sobolev space HY?(f) is defined by
HY2(Q) := {u € L*(Q) : [ul g2y < +00}, (2.1)
which, equipped with the norm
) ) 1/2
lallzrvacay = (lul3eay + 6l )

is a Banach space. Now, we can define the so-called Lions-Magenes space as follows:

HYP(Q) = {u e HY/?(Q) : /Q 75((;)) da < +oo} :

where d(x) = dist(z, 9). This space equipped with the norm

w2 V2
— 2 -
Il = { Vil + [ 5}
is a Banach space.

When Q is an open and bounded subset of R” with a smooth boundary 0f), an equivalent
approach to define the Lions-Magenes space is given by interpolation (see, for instance, [17,
Ch. 1]). Let us use the standard convention H°(Q2) = L?(Q). Then, the Lions-Magenes space
is equivalently defined as the interpolation space of index 1/2 for the pair [H{(£2), L*(Q)]:

1/2
Hop* (@) = [H} (), L2(Q)] .
(see [17, Theorem 11.7]). In the case where  has a Lipschitz boundary, the equivalence is still
true (see [1, Ch. 7] for details).

We define Hé/2(Q) as the closure of C§°(£2) with respect to the norm || - [| 12, i-e.,

HY2(Q)

Hy*(©Q) = CF(Q) (2.2)

We have the strict inclusion

Hoo? () S Hy* (%)

for instance, 1 € H5/2(Q) but 1 ¢ H562(Q). On the other hand, it is known that if 2 is a
bounded domain with a smooth boundary 99, the space C§°(9) is dense in HY2(Q) (see [17,
Theorem 11.1]). Then, we have the following relationship among the spaces defined above

Hyp?(Q) G Hy*(Q) = HY*(Q).
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To treat the nonlocal problem (1.1), we will study a corresponding extension problem in
one more dimension, for which we need to consider an appropiate setting. Let us denote the
upper half-space in R"*! by

RiJrl = {(Iay): ($1,{E2,"' ,Inyy) eR" XR:y>O}a

Let © be a bounded smooth domain in R™. Denote the half-cylinder with base Q by

C=Qx(0,00), (2.3)
and its lateral boundary by
9r,C = 00 x [0, 00). (2.4)
Then, we define
Hi(C) = {ve H'(C) :v=0ae. on9.C}, (2.5)

which as a consequence of the Poincaré inequality (see [14, 13]), can be equipped with the
norm [v| g1 ey == ||Vl L2y

Finally, we denote by trq the trace operator on Q x {0} for functions in H!(C). Notice
that given v € H'(C), trqu € HY?(Q), since traces of H' functions are H"? functions on the
boundary (see [1, 22]).

2.2. The square root of the Laplace operator. The square root of the Laplace oper-
ator of a smooth function with compact support v : R — R is defined via Fourier transform
as

F((=2)2u)(€) := [€]F (u)(€). (2.6)

This definition can be extended to any function belonging to the fractional Sobolev space
HY? (R™). Tt can also be expressed by the pointwise formula

u(z) — u(y)
(=A)2u(x) = C, P.V. /R Wdy, (2.7)
where P.V. stands for the Cauchy principal value and C,, is a normalization constant to guar-
antee that the symbol of the resulting operator is |¢]; see the references [9, 16] for more details.
Observe from the pointwise formula (2.7) that the square root of the Laplace operator is a
nonlocal operator.

Smooth and bounded functions are admissible for the definition above. In particular, the
above integral is well defined if, for instance, u is bounded (which ensures the integrability
at infinity) and u € CIQOC(R") (which ensures the integrability at = y in the principal value
sense).

In order to define the square root of the Laplace operator in a bounded domain, we follow
the approach presented in [8]. Recall the well known spectral theory of the Laplacian —A
in a bounded domain € with zero Dirichlet boundary values (see, for instance [13, 14]). If
0Q € C%', then regularity theory asserts that the operator (—A)~! is compact. Hence, there
exists a sequence of eigenvalues of —A repeated by their finite multiplicity

O< <l < - =200, ask— o0

and, there exists an orthonormal basis {¢y } of L?(€), such that o), € H}(Q) is an eigenfunction
of —A corresponding to Ag:

—Apr = Agpr in
{ o = 0 on 09, (2.8)
for k = 1,2,---. The square root of the Dirichlet Laplacian (—A)Y? can defined for any
function u € C§°(2) by
u=Ybipr = (A= 0N, (2.9)
k=1 k=1

3



where the coefficients by are given by

bkz/ugokdx.
Q

By density this operator can be extended to the Hilbert space

H:= {u € LX Q) : ull} =3 N bil? < oo} : (2.10)

k=1
Following the theory of Hilbert scale presented in [17, Ch. 1] we have

[H(%(Q),LQ(Q)} = Dom(_A)l/z,

1/2
where Dom(—A)Y? stands for the domain of the operator (—A)Y?2, and as a consequence, we
conclude

H = [H}(Q), L*(Q)] H)P(9). (2.11)

Y2 —
As we discussed in section 2.1, the traces of functions in I;Ti (C) should be characterized.
In fact, such a characterization is given in [8, Proposition 1.8], which is complemented with
(2.11) to get the following result.
PROPOSITION 2.1. Let Q2 be a bounded and smooth domain in R™. Then, we have

H=HYQ) = {u=trqv:ve HLC)}. (2.12)

It is known that the square root of the Laplace operator in a bounded domain 2 defined
as above, can be determined as an operator that maps a Dirichlet boundary condition to a
Neumann-type condition via an extension problem (see [8, 10, 9]).

Let us consider a smooth function u defined in 2. Let u be the unique solution of the
Laplace equation in the cylinder C, with u vanishing on the lateral boundary 01,C and u as the
boundary condition on © x {0}:

—Au = 0 inC=Qx(0,00),

u = 0 ondrC =099 x[0,00), (2.13)
% = u onQx{0},

where v denotes the unit outer normal to the cylinder C at Q x {0}. Consider the operator

T:u— —9yu(z,0) = ?
1%

Q><{O}'

By a simple integration by parts argument, we see that

(T, w) 2y = — / u(z,0)0,u(x, 0)

Q
= / |Vul? >0
C

Thus, T is a positive operator. Moreover, since —d,u(z,0) is also a harmonic function, if we
apply the operator T twice to the function u, we get

(T oT)u=T(—0yu(x,0)) = dyyu(z,0) = —Azu(z,0) = Ayu

where A, denotes 851 + (’ﬁn Therefore, the operator T' that maps the Dirichlet type
condition u into the Neumann type condition —d,u(z,0), is actually the square root of the
Laplace operator (—A)'/2. In this way, we transform the nonlocal problem (1.1) in a local one,
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but in one more dimension. More precisely, we look for a function u with u(-,0) = u satisfying
the following mixed boundary value problem in a half-cylinder:

—Au = 0 inC=Qx(0,00),

u = 0 ondrC =099 x[0,00), (2.14)
ou
W = f onQx{0}.

Then, if u satisfies problem (2.14), the trace u on € x {0} of u is a solution of the problem

(1.1).

Now, let us consider the following Dirichlet to Neumann operator

I':H— H

Oou
—I(u) =f:=—
w T(w) = f = 5o
where u is the solution of problem (2.13) and H’ denotes the dual space of H. We summarize
the ideas explained above in the following result (see [8, 9]).
THEOREM 2.2. For every u € H, we have that

ou

(~8)V2u =Tlw) = 2,

where the equality above holds in the distributional sense.

In other words, given f € H', a function u € H solves the equation (—A)Y?u = f in Q if
and only if its harmonic extension u solves problem (2.14).

The associated weak formulation of problem (2.14) reads: Find u € Ifli (C) such that

/Vu-V¢= (f,tra¢), forall ¢ € H(C). (2.15)
c

where (-, -) denotes the duality pairing between H and H’, which is well defined because of the
characterization of the space H given in Proposition 2.1.

We remark that via the Lax-Milgram Lemma, for every f € H’ problem (2.15) has a
unique solution, and moreover, we have the following estimate (see [8]):

Il gy o) S lulla = [1f 1l (2.16)
£(©)

We conclude this section with a trace estimate, which will be important in order to obtain
the error estimates derived in Section 4 (see estimate (2.17) in [8]):

HUHHS Hu”ﬁli(c) (2'17)

3. A Truncated Problem. The variational equation (2.15) is posed on the infinite do-
main C = Q x (0,00). The rapid decay of the solution u in the y-direction, suggests truncation
to a bounded domain with a convenient Dirichlet condition. In fact, the next result shows that
the energy of the solution u outside of a truncated domain  x (0,9 ) can be made as small as
desired, by choosing properly the parameter 7.

PROPOSITION 3.1. For any positive constant & > 0, the solution u of the problem (2.14)
satisfies the following estimate
a2

sl (3.1)

IVl L2(@x (0000 S €
Proof. Let w € H. Then u € L*(Q2), and we can consider its expansion in terms of the
eigenfunctions {¢;}7° ,: u(z) =Y ro; brpr(x). Hence, the function

1/2

u(z,y) =Y brgr(x)e e Y,
k=1
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belongs to the Sobolev space ]?Ii (C) and solves problem (2.14) (see [8, Lemma 2.10]). Using
the expression above, and the fact that {¢x} are eigenfunctions of —A and orthonormal in

L?(Q), we have
[ [wsk =[] o
bg Q 7 Q
=Y e
k=1

/2.,
< ey

Finally, using the fact that ||u||g = || f||z, we obtain the desired estimate (3.1). O
Then, due to the fast decay of the solution u, given a tolerance € we may find an adequately
large value of the parameter 9 such that, the following estimate holds true:

VullL20x(r,00)) < €

Hence, it turns out natural to define a truncated solution v in a bounded domain C, :=
Q x (0,9), imposing a zero Dirichlet condition on the top of the bounded cylinder C,. We
define v to be the solution of the following mixed boundary value problem:

Av = 0 inCy=Qx(0,7),
v = 0 ondrCy =00 x[0,v],
. (3.2)
v = 0 onQx{y},
% = f onQx{0}.

In order to look for a solution v of problem (3.2), we have to consider a suitable Sobolev space:
foli((,’y) ={veH"(C):v=00n09.C, UQ X {r}}.

Then, the weak formulation of problem (3.2) reads: Find v € I?Q (Cy) such that
/)v%v¢:g¢m@,fmau¢eﬁﬂgy (3.3)
C,

Existence and uniqueness of the solution v in H 1(Cy) follows from Lax-Milgram Lemma.

The next result shows that u, the solution of the harmonic extension problem (2.14), can
be approximated by the solution v of the truncated problem (3.2), if » is chosen sufficiently
large.

LEMMA 3.2. For any positive v > 0, the following estimate holds

IV =0)lp2ie,) S e 2| £l (3.4)

Proof. Given ¢ € Ifli (Cy), we can extend it by zero to C to get ¢. € I;Ti (C). Then, taking ¢,
and ¢ as test functions in (2.15) and (3.3), respectively, and substracting both expressions, we
have

/‘v@—uyv¢=o for all ¢ € HL(C,),
Cy

which means that v is the best approximation of u in the space ]?Ii (Cy), i.e.,

IV =02,y = inf  [[Vu=9)lre,)- (3.5)

de HL(C,

Now we construct explicitly a function ¢g such that the estimate (3.4) holds true with v = ¢y.
Let us consider the function p defined by

1, 0<y<9/2
2

PW)=9q ;O -v),  7/2<y<y (3.6)
0, 7y >0



Notice that p € W1°°(0,00) and satisfies the following bounds |p(y)| < 1 and |p'(y)| < 2/
for all y > 0. Using this function, we define ¢o(z,y) := u(z,y)p(y) for z € Q and y > 0. A
straightforward computation shows

V(1= pw) [* <2((0)® + (1= p)?|Vu]?)
<2 (%uQ + |Vu|2> .

Using the estimate above and the definition of the function p, we obtain

4 ¥ ¥
V6= 6l s2<—2 [ fwes [ ] |w|2>. )
< Jys2Ja ¥/2JQ

Now, we have to estimate both integrals appearing on the right hand side of inequality (3.7).

In fact,
Dl o0 Dl
[ f o
9//2 Q k=1 7/2

1 /2, — /
AT YA - e )
k=1
Y2
Se N fl (3-8)

IN

The second integral in (3.7) is estimated as follows:

¥ > ¥ V2
[ [ =Sn [ oot
7 k=1 /2

/2Ja
k=1

SN £l (3.9)

Replacing the estimates (3.8) and (3.9) into (3.7), we get

Y2
IV (= 0)72c,) S e ™ 7l flF-
Finally, using the best approximation property (3.5), we obtain the desired estimate
IV —=0)llf2e,y= inf [V(u=9)lize,
GEHL(Cy)

< V(= o)lZ2(c,)
Se M % O

Notice that we have introduced a truncation parameter o which determines the size of the
truncated domain C, = Q x (0,9). Lemma 3.2 shows that the solution of the problem on the
truncated domain (3.2) converges exponentially to that of the original problem (2.14) in the
domain of interest.

To conclude this section, we present and estimate for the diference V(u — v), in the whole
domain C, i.e., in the L?(C)-norm. The key ingredients are Proposition 3.1 and Lemma 3.2.

THEOREM 3.3. For any positive v > 0, the following estimate holds

IV (=02 S e V2 flla (3.10)

In particular, given a tolerance € > 0, there exists a positive number %y such that for any
> > 9, the following estimate holds

IV(u—=v)llpzc) < €l flla (3.11)
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Proof. Notice that the function v can be extended by zero to € x [, 00). Then, we have

V(=) 720y = IV = 0)[1Z2c) + I VUl F20x (o 00))

Using Lemma 3.2 and Proposition 3.1, we obtain

Y2
V(= 0)l[F20) < Ce™ 7| £l (3.12)
<l f3

for all & > 979, where

o = \/% (m((}) +2In (%)) ,

with C' denoting the constant in inequality (3.12). O

4. A Priori Error Estimates. Let C, be a polyhedral domain in R’ffl. A triangulation
Cy (also called mesh or grid) of C, is a partition of C, into a set of n + 1-simplexes.

We impose two conditions on a triangulation 7 which are important in finite element
construction. First, a triangulation .7 is called conforming or compatible if the intersection of
any two simplexes T and T” in 7 is either empty or a common lower dimensional simplex.

The second important condition is shape regularity. A set of triangulations T is called
shape regular if there exists a constant ¢ such that

diam(T)"+1

max —————— < ¢, forall 7 €T,
TeT |T|

where diam(T') is the diameter of T' and |T'| is the measure of T'in R"*! . For shape regular
triangulations, diam(T) ~ hyp := |T|*/("+1) which will be used to represent the size of T and
we define h o := maxpec o hy.

The standard finite element method is to approximate problem (3.3) within a piecewise
polynomial finite dimensional subspace. For simplicity we consider the piecewise linear finite
element space V(7) over a shape-regular triangulation .7 of C,:

V(7):={V eC’C,)): V|r € PL(T)VT € 7 and V|r, = 0} C H}(C). (4.1)

where I'p denotes the Dirichlet boundary given by the union of 9.,C, and Q x {9 }. We now
solve (3.3) in the finite element space V(.7): find V7 € V(.7) such that

/ YV VW = (f, tra W), (4.2)
Cy

for all W € V(7). The existence and uniqueness of the solution to (4.2) follows again from
Lax-Milgram Lemma since V(.7) is Hilbert.

The results of section 2.2 show that for f € H’, if u solves the harmonic extension problem
(2.14), then u = trqu solves problem (1.1). Using this result, we define a finite element
aproximation of u. First, we define U(7) = trqV(.7), which corresponds to a space of
piecewise polynomials of degree 1 over the mesh 9 := trqo.7. Now, we can define a finite
element aproximation of u € H, by Uz := trqVs € U(T).

We are now in position to derive a global error estimate. To this end, it is convenient
to introduce the mesh-size function h € L*°(C,) given by h|r = hy for all T € 7. Then, a
combination of the Céa Lemma (see [7, Theorem 2.8.1]), interpolation estimates (see [7, Ch.
4]) and Theorem 3.3 yields the following error estimate.

THEOREM 4.1. Assume that the exact solution u of (1.1) satisfies v € H*(Cy) with 1 <
s <2, and set r := s — 1. Then, the error of the finite element solution Uy € U(T) of (4.2)
satisfies the following global a priori upper bound

lu=Usllir < ell flla + 11" D*llzace, - (4.3)



Proof. We start from the trace estimate (2.17) applied to u—U s and the triangle inequality:

lu—=Uzlla < llu-— Vﬂ“ﬁi(c)

< u=vllgy ) +llo = Vo (44)

i} (c ey
Now, given a tolerance €, we know there exists a positive number 9 such that the estimate
(3.11) holds, which reads

Hu_vl|ﬁi(c) Sellflla (4.5)
Standard finite element approximation (see [7, Ch. 4]) provides the following estimate

I =Vl e,y < 0 Dol ey (4.6)
Finally, replacing the estimates (4.5) and (4.6) in (4.4), we obtained the desired a priori upper
bound (4.3). O

If s = 2, and so v has the maximal regularity v € H?(C, ), we obtain the optimal conver-
gence rate in a linear Sobolev scale

V(v =V7)lr2c,) S hallvlne,)- (4.7)

The order 1 is dictated by the polynomial degree 1 and cannot be improved upon assuming
either higher regularity H2(C,) or a graded mesh 7. Notice that, in this case, (4.7) does not
provide an optimal estimate for the approximation of the solution of (1.1). In fact, the estimate
obtained reads

lu—=Ugzlla S elflla +hzlvlac,

If u has the maximal regularity u € H?(f2), the optimal convergence rate in a linear Sobolev
scale is

lu—Uzlla S B2 ull 2. (4.8)

However, to have such an estimate, we need f € H}(Q) (see [8, Proposition 3.1]). Then, if we
assume just f € H the estimate for v would be

lu=Uzlla S hzllfllu (4.9)

which is recovered by Theorem 4.1.

In order to have the optimal estimate (4.7), we need the function v € H?(Cy). It is well
known that in general the solution of a mixed boundary value problem is not smooth, even for
(C*°-data. This singular behavior occurs near the points of interseccion between the Dirichlet
and Neumann boundary. For instance, let us consider an example. The solution of the following
problem: Aw(z,y) = 0 in {y > 0}, w, = 0 for {z < 0} and {y = 0} and w = r¥2sin(6/2)
otherwise, does not belong to H2. In order to recover more regular solutions, one has to impose
some compatibility conditions between the data, the operator and the boundary.

For a mixed boundary value problem with an elliptic second order operator, optimal reg-
ularity results under weak assumptions on the data are obtained in [20]. For instance, for
6 € (—1/2,1/2), f € H=Y>*% implies v € H'Y. 1In our particular problem, given that
Cy = Q% (0,7), using the spectral theory, it is possible to prove that if f € H then v € H?(C,).

5. A numerical example. In the following numerical example we choose a function f
such that the solution of (1.1) does not have H?—regularity. In fact, we consider Q = (0,1)
and a function f such that f(0) = f(1) = 0 and the exact solution of problem (1.1) is given by

2z, z €(0,1/2),
“(””):{ 20 —z), =« €(1/2,1).

This function is such that u € H*(2) for every s < 3/2, then we have the estimate

lu—Usllu S ellfla+h% Vvlmee,), €=e@). (5.1)
9



The implementation of this numerical experiment has been carried out with the help of
the deal.II library (see [3, 4]). We implemented the truncated problem (3.3) over the domain
(0,1) x (0,), where o denotes the truncation parameter defined in section 3. For this type of
elliptic problems, it is well know (see for instance [7, 3]) that the discretization via the finite
element method of problem (3.3) is reduced to solve a linear system of equations. In our case
the obtained linear system is solved using the conjugate gradient method preconditioned with
SSOR. The stopping criterion is as follows: stop after 1000 iterations and stop if the norm of
the residual is below 10712

In order to compare the theoretical and experimental orders of convergence (EOC), we
consider a sequence of 10 meshes {7 }1%, and over each mesh .7}, we choose the parameter
o such that € = hz. In this way, the estimate (5.1) becomes

s—1/2
lu—Uzlla S 0% 2 ollme,)- (5.2)

In figure 5.1 we show the numerical approximation Vg obtained in a uniform mesh with
#7 = 1024 degrees of freedom, and the EOC for the HY2-norm. Notice that this estimate is
the one predicted by Theorem 4.1.

DB: solution-giobal-ql vik
Cycle: 1

—&— 12 grror
cDoFs'#

Pseudocolor
Var: solufion
0.9228

- 06921

-0.4614

0.2307

0.000
Max: 0.9228
Min: 0.000

Error
T
.

10 I I I I L
10° 1 10° 10° 10t 10 10

Degrees of Freedom (DOFs)

Fig. 5.1: Numerical approximation V7 with #.7 = 1024 and EOC for the HY2-norm.
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