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The Square Root of the Laplace Operator

The continuos problem

The problem we shall be concerned with reads as follows: Given a
smooth enough function f, find u such that

(-A)2u = f inQ,
u = 0 ondQ,
where Q C RY, with d = 1,2 is a bounded domain with a smooth
boundary 092 and (fA)l/2 denotes the square root of the Laplace
operator —A in Q with zero boundary values on 0f2.
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The Square Root of the Laplace Operator

Applications

Concerning applications, nonlocal operators are of importance in a wide
range of applications:

@ Finance.

@ Image Processing.

@ Quasi-geostrophic flow models.
°

Modeling hydraulic fractures and the evolution of a viscous liquid
thin film.

The development of efficient computational solution techniques for this
problem is fundamental.
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

Spectral theory of the Laplacian —A in a smooth bounded domain £ with
zero Dirichlet boundary values. There exists a sequence of eigenvalues

0</\1§>‘2§>\k§—>00

and,
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

Spectral theory of the Laplacian —A in a smooth bounded domain £ with
zero Dirichlet boundary values. There exists a sequence of eigenvalues

0</\1§>‘2§>\k§—>00

and, there exists an orthonormal basis {¢} of L2(2), where ) € H} ()
is an eigenfunction corresponding to Ax:

—Apx = A inQ (1)
wx = 0 on0Q,

for k = 1,2,---. Regularity theory = ¢, € C=(Q) for k =1,2,---.

).
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

The square root of the Dirichlet Laplacian, for a smooth function u, is

given by
Z Cpr — ( 1/2U = Z Ck)‘i/QSOI«
k=1 k=1

Density results = (—A)Y2: H}(Q) — L3(Q),

! Q={u= ZCMOH Z)\kcf < o0}
k=1 k=1

).
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

The square root of the Dirichlet Laplacian, for a smooth function u, is

given by
Z Cpr — ( 1/2U = Z Ck)‘i/QSOI«
k=1 k=1

Density results = (—A)Y2: H}(Q) — L3(Q),

! Q={u= Z Ckk| Z)\kcf < o0}
k=1 k=1
Then if f € L2(Q), we have
f= kagok — Ck = fk)\;1/2
k=1

Numerical disadvantages: We need to find a sufficiently large number of sme
eigenfunctions to obtain an accurate approximation. B
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

On the other hand, this operator can be seen as a singular integral

(-0 = G | b —uly)

o |x =yt

where Cy is some normalization constant.
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The Square Root of the Laplace Operator

Definition of the square root of the Laplacian

On the other hand, this operator can be seen as a singular integral

(-0 = G | b —uly)

d+1
Q [x =yl
where Cy is some normalization constant.

Numerical disadvantages: the integrand is singular and the matrix
obtained is dense. These inconveniences complicate the numerical
computation.
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

Let u be a bounded and continuos function in R". Then, there exists a
unique harmonic extension v of u in Rfl:

Av 0 in Riﬂ,

v = u onaRTI.
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

Let u be a bounded and continuos function in R". Then, there exists a
unique harmonic extension v of u in Rfl:

Av 0 in Riﬂ,

v = u onaRTI.

Consider T : u— —0,v(-,0). Then,

(ToT)(u)=T(-0yv(0) =0yvly=o = —ADxv|y=o
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

Let u be a bounded and continuos function in R". Then, there exists a
unique harmonic extension v of u in Rfl:

Av 0 inRiﬂ,
v = u onaRTI.

Consider T : u— —0,v(-,0). Then,

(ToT)u)=T(=0yv(-,0)) =0yv|y=0 = —Axv|y=0
= —Au inR"

T is positive and self- adjoint, then T = (—A)Y/2.
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

The same idea holds in the cylinder C := Q x (0, 00).

—Av = 0 inC=Qx(0,00),
v = 0 on 9. C:=00x][0,0),
v on Q x {0}.

\
=
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

The same idea holds in the cylinder C := Q x (0, 00).

—Av = 0 inC=Qx(0,00),
v = 0 on 9. C:=00x][0,0),
v = u onQx{0}.

Consider T : u— —0,v(-,0). Then,

(ToT)(u)=—-Au in Q.

>
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The Square Root of the Laplace Operator

Dirichlet - Neumann Operator

The same idea holds in the cylinder C := Q x (0, 00).

-Av =
\74 =
174 =

Consider T : u— —0,v(-,

0 inC =20 x(0,00),

0 on 9,C:=090 x [0,00),
u on Q x {0}.

0). Then,

(ToT)(u)=—-Au in Q.

T is positive and self- adjoint, then

Tu = (—A)l/Qu = —0,v(-,0)

ov

o Q><{0}.
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The Harmonic Extension and the Truncated Problem

Harmonic extension

Approach presented in the paper by X. Cabré and J. Tan, (2010): relation
between the nonlocal operator (—A)*/? and the harmonic extension.

Given u defined in Q, we consider its harmonic extension v in the cylinder
C :=Q x (0,00), with v vanishing on 9,C := 9Q x [0, 00).

—Av = 0 inC=Qx(0,00),
v = 0 on 9 C=00x]0,00),
% = f onQx{0},

where v is the unit outer normal to C at Q x {0}.

f,@/f
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The Harmonic Extension and the Truncated Problem

Harmonic extension

Approach presented in the paper by X. Cabré and J. Tan, (2010): relation
between the nonlocal operator (—A)*/? and the harmonic extension.

Given u defined in Q, we consider its harmonic extension v in the cylinder
C :=Q x (0,00), with v vanishing on 9,C := 9Q x [0, 00).

—Av 0 inC=Qx(0,00),
v = 0 on 9 C=00x]0,00),
% = f onQx{0},
where v is the unit outer normal to C at Q x {0}. Then,

u=trqv :=v(-,0).
&
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The Harmonic Extension and the Truncated Problem

Spaces for v and u

Space for v:
H3(C) := {v € H*(C)|v = 0 a.e. on 9,C = I x [0,0)}.
Space for u:

Vo(Q) = Hg (@) = [HH(Q), LX(Q)], 5.,

{u € /1/1/2(9)‘/Q

u?(x)
d(x) dx < +oo} ,
where d(x) = dist(x, 0Q).

).
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The Harmonic Extension and the Truncated Problem

Proposition (Cabré - Tan, 2010)

Let Vo(R2) be the space of all traces on Q x {0} of functions in H3(C).
Then, we have

E) = =ty ve Hg2(C)}
B %ewﬂ U‘g; }

= {uELz(Q) u—chgok s.t Zc A1/2<oo}

k=1 k=1

Moreover,

N

2 _ 2 u
oty = ey + [ 5

).
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The Harmonic Extension and the Truncated Problem

Proposition (Cabré - Tan, 2010)

If u € Vo(Q), then there exists a unique extension v of u s.t. v € H}(C).
In particular, if u =3 ckpk, then

vix,y) = Z cpr(x)e VM V(x,y) € C.
k=1

The operator (—A)Y2: V(Q) + Vo(R)* is given by

ov
A2, = ZY
(—A)“u oy

Q><{O}.
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The Harmonic Extension and the Truncated Problem

Truncated problem

Numerically, it cannot be solved because C is an infinite domain —> We
need to consider a suitable truncated problem.
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The Harmonic Extension and the Truncated Problem

Truncated problem

Numerically, it cannot be solved because C is an infinite domain —> We
need to consider a suitable truncated problem.

Why can we truncate the problem?

For any M > 0, the harmonic extension v satisfies the following estimate

\/71M|

IVV]2@xm,oc)) < € [Fllve(e)* -

In fact,

10l + In(1/e)

M
Vi

= |VlExaxqmy < Ce.
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The Harmonic Extension and the Truncated Problem

Truncated problem

Consider M adequately large and define v™ in a bounded domain
Cm = Q2 x (0, M), imposing a zero Dirichlet condition on Q x {M}:

—-AvM = 0

VWMo =0

v =0
ovM

ov f

in CM =Q x (07 M),
on 9.Cp := 92 x [0, M],
on Q x {M},

on Q x {0}.

).

ksl &S
TRy N

Ricardo H. Nochetto, Enrique Otarola, Abner J. Salgado A FEM for the Square Root of the Laplace Operator



The Harmonic Extension and the Truncated Problem

Truncated problem

Consider M adequately large and define v™ in a bounded domain
Cm = Q2 x (0, M), imposing a zero Dirichlet condition on Q x {M}:

ovM
ov
Find v™ € H}(Cum) such that

“AVM = 0 inCy=Qx(0,M),
vM = 0 on 9,Cy := 02 x [0, M],
vM 0 onQx{M},

f'

on Q x {0}.

/C VVM . VﬂJ = <f:trﬂ¢>v0(§2)*,vo(9), for all 1/) S H&(CM)
M

H3 (Cum) = {v € H*(Cm)|v = 0 a.e. on 9,Cu,
and v =0 a.e. on Q x {M}}. &
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The Harmonic Extension and the Truncated Problem

Weak formulation of the truncated problem

How good is this truncated problem?
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The Harmonic Extension and the Truncated Problem

Weak formulation of the truncated problem

How good is this truncated problem? We need two key steps. First, we
have an orthogonality property,

/ (Vv —VvM).Vy =0, Yo € H(Cum),
Cm

which implies,

M .
- = inf - .
v = vl et v =¥l e

®
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The Harmonic Extension and the Truncated Problem

Weak formulation of the truncated problem

How good is this truncated problem? We need two key steps. First, we
have an orthogonality property,

/ (Vv —VvM).Vy =0, Yo € H(Cum),
Cm

which implies,

M .
- = inf - .
v = vl et v =¥l e

Then, we construct a function g s.t.

v = Yollmcy < C(M, A)e™ M|y -

).
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The Harmonic Extension and the Truncated Problem

Weak formulation of the truncated problem

Then, we have the following result.

Lemma
For any € > 0, there exists a positive number My s.t. for any M > M,
the following estimate holds.

v = vMllewy < ellfllve)-

o2 00 (2)

where

).
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The Galerkin Approximation of the Harmonic Extension

Galerkin approximation

Given a family of partitions 7y of the domain Cy into quadrilateral
elements, we define for n > 1

V™0 = {v e C%Cum): viT € Qu(T) VT € Tx} N Hi (Cum).

Galerkin approximation for v¥: Find v,’,‘”e V"0 such that

/ VVAVI -Vw, = <f,trQWh>VO(Q)*’VO(Q), for all wy, € Vo,
Cm
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The Galerkin Approximation of the Harmonic Extension

Error estimates

We need to estimate the difference v — v in the H3(C) — norm.
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The Galerkin Approximation of the Harmonic Extension

Error estimates

We need to estimate the difference v — v in the H3(C) — norm. In fact,

IN

v — VlyHHé(C) v — VMHHg(C) + VM - VI:VIHHI(CM)
0

N

< ||V||H5(C\CM) + v — VM”H&(Cm)

M = v e
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The Galerkin Approximation of the Harmonic Extension

Error estimates

We need to estimate the difference v — v in the H3(C) — norm. In fact,

IN

v = vl v =My + VY = v e

N

< ||V||H5(C\CM) + v — VM”H&(Cm)

M = v e

For any € > 0, there exists a positive number My s.t. for any M > M,
the following estimate holds.

v = bl ey < C (ellf v + v lreen) »

where h = maxrer hr. .y
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The Galerkin Approximation of the Harmonic Extension

Error estimates

What about u?
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The Galerkin Approximation of the Harmonic Extension

Error estimates

What about u? Trace result implies an estimate for u

M M
lu= ol < IV = il

C (ellfllvoy + bliflra)) » €= e(M).

IN

However, notice that this estimate is not optimal! Optimal estimate

o= ey < € (€Il + B2 1Fllny) €= (M),

This optimal estimate needs f € H(Q).

).
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Numerical Results

Numerical example

We consider Q = (0,1) and f(x) = wsin(mx), then Cpy = (0,1) x (0, M)
u(x) = sin(mx) and v(x,y) = sin(mx)e~"™.

v = vt llipey < C (ellflvo@y + hlvIime) €= e(M)
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Numerical Results

Numerical example

We consider Q = (0,1) and f(x) = wsin(mx), then Cpy = (0,1) x (0, M)
u(x) = sin(mx) and v(x,y) = sin(mx)e~"™.

v = vt llipey < C (ellflvo@y + hlvIime) €= e(M)

M should change with h to get e = h

o--2n(3)
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Numerical Results

Numerical example

We consider Q = (0,1) and f(x) = wsin(mx), then Cpy = (0,1) x (0, M)
u(x) = sin(mx) and v(x,y) = sin(mx)e~"™.

v = vt llipey < C (ellflvo@y + hlvIime) €= e(M)

M should change with h to get e = h

o--2n(3)

In this case,

v = vl ey < ChlIfllvye)-
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Numerical Results

Some global meshes
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Numerical Results

Results with global refinement

DE: solution-global-q 1.vik
Cycle: 1

Var. soltion
e
—07a05
2.0
0937
—02a8
ocon
Max: 09874
1.5 Min: 0.000
¥
1.0
0.5

user: eofaroll ERSI7
Sun May 8 16:19:06 2011 5 Yo

Figure: v} with 238 degrees of freedom.
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Numerical Results

Results with global refinement
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Figure: Decay of the L2 and H! norms of the error for v.
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Numerical Results

Results with global refinement

DB: solution-globakq1.vtk
Cycle: 1

Pseudocolor
Var: solution,
0.9999

—0.7500
—0.5000
—0.2500

0.000
Max: 0.9999
Min: 0.000
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Numerical Results

Results with global refinement

Ermor

10° 10*
Degrees of Fraedom (DOFs)

Error

10 1o
Degrees of Freedom (DOFs)

Ermor

107 10*
Dagrees of Fraedom (DOFs)

Figure: Decay of the L2, H2 and H! norms of the error for u.
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Numerical Results

Exponential refinement

We exploit the behavior of the real solution
v(x,y) = Z coxe Y for all (x,y) €C,

to design an exponential mesh.
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Numerical Results

Exponential refinement

We exploit the behavior of the real solution
v(x,y) = Z ckcpke_my, for all (x,y) € C,
to design an exponential mesh.

d = 2: We do global refinement in x and exponential refinement in y.
Using interpolation results we get

Ny Ny
x\2 2
v = i pey < €D (R + () Ivlee,)

k=1 I=1

Ny
2
< CY (M) v
1=1
N)/
< CY (W) R e VA

=1
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Numerical Results

Exponential refinement

Finally, imposing
M —
v — vy \mg(c,v,) <NV

we get the following formula for the mesh on y:

Y1 = Yk + %N_2/3em/3”~
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Numerical Results

Some exponential mes
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Numerical Results

Results with exponential refinement

e
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Figure: Decay of the L2, H/? and H* norms of the error for u. s,
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Numerical Results

Adaptive refinement

The estimate

v =i lley < C (ellf vy + AlIvImecn)) -

is not computable and provides only asysmptotic information. We create
a mesh adapted to the function v. Basic ingredient:

Iv = i) < GEr(AN < G (Ilv = villycey + oser (vi"))

).
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Numerical Results

Adaptive refinement

The estimate

v =i lley < C (ellf vy + AlIvImecn)) -

is not computable and provides only asysmptotic information. We create
a mesh adapted to the function v. Basic ingredient:

Iv = i) < GEr(AN < G (Ilv = villycey + oser (vi"))

Error estimator implemented:

h ovM
2 M _nr h

s S
TRy N

Ricardo H. Nochetto, Enrique Otarola, Abner J. Salgado A FEM for the Square Root of the Laplace Operator



Numerical Results

3D Numerical example

We consider Q = (0,1) x (0,1) and f(x) = v/2wsin(mx) sin(my), then
u(x) = sin(nx)sin(wy) and v(x,y) = sin(ﬂ-x)s,‘n(ﬂy)e—ﬁwy_

We have optimal estimate for every refinement: adaptive, exponential
and global. We show the results obtained using Adaptivity.

>
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Numerical Results

An adaptive mesh. M = 4
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Numerical Results

Convergence Table for v

n cells HX-error [2-error

0 4 | 4.016e-01 - 4.790e-02 -

1 32 | 6.419e-01 | -0.68 | 7.156e-02 | -0.58
2 228 | 6.252e-01 | 0.04 | 6.094e-02 | 0.23
3 1628 | 4.190e-01 | 0.58 | 2.845e-02 | 1.10
4 11400 | 2.312e-01 | 0.86 | 8.959e-03 | 1.67
5 79265 | 1.188e-01 | 0.96 | 2.394e-03 | 1.90
6 | 549238 | 5.983e-02 | 0.99 | 6.091e-04 | 1.97

).
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Numerical Results

Results with adaptive refinement
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Figure: Decay of the L2, H/? and H' norms of the error for u.
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Numerical Results

Results with adaptive refinement
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Figure: uM and v} with 13435 degrees of freedom.
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Numerical Results

3D numerical example

We consider the following numerical example. Given a smooth function
f(x,y) = V2msin(rx)sin(ry), find u such that

(-A)2u = f inQ,
u = 0 ondQ,

where Q = (—1,1)? - disk(g,0)(0.5).

).

ksl &S
TRy N

Ricardo H. Nochetto, Enrique Otarola, Abner J. Salgado A FEM for the Square Root of the Laplace Operator



Numerical Results

Figure: Meshes for z =0 and z = 4. S
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Numerical Results

An adaptive mesh. M = 4

Figure: Degrees of freedom: 22492.
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Numerical Results

An adaptive mesh. M
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Numerical Results

A less regular example

We consider Q2 = (0,1), and a function f s.t. the exact solution of the

problem

|
-

in Q,
on 0f,

|
o

u

{ (—A)2y

is given by

2X, X 0,1/2),
“(X){ 2(1-x), x 2%1/2,/15.

).
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Numerical Results

A less regular example

We consider Q2 = (0,1), and a function f s.t. the exact solution of the
problem

(-A)2u = f inQ,
u = 0 on0Q,

is given by
2x, x €(0,1/2),
“(X){ 201-x), x €(1/2,1).

u€ H3(Q) for s < 3/2 = u € H3?27¢(Q), with e > 0. Then, we can
not expect the optimal estimate:

lu— ”ly”Hg({?(Q) <C (€||f\|vo(rz)* + h3/2||“||f—/2(9)) ;€= e(M). S,
/(o

s S
TRy N
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Numerical Results

A less regular example

However, notice that u € H3/27¢(Q) = v € H?>7¢(RQ), and we have an
almost optimal estimate for the function v,

v = vallip ey < C (ellf oy + B ClIVIime-<(cuy) » € = (M),

).
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Numerical Results

A less regular example

However, notice that u € H3/27¢(Q) = v € H?>7¢(RQ), and we have an
almost optimal estimate for the function v,

M —
v =iy < C (ellfllw@y: + M lIvlim-<ccw) > €= (M),
and, an almost optimal estimate for the function u,

lu = Ny < Clet+ B NIFllvyeay € = e(M).

).
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Numerical Results

Results with global refinement
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Figure: v} with 238 degrees of freedom.
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Numerical Results

Results with global refinement
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Figure: Decay of the L2, H/? and H' norms of the error for u.
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Numerical Results

Results with global refinement
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Figure: Decay of the L and H" norms of the error for v.
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Numerical Results

Convergence Table for v: adaptive refinement.

n cells HX-error [%-error
2 | 5.419e-01 - 8.615e-02 -

8 | 6.595e-01 | -0.28 | 9.719e-02 | -0.17
32 | 5.297e-01 | 0.32 | 5.996e-02 | 0.70

110 | 3.357e-01 | 0.66 | 2.277e-02 | 1.40
386 | 1.945e-01 | 0.79 | 6.773e-03 | 1.75
1313 | 1.086e-01 | 0.84 | 1.963e-03 | 1.79
4445 | 5.950e-02 | 0.87 | 5.625e-04 | 1.80
14903 | 3.213e-02 | 0.89 | 3.096e-04 | 0.86
40838 | 1.715e-02 | 0.91 | 3.953e-05 | 2.97
166577 | 9.092e-03 | 0.92 | 1.120e-05 | 1.82
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Numerical Results

Results with adaptive refinement
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Figure: Decay of the L? and H' norms of the error for v.
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Numerical Results

Future work

We are interested in develop an efficient computational technique to
solve the problem: Given a smooth enough function f, find u such that

(=A)¥u = f inQ
u 0 on 09,

where Q C RY, with d = 1,2 is a bounded domain with a smooth
boundary 09.

Caffarelli - Silvestre (2007)

s — H a
(=A)Yu= Csyan&y Oyv,

where a =1 — 2s, and C; is a positive constant depending only on s.
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Numerical Results

Future work

v solves the following degenerate elliptic equation:

div(y®Vv) = 0 inC
v = 0 onoC
limy o+ y?0yv = C;'f onQ x {0}.

u =trqv on Q.
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