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Abstract. The purpose of this work is to analyze an optimal control problem for a semilinear
elliptic partial differential equation (PDE) involving Dirac measures; the control variable corresponds
to the amplitude of forces modeled as point sources. We analyze the existence of optimal solutions and
derive first and, necessary and sufficient, second order optimality conditions. We devise a solution
technique that discretizes the state and adjoint equations with continuous piecewise linear finite
elements; the control variable is already discrete. We analyze convergence properties of discretizations
and obtain an a priori error estimate for the underlying approximation of an optimal control variable.
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1. Introduction. In this work we are interested in the analysis and discretiza-
tion of an optimal control problem for a semilinear elliptic partial differential equa-
tion (PDE) involving Dirac measures or point sources. To make matters precise, for
d ∈ {2, 3}, we let Ω ⊂ Rd be an open, bounded, and convex polytope with boundary
∂Ω and D be a finite ordered subset of Ω with cardinality ` := #D < ∞. Given a
desired state yd ∈ L2(Ω), a regularization parameter α > 0, and the cost functional

(1.1) J(y,u) :=
1

2
‖y − yd‖2L2(Ω) +

α

2
‖u‖2R` ,

we shall be concerned with the following PDE-constrained optimization problem: Find
min J(y,u) subject to the monotone, semilinear, and elliptic PDE

(1.2) −∆y + a(·, y) =
∑
z∈D

uzδz in Ω, y = 0 on ∂Ω,

where δz corresponds to the Dirac delta supported at the interior point z ∈ D, and

(1.3) u = {uz}z∈D ∈ R`, az ≤ uz ≤ bz ∀z ∈ D.

Here, u denotes the control variable. The control bounds a = {az}z∈D and b =
{bz}z∈D both belong to R` and satisfy that az < bz for all z ∈ D. Assumptions on the
nonlinear function a will be deferred until Section 2.1.

PDE-constrained optimization problems involving measures have previously been
considered in a number of works. In particular, we mention the work by [7] where
the authors consider an optimal control problem where the state variable is governed
by the semilinear elliptic equation (1.2) but with a control variable u that is measure
valued: u ∈ M(ω), where ω ⊂ Ω. The main motivation behind this consideration is
what the authors denote sparsity promoting properties of the control variable. Within
this setting, a complete analysis for the state equation and the optimization problem
is provided. In particular, first and second order optimality conditions are derived.
The work by [7], however, is not concerned with approximation.

For the particular linear case a ≡ 0, there are a few works that consider the
numerical approximation of the previously introduced optimal control problem. In
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(enrique.otarola@usm.cl, http://eotarola.mat.utfsm.cl/).

1

mailto:enrique.otarola@usm.cl
http://eotarola.mat.utfsm.cl/


2 E. OTÁROLA

[17], the authors consider a discretization technique based on the so-called variational
discretization approach and perform an a priori error analysis [17, Theorem 3.7].
The authors operate under the fact that the optimal state belongs to W 1,r

0 (Ω) for
r < d/(d − 1). In contrast, an approach involving Muckenhoupt weights, weighted
Sobolev spaces, and the corresponding weighted norm inequalities has been explored
in [1]. In such a work, the authors obtain the following rates of convergence for the
error approximation of the optimal control variable: O(h2−ε) in two dimensions and
O(h1−ε) in three dimensions, where ε > 0 is arbitrarily small [1, Theorem 5.1]; the er-
ror estimate in two dimensions being improved in Theorem 5.8 below to O(h2| log h|3).
The extension of such weighted techniques for when the state equations are the Stokes
equations has been recently considered in [15]. Related optimal control problems
within the context of the active control of sound and vibrations have been studied in
[3] and [18], respectively. Finally, we mention references [6], [21], and [16], where the
authors study discretization techniques for a PDE-constrained optimization problem
without control constraints, but where the control is a regular Borel measure.

In addition to this exposition being the first one that studies a numerical scheme
for the semilinear optimal control problem min J(y,u) subject to (1.2) and (1.3), the
analysis itself comes with its own set of difficulties. In what follows, we list, what we
believe are, the main contributions of our work:

(i) Error estimates for semilinear PDEs with Dirac measures: For a basic finite
element discretization of (1.2), we obtain an L2-error estimate that is optimal
in terms of regularity (Theorem 3.1). We also derive a nearly–optimal, in
terms of approximation, L1-error estimate (Theorem 5.3).

(ii) Existence of an optimal control: We show that our optimal control problem
admits at least one global solution: see Theorem 4.1.

(iii) Optimality conditions: We derive necessary first and second order optimality
conditions. We also analyze a sufficient second order optimality condition
with a minimal gap with respect to the necessary one.

(iv) Convergence of discretizations: We prove that global solutions of discrete op-
timal control problems converge to a global solution of the continuous one and
that strict local continuous solutions can be approximated by local discrete
solutions; see Theorems 5.5 and 5.6, respectively.

(v) Error estimates: We provide, in Theorem 5.8, an a priori error analysis for the
underlying approximation of an optimal control variable; the error estimate
in two dimensions being nearly–optimal in terms of approximation.

The outline of this manuscript is as follows. In Section 2 we introduce the notation
and functional framework we shall work with. We also briefly review basic results for
semilinear elliptic PDEs with singular forcing and derive, in Section 3, an L2-error
estimate for a standard finite element approximation. Section 4 is dedicated to the
analysis of the semilinear optimal control problem. In particular, we derive first and,
necessary and sufficient, second order optimality conditions. We analyze, in Section
5, a suitable finite element discretization for the semilinear optimal control problem,
derive convergence results, and obtain a priori error estimates.

2. Notation, assumptions, and preliminaries. Let us fix notation and the
setting in which we will operate. Throughout this work, d ∈ {2, 3} and Ω is an open,
bounded, and convex polytopal domain of Rd. We denote by ∂Ω the boundary of Ω.

If X and Y are Banach function spaces, we write X ↪→ Y to denote that X is
continuously embedded in Y . We denote by X ′ and ‖ · ‖X the dual and the norm of
X , respectively. We denote by 〈·, ·〉X ′,X the duality paring between X ′ and X ; we
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shall simply denote 〈·, ·〉 whenever the underlying spaces are clear from the context.
Let {xn}∞n=1 be a sequence in X . We will denote by xn → x and xn ⇀ x the strong
and weak convergence, respectively, of {xn}n∈N to x. We will use standard notation
for Sobolev spaces, norms, and seminorms. We denote by M(Ω) the space of Radon
measures on Ω – the space of regular Borel measures µ which are such that µ(K) <∞
for every compact set K ⊂ Rn [13] – and recall that M(Ω) can be identified with
C0(Ω)′ – the dual of the space of continuous functions on Ω̄ vanishing on ∂Ω [14,
Theorem 7.17].

Given s ∈ (1,∞), we denote by s′ its Hölder conjugate, i.e., the real number such
that 1/s + 1/s′ = 1. The relation A . B indicates that A ≤ CB, with a positive
constant which is independent of A, B, and the underlying discretization parameters.
The value of C might change at each occurrence.

2.1. Assumptions. To analyze the optimal control problem introduced in Sec-
tion 1, we will assume that a is such that (A.1)–(A.4) hold; see [7]. We must, however,
immediately mention that some of the results obtained in this work are valid under less
restrictive requirements. When possible we will explicitly mention the assumptions
on the nonlinear term a that are needed to obtain a particular result.

(A.1) a = a(x, y) : Ω × R → R is a Carathéodory function that is monotone
increasing in y for a.e. x in Ω and satisfies the growth condition

(2.1) |a(x, y)| ≤ |φ0(x)|+ Ca|y|r a.e. x ∈ Ω, ∀y ∈ R.

Here, Ca > 0 is a constant, φ0 ∈ L1(Ω), r <∞ if d = 2, and r < 3 if d = 3.
(A.2) a = a(x, y) : Ω× R→ R is a Carathéodory function of class C1 with respect

to y for a.e. x in Ω and there exists φ1 ∈ Lq(Ω), with q > d/2, such that

(2.2) 0 ≤ ∂a
∂y (x, y) ≤ |φ1(x)|+ Ca|y|r a.e. x ∈ Ω, ∀y ∈ R.

Here, Ca > 0 is a constant, r <∞ if d = 2, and r < 2 if d = 3.
(A.3) a = a(x, y) : Ω× R→ R is a Carathéodory function of class C1 with respect

to y for a.e. x in Ω and there exists φ1 ∈ Lq(Ω) such that

(2.3) 0 ≤ ∂a
∂y (x, y) ≤ |φ1(x)|+ Ca|y|r a.e. x ∈ Ω, ∀y ∈ R.

Here, r <∞ and q > 2 if d = 2, r < 1 and q = 3 if d = 3, and Ca > 0.
(A.4) a = a(x, y) : Ω× R→ R is a Carathéodory function of class C2 with respect

to y for a.e. x in Ω and there exists φ2 ∈ Lt(Ω) such that

(2.4)
∣∣∣∂2a
∂y2 (x, y)

∣∣∣ ≤ |φ2(x)|+ Ca|y|r a.e. x ∈ Ω, ∀y ∈ R,

where t > 1 if d = 2 and t > 3 if d = 3, Ca > 0 is a constant, r <∞ if d = 2,
and r < 1 if d = 3.

Further assumptions on a that will be particularly needed for performing an error
analysis of a suitable finite element discretization will be deferred until Section 5.

2.2. Semilinear PDEs with singular forcing. Let x0 ∈ Ω and a : Ω×R→ R
be such that (A.1) holds. We consider the following semilinear elliptic PDE: Find y
such that

(2.5) −∆y + a(·, y) = δx0
in Ω, y = 0 on ∂Ω.



4 E. OTÁROLA

The following notion of weak solution follows from [7, Section 2]: y ∈ L1(Ω) is a weak
solution for problem (2.5) if a(·, y) ∈ L1(Ω) and

(2.6)

ˆ
Ω

[−y∆v + a(x, y)v] dx = v(x0) ∀v ∈ Z(Ω).

Here, Z(Ω) := {v ∈ H1
0 (Ω) : ∆v ∈ C(Ω̄)}. We immediately notice that Z(Ω) ⊂ C0(Ω)

and observe that this, combined with the definition of Z(Ω), imply that all the terms
involved in the weak formulation (2.6) are well defined.

The following result states the well-posedness of problem (2.5) and further regu-
larity properties for the solution y [7, Theorem 2.1].

Theorem 2.1 (well-posedness and regularity). Let x0 ∈ Ω and let a : Ω×R→ R
be such that (A.1) holds. If Ω denotes an open and bounded domain with Lipschitz
boundary, then problem (2.6) admits a unique solution y. In addition, we have y ∈
W 1,p

0 (Ω) and

(2.7) ‖∇y‖Lp(Ω) . ‖a(·, 0)‖L1(Ω) + ‖δx0
‖M(Ω), p < d/(d− 1).

The hidden constant is independent of y, a, δx0 , and x0.

The following remark is in order.

Remark 2.2 (variational formulation). Since the solution y to problem (2.6) be-
longs to W 1,p

0 (Ω), for every p < d/(d− 1), the following alternative weak formulation
for problem (2.5) can be formulated; see [7, Remark 2.3] for details: Find y ∈W 1,p

0 (Ω)
such that

(2.8)

ˆ
Ω

∇y · ∇vdx+

ˆ
Ω

a(x, y)vdx = v(x0) ∀v ∈W 1,p′

0 (Ω).

Here, p′ > d denotes the Hölder conjugate of p. Notice that, within the considered
functional space setting, all the terms involved in the weak formulation (2.6) are well
defined.

3. Approximation of semilinear PDEs with singular forcing. We begin
this section by introducing the discrete setting in which we will operate. We denote
by Th = {T} a conforming partition, or mesh, of Ω̄ into closed simplices T , with size
hT = diam(T ), and define h := maxT∈Th

hT . We denote by T = {Th}h>0 a collection
of conforming and quasi-uniform meshes Th, which are refinements of a common mesh
T?. Given a mesh Th ∈ T, we define the finite element space of continuous piecewise
polynomials of degree one as

(3.1) Vh := {vh ∈ C(Ω̄) : vh|T ∈ P1(T ) ∀T ∈ Th} ∩H1
0 (Ω).

We define the Galerkin approximation of the solution y to problem (2.8) by

(3.2) yh ∈ Vh :

ˆ
Ω

∇yh · ∇vhdx+

ˆ
Ω

a(x, yh)vhdx = vh(x0) ∀vh ∈ Vh.

We provide an error estimate in L2(Ω) that is optimal in terms of regularity. This
estimate, which is of independent interest, extends the linear theory developed in [5]
to a semilinear scenario.
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Theorem 3.1 (error estimate). Let Ω be an open, bounded, and convex polytopal
domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function that is monotone
increasing in y a.e. in Ω and satisfies (2.1). Assume, in addition, that

(3.3) |a(x, y)− a(x, z)| ≤ |ψ(x)||y − z| a.e. x ∈ Ω, ∀y, z ∈ R, ψ ∈ Ls(Ω),

with s > d. Let y ∈ W 1,p
0 (Ω) be the solution to (2.8) and let yh ∈ Vh be its finite

element approximation given as in (3.2); p < d/(d− 1). If h is sufficiently small, we
have the optimal error estimate

(3.4) ‖y − yh‖L2(Ω) . h2− d
2 ,

with a hidden constant that is independent of y, yh, and h.

Proof. We proceed on the basis of a duality argument. We begin the proof by
introducing the nonnegative function χ ∈ Ls(Ω) as

χ(x) =
a(x, y(x))− a(x, yh(x))

y(x)− yh(x)
if y(x) 6= yh(x), χ(x) = 0 if y(x) = yh(x).

Let f ∈ L2(Ω). Let z be the solution to (∇v,∇z)L2(Ω) + (χz, v)L2(Ω) = (f, v)L2(Ω),
for all v ∈ H1

0 (Ω). Let zh be the finite element approximation of z within Vh. Since
χz, f ∈ L2(Ω), we have z ∈ H2(Ω) ∩H1

0 (Ω). The fact that d ∈ {2, 3} thus yields the
existence of r > d such that z ∈W 1,r

0 (Ω). Set f = y−yh ∈ L2(Ω). A density argument
allows us to set v = y − yh in the problem that z solves and obtain

‖y − yh‖2L2(Ω) = (∇(y − yh),∇z)L2(Ω) + (χz, y − yh)L2(Ω)

= (∇(y − yh),∇(z− zh))L2(Ω) + (a(·, y)− a(·, yh), z− zh)L2(Ω).

We stress that, since y − yh ∈ W 1,p
0 (Ω), for every p < d/(d − 1), and there exists

r > d such that z ∈ W 1,r
0 (Ω), the term (∇(y − yh),∇z)L2(Ω) is well defined. We now

invoke the fact that y solves problem (2.8) and, again, the existence of r > d such
that z ∈W 1,r

0 (Ω) ↪→ C(Ω̄) to obtain

‖y − yh‖2L2(Ω) = (∇y,∇(z− zh))L2(Ω) + (a(·, y), z− zh)− (∇yh,∇(z− zh))L2(Ω)

− (a(·, yh), z− zh) = z(x0)− zh(x0)− (∇yh,∇(z− zh))L2(Ω) − (a(·, yh), z− zh).

Observe that z− zh satisfies

(∇vh,∇(z− zh))L2(Ω) + (χ(z− zh), vh)L2(Ω) = 0 ∀vh ∈ Vh.

We thus set vh = yh in the previous relation and obtain

‖y − yh‖2L2(Ω) = z(x0)− zh(x0) + (χ(z− zh), yh)L2(Ω) − (a(·, yh), z− zh).

A basic error estimate yields ‖z − zh‖L∞(Ω) . hσ‖f‖L2(Ω) = hσ‖y − yh‖L2(Ω), where
σ = 2− d/2. This bound implies the estimate

(3.5) ‖y − yh‖2L2(Ω) . hσ
(
1 + ‖χyh‖L1(Ω) + ‖a(·, yh)‖L1(Ω)

)
‖y − yh‖L2(Ω).

Invoke (2.1) to obtain ‖a(·, yh)‖L1(Ω) ≤ ‖φ0‖L1(Ω) + Ca‖yh‖Lr(Ω) . ‖φ0‖L1(Ω) +
Ca‖∇yh‖Lp(Ω), where r is as in (2.1) and p < d/(d − 1). The control of the term
‖χyh‖L1(Ω) follows from Hölder and Poincaré inequalities. In fact, we have the bound
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‖χyh‖L1(Ω) . ‖χ‖Ls(Ω)‖∇yh‖Lp(Ω). We recall that s > d. It thus suffices to control
‖∇yh‖Lp(Ω). To accomplish this task, we invoke a discrete inf-sup condition, that
follows from [4, Theorem 8.5.3] and holds for h sufficiently small, and use that

(∇(y − yh),∇vh)L2(Ω) + (a(·, y)− a(·, yh), vh)L2(Ω) = 0 ∀vh ∈ Vh,

to arrive at

‖∇yh‖Lp(Ω) . sup
vh∈Vh

(∇yh,∇vh)L2(Ω)

‖∇vh‖Lp′ (Ω)

. sup
vh∈Vh

[
‖∇y‖Lp(Ω)‖∇vh‖Lp′ (Ω)

‖∇vh‖Lp′ (Ω)

+
‖a(·, y)− a(·, yh)‖L1(Ω)‖vh‖L∞(Ω)

‖∇vh‖Lp′ (Ω)

]
.

We now utilize the Sobolev embedding W 1,p′(Ω) ↪→ L∞(Ω) (p′ > d) and the Lipschitz
property (3.3) of a(·, y) to obtain ‖∇yh‖Lp(Ω) . ‖∇y‖Lp(Ω) + ‖y − yh‖L2(Ω)‖ψ‖L2(Ω).
The stability estimate (2.7) allows us to conclude the bound

(3.6) ‖∇yh‖Lp(Ω) . ‖a(·, 0)‖L1(Ω) + ‖δx0‖M(Ω) + ‖y − yh‖L2(Ω)‖ψ‖L2(Ω).

Replace this estimate, and the obtained ones for ‖χyh‖L1(Ω) and ‖a(·, yh)‖L1(Ω), into
(3.5) and utilize the assumption that h is sufficiently small so that the term ‖y −
yh‖L2(Ω) in (3.6) can be absorbed in the left hand side of (3.5). These arguments
yield the desired estimate (3.4) and conclude the proof.

4. The semilinear optimal control problem with singular sources. Let
us precisely describe and analyze the optimal control problem with point sources
introduced in Section 1. We begin our studies by defining the set of admissible controls

(4.1) Uad :=
{
u = {uz}z∈D ∈ R` : az ≤ uz ≤ bz ∀z ∈ D

}
,

where the bounds a = {az}z∈D and b = {bz}z∈D both belong to R` and satisfy that
az < bz for all z ∈ D. Notice that Uad 6= ∅ is a closed and bounded subset of R`. We
recall that D denotes a finite ordered subset of Ω with cardinality #D = `.

We define the semilinear optimal control problem with point sources as follows:
Find

(4.2) min{J(y,u) : (y,u) ∈W 1,p
0 (Ω)× Uad}

subject to the following weak formulation of the state equation: Find y ∈ W 1,p
0 (Ω)

such that

(4.3)

ˆ
Ω

∇y · ∇vdx+

ˆ
Ω

a(x, y)vdx =
∑
z∈D

uzv(z) ∀v ∈W 1,p′

0 (Ω).

Here, p < d/(d − 1) and p′ > d denotes the Hölder conjugate of p. We assume that
a = a(x, y) : Ω × R → R is a Carathéodory function that is monotone increasing in
y for a.e. x in Ω and satisfies (2.1). In view of this assumption, an application of
Theorem 2.1 immediately yields the existence of a unique y ∈W 1,p

0 (Ω) solving (4.3).
To analyze the previously defined control problem, we introduce S : Uad →

W 1,p
0 (Ω), the so-called control to state map, which, given a control u, associates to
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it the unique state y that solves (4.3). Notice that the map S is bounded. In fact,
Theorem 2.1 immediately yields the bound

‖∇(Su)‖Lp(Ω) . ‖a(·, 0)‖L1(Ω) +
∑
z∈D
|uz|‖δz‖M(Ω), p < d/(d− 1).

With S at hand, we also introduce the reduced cost functional j : Uad → R by
j(u) := J(Su,u).

4.1. Existence of optimal controls. The existence of an optimal state-control
pair (ȳ, ū) is as follows.

Theorem 4.1 (existence of an optimal pair). Let Ω be an open and bounded do-
main with Lipschitz boundary. Let a = a(x, y) : Ω×R→ R be a Carathéodory function
that is monotone increasing in y for a.e. x in Ω and satisfies (2.1). Thus, problem
(4.2)–(4.3) admits at least one global solution (ȳ, ū) ∈W 1,p

0 (Ω)× Uad.

Proof. Let {(yk,uk)}k∈N be a minimizing sequence, i.e., for k ∈ N, uk ∈ Uad and
yk = Suk are such that J(yk,uk) → j := {inf J(y(u),u) : u ∈ Uad} as k ↑ ∞. For
k ∈ N, we denote uk = {ukz }z∈D. Observe that yk is such that

(4.4) yk ∈W 1,p
0 (Ω) : (∇yk,∇v)L2(Ω) + (a(·, yk), v)L2(Ω) =

∑
z∈D

ukz 〈δz, v〉

for all v ∈W 1,p′

0 (Ω). Here, p < d/(d− 1) and p′ is the Hölder conjugate of p (p′ > d).
Since Uad is closed and bounded in R`, there exists a nonrelabeled subsequence

{uk}k∈N such that uk → ū in R`. We now notice that, since yk solves (4.4), estimate
(2.1) reveals that, for every k ∈ N, a(·, yk) ∈ L1(Ω). We can thus conclude that,
up to a subsequence, if necessary, a(·, yk) ⇀ a in M(Ω) as k ↑ ∞ [13, Chapter 1.9,
Theorem 2]. The compact embeddingM(Ω) ↪−↪→W−1,p(Ω), with p < d/(d−1), yields
the strong convergence a(·, yk)→ a in W−1,p(Ω) as k ↑ ∞ [12, Section 1, Theorem 6].
On the other hand, since uk → ū in R`, we have

(4.5)

∣∣∣∣∣∑
z∈D

(uz − ukz )〈δz, v〉

∣∣∣∣∣ ≤∑
z∈D
|uz − ukz |‖δz‖W−1,p(Ω)‖∇v‖Lp′ (Ω) → 0,

as k ↑ ∞, for every v ∈W 1,p′

0 (Ω). Consequently,
∑
D ukz δz− a(·, yk)→

∑
D uzδz− a in

W−1,p(Ω) as k ↑ ∞. We are thus in position to invoke [19, Theorem 0.5] to conclude
that yk → ȳ in W 1,p

0 (Ω) as k ↑ ∞; ȳ being the natural candidate for an optimal state.
We now show that ȳ = Sū. Let q ≥ 1 be such that q < ∞ if d = 2 and q < 3 if

d = 3. Since yk → ȳ in W 1,p
0 (Ω), as k ↑ ∞, we have that yk → ȳ in Lq(Ω), as k ↑ ∞.

Consequently, the Lebesgue dominated convergence theorem and (2.1) yield

‖a(·, yk)− a(·, y)‖L1(Ω) → 0, k ↑ ∞.

This, (4.5), and yk → ȳ in W 1,p
0 (Ω) as k ↑ ∞, for p < d/(d − 1), allow us to pass to

the limit in problem (4.4) to obtain ȳ = Sū.
The local optimality of ū thus follows from uk → ū in R`, which implies that

yk → ȳ in W 1,p
0 (Ω), as k ↑ ∞, and the continuity of j as a map from Uad to R. This

concludes the proof.
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4.2. First order necessary optimality conditions. In this section, we ana-
lyze differentiability properties of S and derive first order necessary optimality con-
ditions for (4.2)–(4.3). In doing so, we will assume that (A.1) and (A.2) holds. Since
the control problem (4.2)–(4.3) is not convex, we discuss optimality conditions in the
context of local solutions.

To simplify the presentation of the material, we define for u,v ∈ R` and v ∈ C(Ω̄),

(4.6) 〈u,v〉D :=
∑
z∈D

uzvz, 〈u, v〉D :=
∑
z∈D

uzv(z).

4.2.1. Differentiability of S. The first order Fréchet differentiability of S is
as follows.

Theorem 4.2 (first order differentiability of S). Let Ω be an open and bounded
domain with Lipschitz boundary. If a = a(x, y) : Ω× R→ R denotes a Carathéodory
function that satisfies (A.1) and (A.2), then the control to state map S : Uad →
W 1,p

0 (Ω) is of class C1 for p < d/(d − 1). In addition, if u,w ∈ Uad, then φ =
S ′(u)w ∈W 1,p

0 (Ω) corresponds to the unique solution to

(4.7) (∇φ,∇v)L2(Ω) +
(
∂a
∂y (·, y)φ, v

)
L2(Ω)

=
∑
z∈D

wz〈δz, v〉 ∀v ∈W 1,p′

0 (Ω),

where y = Su.

Proof. In view of the fact that ∂a/∂y satisfies (2.2), an adaption of the arguments
elaborated in the proof of [24, Lemma 4.12] reveals that y 7→ a(·, y) is C1 as a map
from W 1,p

0 (Ω) into L1(Ω) for p < d/(d − 1); see also [24, §4.3.3]. We now follow the
arguments in [24, Theorem 4.17] and prove the Fréchet differentiability of S. Let
u,w ∈ Uad. Define y := Su and ỹ := S(u + w). Observe that ỹ − y = 0 on ∂Ω and

(4.8) (∇(ỹ − y),∇v)L2(Ω) + (a(·, ỹ)− a(·, y), v)L2(Ω) =
∑
z∈D

wz〈δz, v〉

for all v ∈ W 1,p′

0 (Ω). Since W 1,p
0 (Ω) 3 y 7→ a(·, y) ∈ L1(Ω) is of class C1, we have

a(·, ỹ)−a(·, y) = ∂a/∂y(·, y)(ỹ−y)+r, where r is such that ‖r‖L1(Ω)/‖∇(ỹ−y)‖Lp(Ω) →
0 as ‖∇(ỹ − y)‖Lp(Ω) → 0. We now define y := ỹ − y − φ and observe that y solves

−∆y + ∂a
∂y (·, y)y = −r in Ω, y = 0 on ∂Ω.

Since there exists q > d/2 such that ∂a/∂y(·, y) ∈ Lq(Ω) and r ∈ L1(Ω), we invoke
[23, Theorem 9.1] to obtain y ∈ W 1,p

0 (Ω) and ‖∇y‖Lp(Ω) . ‖r‖L1(Ω); p < d/(d − 1).
Define D := ‖

∑
z∈D wzδz‖M(Ω) and observe that the solution to problem (4.8) satisfies

the stability estimate ‖∇(ỹ − y)‖Lp(Ω) . D [23, Theorem 9.1]. Thus ‖r‖L1(Ω)/D .
‖r‖L1(Ω)/‖∇(ỹ−y)‖Lp(Ω), which implies that ‖r‖L1(Ω)/D→ 0 as ‖∇(ỹ−y)‖Lp(Ω) → 0.
With all these ingredients at hand, we can thus deduce that

S(u + w)− S(u) = ỹ − y = φ+ y = Lw + y,

where L denotes the map w 7→ φ, with φ being the solution to (4.7). Since L is linear
and continuous as a map from R` into W 1,p

0 (Ω) and ‖∇y‖Lp(Ω)/D . ‖r‖L1(Ω)/D→ 0
as ‖w‖R` → 0 we conclude that S is first order Fréchet differentiable.
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4.2.2. The adjoint equation. Before deriving first order optimality conditions,
we present a classical result: If ū ∈ Uad denotes a locally optimal control for (4.2)–
(4.3), then we have the variational inequality [24, Lemma 4.18]

(4.9) j′(ū)(u− ū) ≥ 0 ∀u ∈ Uad.

Here, j′(ū) denotes the Gateâux derivative of j at ū. To explore (4.9), we introduce
the adjoint variable p ∈ H1

0 (Ω) as the unique solution to the adjoint equation

(4.10) (∇w,∇p)L2(Ω) +
(
∂a
∂y (·, y)p, w

)
L2(Ω)

= (y − yd, w)L2(Ω) ∀w ∈ H1
0 (Ω),

where y = Su. Further regularity properties for p can be obtained under the assump-
tion that Ω is convex.

Proposition 4.3 (regularity properties of p). Let Ω be an open, bounded, and
convex polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function
that satisfies (A.1) and (A.3). Then we have p ∈ H2(Ω). Let Ω1 b Ω0 b Ω, with
Ω0 smooth. If, in addition, yd ∈ Lt(Ω0) and ∂a/∂y(·, y) ∈ Lt(Ω0), for every y ∈ R,
where t <∞ if d = 2 and t < 3 if d = 3, then p ∈W 2,t(Ω1).

Proof. In view of (2.3), we immediately conclude that ∂a/∂y(·, y)p ∈ L2(Ω). We
can thus invoke the convexity of Ω and the fact that y − yd also belongs to L2(Ω) to
conclude the H2(Ω)-regularity of p. Let us now write the adjoint equation as follows:

(∇w,∇p)L2(Ω) = (y − yd, w)L2(Ω) −
(
∂a
∂y (·, y)p, w

)
L2(Ω)

∀w ∈ H1
0 (Ω).

By assumption y − yd ∈ Lt(Ω0), where t is as in the statement of the theorem. We
can thus invoke [2, Lemma 4.2] to conclude that

(4.11) ‖p‖W 2,t(Ω1) ≤ Ct
(∥∥∥y − yd − ∂a

∂y (·, y)p
∥∥∥
Lt(Ω0)

+
∥∥∥y − yd − ∂a

∂y (·, y)p
∥∥∥
L2(Ω)

)
,

where Ct behaves as Ct, with C > 0, as t ↑ ∞. The assumptions on ∂a/∂y guarantee
that ‖y−yd−∂a/∂y(·, y)p‖Lt(Ω0) ≤ ‖y−yd‖Lt(Ω0)+‖p‖L∞(Ω)‖∂a/∂y(·, y)‖Lt(Ω0) <∞.

4.3. First order optimality conditions. We are now in position to present
first order necessary optimality conditions.

Theorem 4.4 (first order necessary optimality conditions). Let Ω be an open,
bounded, and convex polytopal domain. Let a = a(x, y) : Ω×R→ R be a Carathéodory
function that satisfies (A.1) and (A.3). Then every locally optimal control ū =
{ūz}z∈D ∈ Uad for problem (4.2)–(4.3) satisfies the variational inequality

(4.12)
∑
z∈D

(p̄(z) + αūz)(uz − ūz) ≥ 0 ∀u = {uz}z∈D ∈ Uad,

where the optimal adjoint state p̄ solves (4.10) with y being replaced by ȳ = Sū.

Proof. Basic computations reveal that the variational inequality (4.9) can be
rewritten as follows:

0 ≤ j′(ū)(u− ū) = (Sū− yd,S ′(ū)(u− ū))L2(Ω) +
∑
z∈D

αūz(uz − ūz).

Since the second term on the right hand side of the previous expression is already
present in the desired variational inequality (4.12), we concentrate on the first term.
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Define χ := S ′(ū)(u − ū) and observe that χ solves (4.7) with y and wz being
replaced by ȳ = Sū and uz − ūz, respectively. Since there exists q > d such that
p̄ ∈W 1,q

0 (Ω), we are allowed to set v = p̄ in the problem that χ solves. This yields

(4.13) (∇χ,∇p̄)L2(Ω) +
(
∂a
∂y (·, ȳ)χ, p̄

)
L2(Ω)

=
∑
z∈D

p̄(z)(uz − ūz).

Now, we would like to set w = χ in problem (4.10) to conclude that

(4.14) (∇χ,∇p̄)L2(Ω) +
(
∂a
∂y (·, ȳ)p̄, χ

)
L2(Ω)

= (ȳ − yd, χ)L2(Ω).

Unfortunately, χ /∈ H1
0 (Ω) and thus we need to justify (4.14) with a different ar-

gument. Let {σn}n∈N ⊂ C∞0 (Ω) be such that σn → χ in W 1,p
0 (Ω), as n ↑ ∞, for

p < d/(d− 1). Setting w = σn in (4.10) yields

(∇σn,∇p̄)L2(Ω) +
(
∂a
∂y (·, ȳ)p̄, σn

)
L2(Ω)

= (ȳ − yd, σn)L2(Ω).

Observe that |(∇(χ−σn),∇p̄)L2(Ω)| ≤ ‖∇(χ−σn)‖Lp(Ω)‖∇p̄‖Lp′ (Ω) → 0 as n ↑ ∞; p′

being the Hölder conjugate of p. Similarly, |(ȳ − yd, σn)L2(Ω) − (ȳ − yd, χ)L2(Ω)| → 0
as n ↑ ∞. It thus suffices to analyze

I :=

∣∣∣∣(∂a∂y (·, ȳ)p̄, χ
)
L2(Ω)

−
(
∂a
∂y (·, ȳ)p̄, σn

)
L2(Ω)

∣∣∣∣ ≤ ‖χ− σn‖Lq(Ω)

∥∥∥∂a∂y (·, ȳ)p̄
∥∥∥
Lp(Ω)

,

where q ∈ (1,∞) is such that q < ∞ if d = 2 and q < 3 if d = 3 and p is such that
p−1 + q−1 = 1. Since there exists q > d such that p̄ ∈W 1,q

0 (Ω) ↪→ C(Ω̄), we have∥∥∥∂a∂y (·, ȳ)p̄
∥∥∥
Lp(Ω)

≤ ‖p̄‖L∞(Ω)

∥∥∥∂a∂y (·, ȳ)
∥∥∥
Lp(Ω)

<∞.

Notice that, in view of assumption (A.2), we conclude the existence of s > d/2 such
that ∂a

∂y (·, ȳ) ∈ Ls(Ω). We thus utilize that

‖∇(χ− σn)‖Lp(Ω) → 0 =⇒ ‖χ− σn‖Lq(Ω) → 0, n ↑ ∞,

where p < d/(d− 1), to conclude that I→ 0 as n ↑ ∞.
Finally, we invoke (4.13) and (4.14) to immediately arrive at (ȳ − yd, χ)L2(Ω) =∑

z∈D p̄(z)(uz − ūz). This concludes the proof.

We end this section with the following projection formula: If ū = {ūz}z∈D ∈ Uad
denotes a local minimizer of problem (4.2)–(4.3), then, for every z ∈ D, we have

(4.15) ūz := Π[az,bz]

(
−α−1p̄(z)

)
,

where, for t ∈ R, Π[az,bz](t) := max{az,min{bz, t}}.

4.4. Second order optimality conditions. In this section, we follow [8, 10]
and analyze necessary and sufficient second order optimality conditions for our optimal
control problem (4.2)–(4.3).
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4.4.1. Second order differentiability. Before deriving optimality conditions,
we study second order differentiability properties for the control to state map S and
the reduced cost functional j.

Theorem 4.5 (second order differentiability of S). Let Ω be an open and bounded
domain with Lipschitz boundary. If a = a(x, y) : Ω× R→ R denotes a Carathéodory
function that satisfies (A.1), (A.2), and (A.4), then the control to state map S :
Uad → W 1,p

0 (Ω) is of class C2 for p < d/(d − 1). In addition, if u,v,w ∈ Uad, then
ϕ = S ′′(u)(v,w) ∈W 1,p

0 (Ω) corresponds to the unique solution to

(4.16) (∇ϕ,∇v)L2(Ω) +
(
∂a
∂y (·, y)ϕ, v

)
L2(Ω)

= −
(
∂2a
∂y2 (·, y)φvφw, v

)
L2(Ω)

for all v ∈W 1,p′

0 (Ω). Here, y = Su and φv and φw denote the solutions to (4.7) with
forcing terms

∑
z vzδz and

∑
z wzδz, respectively.

Proof. We follow the arguments elaborated in the proof of [24, Theorem 4.24] and
prove the second order Fréchet differentiability of S by using the implicit function
theorem. We begin by introducing the linear map µ 7→ y by

R :M(Ω)→W 1,p
0 (Ω) : (∇y,∇v)L2(Ω) =

ˆ
Ω

vdµ ∀v ∈W 1,p′

0 (Ω), p < d/(d− 1).

We now define F : W 1,p
0 (Ω) × Uad → W 1,p

0 (Ω) by F(y,u) := y −R[
∑

z uzδz − a(·, y)].

Note that, since (A.4) holds, the map y 7→ a(·, y) is of class C2 as a map from W 1,p
0 (Ω)

into L1(Ω) [7, Theorem 2.2]. This and the linearity of the map R imply that F is of
class C2 as well. We also observe that, by definition, F(Su,u) = 0. Finally, we notice
that ∂F/∂y(y,u)w = w + R∂a/∂y(·, y)w; it can thus be deduced that ∂F/∂y(y,u) is
surjective as a map from W 1,p

0 (Ω) into itself upon utilizing [23, Theorem 9.1]. The
implicit function theorem thus implies that S is of class C2. We finally mention
that the fact that ϕ solves (4.16) follows from differentiating F(Su,u) = 0. The
well-posedness of problem (4.16) follows from [23, Theorem 9.1] upon noticing that
∂2a/∂y2(·, y)φvφw ∈ L1(Ω) and 0 ≤ ∂a/∂y(·, y) ∈ Lq(Ω) for some q > d/2.

The following result is instrumental.

Proposition 4.6 (second order differentiability of the reduced cost j). Let Ω be
an open, bounded, and convex polytopal domain. If a = a(x, y) : Ω × R → R denotes
a Carathéodory function that satisfies (A.1), (A.3), and (A.4), then the reduced cost
functional j : Uad → R is of class C2. In addition, for u,v,w ∈ Uad, we have

(4.17) j′′(u)(v,w) =

ˆ
Ω

φvφwdx+
∑
z∈D

αvzwz −
ˆ

Ω

p
∂2a

∂y2
(x, y)φvφwdx.

Here, y = Su and φv and φw denote the solutions to (4.7) with forcing terms
∑

z vzδz
and

∑
z wzδz, respectively.

Proof. Since Theorem 4.5 guarantees that S : Uad → W 1,p
0 (Ω) is twice continu-

ously Fréchet differentiable, it is immediate that j is of class C2. The identity (4.17)
follows from computations similar to those in [24, Section 4.10] upon noticing that

−
ˆ

Ω

p
∂2a

∂y2
(x, y)φvφwdx =

ˆ
Ω

(y − yd)ϕdx.

This identity follows from the density argument elaborated in the proof of Theorem
4.4 combined with the fact that a satisfies (A.3) and (A.4); (A.3) guarantees the
H2(Ω)-regularity of p̄ (see Proposition 4.3). Here, ϕ denotes the solution to (4.16).
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4.4.2. Second order necessary optimality conditions. We begin this sec-
tion by introducing some preliminary concepts. We define

(4.18) Ψ := {ψz}z∈D ∈ R`, ψz := p̄(z) + αūz.

We also introduce the cone of critical directions

(4.19) Cū :=
{
v = {vz}z∈D ∈ R` satisfying (4.20) and vz = 0 if ψz 6= 0 for z ∈ D

}
.

The condition (4.20) reads as follows: For every z ∈ D, we have

(4.20) vz ≥ 0 if ūz = az, vz ≤ 0 if ūz = bz.

We are now in position to present second order necessary optimality conditions.

Theorem 4.7 (second order necessary optimality conditions). If ū = {ūz}z∈D ∈
Uad denotes a local minimum for problem (4.2)–(4.3), then

j′′(ū)v2 ≥ 0 ∀v ∈ Cū,

where Cū is defined in (4.19).

Proof. Let v := {vz}z∈D ∈ Cū. Define, for k ∈ N, vk := {vz,k}z∈D, where

vz,k =

{
0 if az < ūz < az + k−1, bz − k−1 < ūz < bz,

Π[−k,+k](vz) otherwise.

Since v ∈ Cū, it is immediate that, for every k ∈ N, vk ∈ Cū. In addition, we
have that vk → v in R` as k ↑ ∞. We now observe that, for every 0 < ρ ≤ k−2,
ū + ρvk ∈ Uad. We can thus invoke the fact that ū is a local minimum to conclude
that j(ū) ≤ j(ū + ρvk) for ρ sufficiently small. We now apply Taylor’s theorem and
utilize that j′(ū)vk = 0, which follows from the fact that vk ∈ Cū, to obtain

0 ≤ j(ū + ρvk)− j(ū) = ρj′(ū)vk + ρ2

2 j
′′(ū + θkρvk)v2

k = ρ2

2 j
′′(ū + θkρvk)v2

k,

where θk ∈ (0, 1). Divide by ρ2, let ρ ↓ 0, and utilize (4.17) to arrive at j′′(ū)v2
k ≥ 0.

Let now k ↑ ∞ and recall that vk → v in R` to conclude, in view of (4.17), that
j′′(ū)v2 ≥ 0. This concludes the proof.

4.4.3. Second order sufficient optimality conditions. We now provide a
sufficient second order optimality condition with a minimal gap with respect to the
necessary one obtained in Theorem 4.7.

Theorem 4.8 (second order sufficient optimality conditions). Let ū ∈ Uad, ȳ ∈
W 1,p

0 (Ω), and p̄ ∈ H1
0 (Ω) satisfy the first order optimality conditions (4.3), (4.10),

and (4.12). Assume that a = a(x, y) : Ω × R → R denotes a Carathéodory function
that satisfies (A.1), (A.3), and (A.4). If j′′(ū)v2 > 0 for all v ∈ Cū \ {0}, then there
exists µ, σ > 0 such that

j(u) ≥ j(ū) +
µ

2
‖ū− u‖2R` ∀u ∈ Uad : ‖ū− u‖R` ≤ σ.

In particular, ū is a locally optimal control.
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Proof. We proceed by contradiction and assume that, for every k ∈ N, there exists
uk ∈ Uad such that

(4.21) ‖ū− uk‖R` < 1
k , j(uk) < j(ū) + 1

2k‖ū− uk‖2R` .

Define ρk := ‖uk − ū‖R` and vk := ρ−1
k (uk − ū). Since, for every k ∈ N, ‖vk‖R` = 1,

there exists a nonrelabeled subsequence such that vk → v in R` as k ↑ ∞. We now
proceed on the basis of three steps.

1 We first prove that v ∈ Cū. To accomplish this task, we notice that the sub-
set of R` conformed by the elements that satisfy (4.20) is closed. Since, for every
k ∈ N, vk belongs to this set and vk → v in R`, as k ↑ ∞, we conclude that v satisfies
(4.20). To conclude that v ∈ Cū, it thus suffices to prove that, for z ∈ D, ψz 6= 0
implies vz = 0. Observe that the first order optimality condition (4.12) yields

0 ≤ ρ−1
k

∑
z∈D

(p̄(z) + αūz)(uz,k − ūz) = ρ−1
k

∑
z∈D

ψz(uz,k − ūz) =
∑
z∈D

ψzvz,k.

Consequently,
∑

z ψzvz ≥ 0. On the other hand, in view of (4.21), an application of
the mean value theorem yields

j(uk)− j(ū) = j′(ū + θk(uk − ū))(uk − ū) < 1
2k‖ū− uk‖2R` =

ρ2k
2k , θk ∈ (0, 1).

Divide by ρk and let k ↑ ∞ to conclude that j′(ū + θk(uk − ū))vk <
ρk
2k → 0. Define,

for k ∈ N, ũk := ū + θk(uk − ū), ỹk := Sũk, and p̃k as the unique solution to (4.10)
with y being replaced by ỹk. In view of ũk → ū in Rl, we invoke [23, Theorem 9.1]
combined with the fact that a satisfies (A.2) to arrive at ỹk → ȳ in W 1,p

0 (Ω), for
p < d/(d− 1), as k ↑ ∞. Invoke (A.2) again to conclude that

(4.22) ∃q > d/2 : ∂a
∂y (·, ỹk)→ ∂a

∂y (·, ȳ) in Lq(Ω), k ↑ ∞.

Consequently, since ∂a/∂y satisfies (A.3), we obtain p̃k → p̄ in H1
0 (Ω) ∩ H2(Ω) as

k ↑ ∞. In view of the Sobolev embedding H2(Ω) ↪→ C(Ω̄), we thus have that p̃k → p̄
in C(Ω̄) as k ↑ ∞. With all these convergence results at hand, we obtain that, for
every z ∈ D, p̃k(z) + αũz,k → p̄(z) + αūz as k ↑ ∞. Thus,

j′(ū)v =
∑
z∈D

(p̄(z) + αūz)vz = lim
k↑∞

∑
z∈D

(p̃k(z) + αũz,k)vz,k = lim
k↑∞

j′(ũk)vk ≤ 0.

We have thus deduced that j′(ū)v = 0. Finally, in view of the fact that v and ū satisfy
(4.20) and (4.15), respectively, we arrive at 0 = j′(ū)v =

∑
z ψzvz =

∑
z |ψzvz|. This

immediately implies that, if ψz 6= 0 then vz = 0 and allows us to conclude that v ∈ Cū.

2 We now prove that v = 0. Apply Taylor’s theorem to obtain

(4.23)
ρ2k
2 j
′′(ũk)v2

k = j(uk)− j(ū)− j′(ū)(uk − ū) ≤ j(uk)− j(ū) <
ρ2k
2k ,

where ũk = ū + θk(uk − ū) and θk ∈ (0, 1). To deduce (4.23), we have also used (4.9)
and (4.21). Consequently, j′′(ũk)v2

k < k−1 → 0 as k ↑ ∞. Assume, for the moment,
that

(4.24) j′′(ū)v2 = lim
k↑∞

j′′(ũk)v2
k.
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Since j′′(ũk)v2
k < k−1 → 0 as k ↑ ∞, we obtain j′′(ū)v2 ≤ 0. We now utilize that

j′′(ū)w2 > 0 for all w ∈ Cū \ {0} and that v ∈ Cū to conclude that v = 0. It thus
suffices to prove (4.24). To accomplish this task, we begin by noticing that

j′′(ũk)v2
k =

ˆ
Ω

φ2
vk

dx+
∑
z∈D

αv2
z,k −

ˆ
Ω

p̃k
∂2a

∂y2
(x, ỹk)φ2

vk
dx =: Ik + IIk + IIIk,

where φvk
:= S ′(ũk)vk. Observe that vk → v in R` yields IIk →

∑
z αv

2
z as k ↑ ∞.

In view of (4.22), we deduce that φvk
→ φv in W 1,p

0 (Ω), for p < d/(d− 1), as k ↑ ∞.
This directly implies that Ik →

´
Ω
φ2
vdx. Let us now define

(4.25) Ik :=

∣∣∣∣ˆ
Ω

p̄
∂2a

∂y2
(x, ȳ)φ2

vdx−
ˆ

Ω

p̃k
∂2a

∂y2
(x, ỹk)φ2

vk
dx

∣∣∣∣
.

[
‖p̄− p̃k‖Lr(Ω)

∥∥∥∥∂2a

∂y2
(·, ȳ)

∥∥∥∥
Ls(Ω)

+ ‖p̃k‖Lr(Ω)

∥∥∥∥∂2a

∂y2
(·, ȳ)− ∂2a

∂y2
(·, ỹk)

∥∥∥∥
Ls(Ω)

]

· ‖φ2
v‖Lt(Ω) + ‖p̃k‖Lr(Ω)

∥∥∥∥∂2a

∂y2
(·, ỹk)

∥∥∥∥
Ls(Ω)

‖φ2
v − φ2

vk
‖Lt(Ω),

where r−1 + s−1 + t−1 = 1. Since a satisfies (2.4), there exists s > 1 if d = 2 and
s > 3 if d = 3 such that the terms involving ∂2a/∂y2 are uniformly bounded in
Ls(Ω). On the other hand, since p̄, p̃k ∈ H2(Ω), we have p̄, p̃k ∈ C(Ω̄) so that r =∞.
Consequently, we must have t < ∞ if d = 2 and t < 3/2 if d = 3. Observe that
φv, φvk

∈ W 1,p
0 (Ω), for p < d/(d− 1), so that φv, φvk

∈ Lt(Ω), where t <∞ if d = 2
and t < 3 if d = 3. On the other hand, since p̃k → p̄ in C(Ω̄) and φvk

→ φv in
W 1,p

0 (Ω) as k ↑ ∞, we have

‖p̄− p̃k‖Lr(Ω) → 0, ‖φ2
v − φ2

vk
‖Lt(Ω) → 0, k ↑ ∞.

We also have ‖∂2a/∂y2(·, ȳ)− ∂2a/∂y2(·, ỹk)‖Ls(Ω) → 0 as k ↑ ∞, which follows from
(2.4) and the Lebesgue dominated convergence theorem. All these arguments allow
us to conclude that Ik → 0 as k ↑ ∞, which in turns implies (4.24).

3 Since v = 0, we have φvk
→ 0 in W 1,p

0 (Ω), for p < d/(d − 1), as k ↑ ∞. Conse-
quently,

α = α‖vk‖2R` = j′′(ũk)v2
k −
ˆ

Ω

φ2
vk

dx+

ˆ
Ω

p̃k
∂2a

∂y2
(x, ỹk)φ2

vk
dx.

Since j′′(ũk)v2
k < k−1 → 0 as k ↑ ∞, we let k ↑ ∞ in the previous expression to arrive

at α ≤ 0, which is a contradiction. This concludes the proof.

To present the following result, we define, for τ > 0,

(4.26) Cτ
ū :=

{
v = {vz}z∈D ∈ R` satisfying (4.20) and vz = 0 if |ψz| > τ, z ∈ D

}
.

Theorem 4.9 (equivalence). Let ū ∈ Uad, ȳ ∈ W 1,p
0 (Ω), and p̄ ∈ H1

0 (Ω)
satisfy the first order optimality conditions (4.3), (4.10), and (4.12). Assume that
a = a(x, y) : Ω× R→ R denotes a Carathéodory function that satisfies (A.1), (A.3),
and (A.4). Thus, the following statements are equivalent:

(4.27) j′′(ū)v2 > 0 ∀v ∈ Cū \ {0}
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and

(4.28) ∃κ, τ > 0 : j′′(ū)v2 ≥ κ‖v‖2R` ∀v ∈ Cτ
ū.

Proof. The proof follows similar arguments to the ones developed in the proofs
of Theorems 4.7 and 4.8. For brevity, we skip details.

5. Finite element approximation of the optimal control problem. In this
section, we propose and analyze a finite element discretization scheme for the control
problem (4.2)–(4.3). We analyze convergence properties and derive error estimates.
We begin our studies by providing convergence results related to the finite element
discretization of the state equation (4.3).

5.1. The discrete state equation: convergence properties. We introduce
the following finite element approximation of problem (4.3): Find yh ∈ Vh such that

(5.1)

ˆ
Ω

∇yh · ∇vhdx+

ˆ
Ω

a(x, yh)vhdx =
∑
z∈D

uzvh(z) ∀vh ∈ Vh.

We recall that the discrete space Vh is defined in (3.1).
We present the following convergence result.

Theorem 5.1 (convergence properties). Let Ω be an open, bounded, and convex
polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function that
satisfies (A.1) and (A.2). Assume, in addition, that (3.3) holds. Let y ∈ W 1,p

0 (Ω),
for p < d/(d− 1), be the solution to (4.3) and let yh ∈ Vh be the solution to

(5.2)

ˆ
Ω

∇yh · ∇vhdx+

ˆ
Ω

a(x, yh)vhdx =
∑
z∈D

uz,hvh(z) ∀vh ∈ Vh,

where uh = {uz,h}z∈D. If uh → u in R`, then yh → y in L2(Ω) as h ↓ 0.

Proof. We begin with a simple application of the triangle inequality to obtain

‖y − yh‖L2(Ω) ≤ ‖y − yh‖L2(Ω) + ‖yh − yh‖L2(Ω).

Since yh corresponds to the finite element approximation of y within Vh, the arguments
elaborated in the proof of Theorem 3.1 allow us to conclude that ‖y − yh‖L2(Ω) → 0
as h ↓ 0. To control ‖yh − yh‖L2(Ω), we first observe that yh − yh ∈ Vh is such that

ˆ
Ω

∇(yh − yh) · ∇vhdx+

ˆ
Ω

[a(x, yh)− a(x, yh)]vhdx =
∑
z∈D

[uz − uz,h]vh(z)

for all vh ∈ Vh. We write a(x, yh) − a(x, yh) = ∂a/∂y(x, ζh)(yh − yh), where ζh :=
yh + θh(yh − yh) and θh ∈ (0, 1). Define y as the solution to the problem: Find

y ∈W 1,p
0 (Ω) such that
ˆ

Ω

∇y · ∇vdx+

ˆ
Ω

∂a
∂y (x, ζh)yvdx =

∑
z∈D

[uz − uz,h]v(z) ∀v ∈W 1,p′

0 (Ω),

where p < d/(d − 1). We estimate ‖yh − yh‖L2(Ω) as follows: ‖yh − yh‖L2(Ω) ≤
‖y−(yh−yh)‖L2(Ω)+‖y‖L2(Ω). The stability estimate in [23, Theorem 9.1] immediately
yields the bound

‖∇y‖Lp(Ω) . ‖u− uh‖R` ·
∑
z∈D
‖δz‖W−1,p(Ω) → 0, h ↓ 0.
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Observe that, by assumption, there exists q > d/2 such that ∂a/∂y(·, ζh) ∈ Lq(Ω).
Notice that, a discrete inf-sup condition, which follows from [4, Theorem 8.5.3] and
requires the convexity of Ω, guarantees that ‖∇ζh‖Lp(Ω) <∞ for p < d/(d−1). On the
other hand, since yh− yh corresponds to the finite element approximation of y within
Vh, basic arguments reveal that ‖y− (yh− yh)‖L2(Ω) → 0 as h ↓ 0. All of our previous
findings allow us to conclude that ‖u− uh‖R` → 0 implies that ‖y− yh‖L2(Ω) → 0 as
h ↓ 0. This concludes the proof.

5.2. The discrete adjoint equation: an error estimate. We introduce the
following finite element approximation of problem (4.10): Find ph ∈ Vh such that

(5.3)

ˆ
Ω

∇ph · ∇vhdx+

ˆ
Ω

∂a
∂y (x, y)phvhdx =

ˆ
Ω

(y − yd)vhdx ∀vh ∈ Vh.

Theorem 5.2 (error estimate). Let Ω be an open, bounded, and convex polytopal
domain. Let a = a(x, y) : Ω× R→ R be a Carathéodory function that satisfies (A.1)
and (A.3). Let us assume that, in addition, there exists φ1 ∈ Lq(Ω), with q > 2 if
d = 2 and q > 6 if d = 3, such that

(5.4) 0 ≤ ∂a
∂y (x, y) ≤ |φ1(x)|+ Ca|y|r a.e. x ∈ Ω, ∀y ∈ R.

Here, Ca > 0 is a constant, r <∞ if d = 2, and r < 1/2 if d = 3. Let Ω1 b Ω0 b Ω
with Ω0 smooth. If, in addition, yd ∈ Lt(Ω0) and ∂a/∂y(·, y) ∈ Lt(Ω0), for every
y ∈ R, where t <∞ if d = 2 and t < 3 if d = 3, then we have the following local error
estimates in maximum–norm:

(5.5) ‖p− ph‖L∞(Ω1) . h2| log h|2, ‖p− ph‖L∞(Ω1) . h1−ε| log h|,

for d = 2 and d = 3, respectively. Here, ε > 0 is arbitrarily small. In both inequalities
the hidden constant is independent of h.

Proof. We begin with a simple application of the triangle inequality and write

‖p− ph‖L∞(Ω1) ≤ ‖p− qh‖L∞(Ω1) + ‖qh − ph‖L∞(Ω1),

where qh ∈ Vh solves (5.3) with ∂a/∂y(·, y)ph replaced by ∂a/∂y(·, y)p. A key ingredi-
ent in favor of the definition of qh is that (∇(p−qh),∇vh)L2(Ω) = 0 for every vh ∈ Vh.
Let Λ1 be a smooth domain such that Ω1 b Λ1 b Ω0. Invoke [22, Corollary 5.1], [2,
Proposition 4.3] to conclude the existence of h0 ∈ (0, 1) such that, for vh ∈ Vh,

‖p− qh‖L∞(Ω1) . | log h|‖p− vh‖L∞(Λ1) + l−
d
2 ‖p− qh‖L2(Λ1), h ≤ h0.

Here, l is such that dist(Ω1, ∂Λ1) ≥ l, dist(Λ1, ∂Ω) ≥ l, and Ch ≤ l, where C > 0.
The regularity results of Proposition 4.3 guarantee that p ∈ H2(Ω) ∩W 2,t(Λ1) for t
as in the statement of that theorem. We can thus obtain the error estimate

(5.6)
‖p− qh‖L∞(Ω1) ≤ C1| log h|h2− d

t |∇2p|Lt(Λ1) + C2h
2|p|H2(Ω)

≤ C3| log h|th2− d
t C + C2h

2|p|H2(Ω),

where C1, C2 and C3 are positive constants that are independent of h, t, and p and
C = C(y, yd, a, p) collects the terms appearing in the right hand side of estimate (4.11).
Set, in two dimensions, t = | log h| and obtain ‖p − qh‖L∞(Ω1) . h2| log h|2. In three
dimensions, t < 3, so that we obtain ‖p− qh‖L∞(Ω1) . h1−ε| log h| for every ε > 0.
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We now control ‖qh − ph‖L∞(Ω1). To accomplish this task, we first notice that

qh − ph ∈ Vh :

ˆ
Ω

∇(qh − ph) · ∇vhdx =

ˆ
Ω

∂a
∂y (x, y)(ph − p)vhdx ∀vh ∈ Vh.

Let p be the solution to the associated continuous problem, i.e.,

p ∈ H1
0 (Ω) :

ˆ
Ω

∇p · ∇vdx =

ˆ
Ω

∂a
∂y (x, y)(ph − p)vdx ∀v ∈ H1

0 (Ω).

A basic Sobolev embedding combined with a stability estimate reveal that

‖p‖L∞(Ω) . ‖∇p‖Lr(Ω) . ‖∂a∂y (·, y)‖Lq(Ω)‖ph − p‖L2(Ω),

where r > d and q is as in the statement of the theorem. We thus control ‖qh −
ph‖L∞(Ω1) as follows: ‖qh − ph‖L∞(Ω1) ≤ ‖(qh − ph) − p‖L∞(Ω1) + ‖p‖L∞(Ω1). Since
qh − ph corresponds to the finite element approximation of p within Vh, we obtain

‖(qh − ph)− p‖L∞(Ω1) . h1−d/r‖∇p‖Lr(Ω) . h1−d/r‖ph − p‖L2(Ω).

Consequently, ‖qh−ph‖L∞(Ω1) . ‖ph−p‖L2(Ω) . h2|p|H2(Ω). Combining this estimate
with (5.6) yield (5.5). This concludes the proof.

5.3. An error estimate in L1. In this section, we follow the ideas developed
in [20, Theorem 4.1] and [17, Lemma 4.2] and derive an error estimate in L1(Ω) for
the finite element approximation of the semilinear state equation (4.3). Notice that,
since D ⊂ Ω and D is finite, dist(D, ∂Ω) > 0 so that we can conclude the existence of
smooth subdomains Ω0 and Ω1 such that D ⊂ Ω1 b Ω0 b Ω.

Theorem 5.3 (a priori error estimate in L1(Ω)). Let Ω be an open, bounded, and
convex polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function
that satisfies (A.1) and (A.3). Assume, in addition, that a satisfies a(·, 0) ∈ L2(Ω)
and (3.3) with ψ ∈ Ls(Ω), s > 2 if d = 2, and s > 6 if d = 3. Let Ω0 and Ω1 be
smooth subdomains such that D ⊂ Ω1 b Ω0 b Ω. If ψ ∈ Lt(Ω0), for every t < ∞,
then we have the following error estimate for h sufficiently small:

(5.7) ‖y − yh‖L1(Ω) . h2| log h|2,

with a hidden constant that is independent of h.

Proof. Define χ, z, and zh as in the proof of Theorem 3.1. Set f = sgn(y − yh) ∈
L∞(Ω) as a forcing term in the problem that z solves. A density argument yields

‖y − yh‖L1(Ω) = (∇(y − yh),∇(z− zh))L2(Ω) + (a(·, y)− a(·, yh), z− zh)L2(Ω).

The arguments elaborated in the proof of proof of Theorem 3.1 thus reveal that

(5.8) ‖y − yh‖L1(Ω) =
∑
z

uz(z(z)− zh(z)) + (χ(z− zh), yh)L2(Ω) − (a(·, yh), z− zh).

We first estimate the second and the third terms on the right hand side of the previous
expression upon exploiting the H2(Ω)-regularity of z. In fact, we have

|(χ(z− zh), yh)L2(Ω) − (a(·, yh), z− zh)|
≤
(
‖χyh‖L2(Ω) + ‖a(·, yh)‖L2(Ω)

)
‖z− zh‖L2(Ω) . h2|z|H2(Ω).
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Notice that, since yh ∈W 1,p
0 (Ω) and χ ∈ Ls(Ω) with s > 2 if d = 2 and s > 6 if d = 3,

we can immediately deduce that χyh ∈ L2(Ω). On the other hand, observe that the
term ‖a(·, yh)‖L2(Ω) is uniformly bounded. It thus suffices to estimate the first term
on the right hand of (5.8). Observe that z is such that

(∇v,∇z)L2(Ω) = (sgn(y − yh)− χz, v)L2(Ω) ∀v ∈ H1
0 (Ω).

We can thus invoke [2, Lemma 4.2] to conclude that

‖z‖W 2,t(Ω1) ≤ Ct
(∥∥sgn(y − yh)− χz

∥∥
Lt(Ω0)

+
∥∥sgn(y − yh)− χz

∥∥
L2(Ω)

)
,

where Ct behaves as Ct, with C > 0, as t ↑ ∞. A local argument as the one developed
in the proof of Theorem 5.2 yields the bound∣∣∣∣∣∑

z

uz(z(z)− zh(z))

∣∣∣∣∣ . ‖u‖R`‖z− zh‖L∞(Ω1) . h2| log h|2‖u‖R` .

This concludes the proof.

5.4. The discrete optimal control problem. We propose the following finite
element discretization of the optimal control problem (4.2)–(4.3): Find

(5.9) min{J(yh,uh) : (yh,uh) ∈ Vh × Uad}

subject to the discrete state equation: Find yh ∈ Vh such that

(5.10)

ˆ
Ω

∇yh · ∇vhdx+

ˆ
Ω

a(x, yh)vhdx =
∑
z∈D

uz,hvh(z) ∀vh ∈ Vh.

The existence of at least one solution for the previously defined optimal control
problem follows from the arguments developed in the proof of Theorem 4.1. Let us
introduce the discrete control to state map Sh : Uad 3 uh 7→ yh ∈ Vh, where yh
denotes the solution to (5.10), and define the reduced cost functional jh : Uad 3 uh 7→
J(Shuh,uh) ∈ R. With these ingredients at hand, we formulate the following first
order optimality condition: every discrete locally optimal control ūh ∈ Uad satisfies

(5.11) j′h(ūh)(uh − ūh) ≥ 0 ∀uh = {uz,h}z∈D ∈ Uad.

This variational inequality leads to the following projection formula: If ūh denotes a
local minimizer of the discrete optimal control problem, then, for every z ∈ D,

(5.12) ūz,h := Π[az,bz]

(
−α−1p̄h(z)

)
,

where, for t ∈ R, Π[az,bz](t) := max{az,min{bz, t}}. Here, p̄h denotes the solution to
the following discrete adjoint problem: Find p̄h ∈ Vh such that

(5.13)

ˆ
Ω

∇p̄h · ∇vhdx+

ˆ
Ω

∂a
∂y (x, ȳh)p̄hvhdx =

ˆ
Ω

(ȳh − yd)vhdx ∀vh ∈ Vh.

5.5. An auxiliary error estimate. In this section, we derive an auxiliary error
estimate that will be of fundamental importance to perform an a priori error analysis
for the previously introduced discretization of our optimal control problem.
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Theorem 5.4 (error estimate). Let Ω be an open, bounded, and convex polytopal
domain. Let a = a(x, y) : Ω×R→ R be a Carathéodory function that satisfies (A.1),
(A.3), and (5.4). Assume, in addition, that ∂a/∂y is locally Lipschitz in y a.e. in Ω
and that a satisfies a(·, 0) ∈ L2(Ω) and (3.3) with ψ ∈ Ls(Ω), s > 2 if d = 2, and
s > 6 if d = 3. Let Ω0 and Ω1 be smooth subdomains such that D ⊂ Ω1 b Ω0 b Ω.
If, in addition, yd, ψ ∈ Lt(Ω0) and ∂a/∂y(·, y) ∈ Lt(Ω0), for every y ∈ R and t <∞,
then we have the following error estimates:

(5.14) |(j′(u)− j′h(u))v| . h2| log h|3‖v‖R` , d = 2,

and

(5.15) |(j′(u)− j′h(u))v| . h1−ε| log h|‖v‖R` , d = 3.

Here, u,v ∈ R`. The hidden constant, in both inequalities, is independent of h.

Proof. We begin the proof by noticing that

j′(u)v =
∑
z∈D

(p(z) + αuz)vz, j′h(u)v =
∑
z∈D

(p̂h(z) + αuz)vz,

where p ∈ H1
0 (Ω)∩H2(Ω) solves (4.10) with y = Su and p̂h solves (5.3) with y being

replaced by yh, i.e., the solution to (5.1). With these identities at hand, we write

|(j′(u)− j′h(u))v| ≤
∑
z∈D

[
|p(z)− ph(z)|+ |ph(z)− p̂h(z)|

]
|vz| =:

∑
z∈D

[Iz + IIz] |vz|,

where ph denotes the solution to (5.3); notice that ph corresponds to the finite element
approximation of p within Vh. Let z ∈ D. Invoke Theorem 5.2 to immediately arrive
at the bounds Iz . h2| log h|2 and Iz . h1−ε| log h|, for d = 2 and d = 3, respectively;
ε > 0 being arbitrarily small. We now control, for z ∈ D, the term IIz. To accomplish
this task, we first observe that ph − p̂h ∈ Vh is such that

(∇(ph − p̂h),∇vh)L2(Ω) +
(
∂a
∂y (·, y)(ph − p̂h), vh

)
L2(Ω)

=
(
y − yh, vh

)
L2(Ω)

+
((

∂a
∂y (·, yh)− ∂a

∂y (·, y)
)
p̂h, vh

)
L2(Ω)

∀vh ∈ Vh.

We thus first utilize an inverse inequality and then a stability estimate for the previous
problem to obtain

(5.16) ‖ph − p̂h‖2L∞(Ω) . i2h‖∇(ph − p̂h)‖2L2(Ω) . i2h‖y − yh‖L1(Ω)‖ph − p̂h‖L∞(Ω)

+ i2h

∥∥∥(∂a∂y (·, yh)− ∂a
∂y (·, y)

)
p̂h

∥∥∥
L1(Ω)

‖ph − p̂h‖L∞(Ω),

where ih = (1 + | log h|) 1
2 if d = 2 [4, Lemma 4.9.2] and ih = h−

1
2 if d = 3 [11, Lemma

1.142]. Invoke the Lipschitz continuity of ∂a∂y (·, y) and then the error estimate (5.7) to
obtain

‖ph − p̂h‖L∞(Ω) . i2h
(
1 + ‖p̂h‖L∞(Ω

)
‖y − yh‖L1(Ω) . i2hh

2| log h|2.

Collect the derived estimates for Iz and IIz to obtain (5.14) and (5.15).
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5.6. Convergence of discretizations. We now provide a convergence result
that, in essence, guarantees that a sequence of global solutions {ūh}h>0 of discrete
optimal control problems admits nonrelabeled subsequences that converge, as h ↓ 0,
to global solutions of the continuous optimal control problem; see, for instance, [9].

Theorem 5.5 (convergence of discretizations). Let Ω be an open, bounded, and
convex polytopal domain. Let a = a(x, y) : Ω×R→ R be a Carathéodory function that
satisfies (A.1) and (A.2). Assume, in addition, that (3.3) holds. Let ūh, for h > 0,
be a global solution of the discrete optimal control problem (5.9)–(5.10). Then, there
exist nonrelabeled subsequences {ūh}h>0 such that ūh → ū in R`, as h ↓ 0, with ū
being a global solution to (4.2)–(4.3). In addition, we have limh↓0 j(ūh) = j(ū).

Proof. Since {ūh}h>0 ⊂ Uad, the sequence {ūh}h>0 is uniformly bounded in R`.
Then, there exists a nonrelabeled subsequence {ūh}h>0 such that ūh → ū as h ↓ 0.
In what follows, we prove that ū is a global solution to (4.2)–(4.3).

Let ũ ∈ Uad be a global solution to (4.2)–(4.3) and let {ũh}h>0 ⊂ Uad be such
that ũh → ũ in R` as h ↓ 0. Since ũ is optimal for (4.2)–(4.3) and ūh, for h > 0, is a
global solution of (5.9)–(5.10), we obtain

(5.17) j(ũ) ≤ j(ū) = lim
h↓0

j(ūh) ≤ lim
h↓0

j(ũh) = j(ũ).

Notice that, since ūh → ū and ũh → ũ in R` as h ↓ 0, Theorem 5.1 yield Shūh → Sū
and Shũh → Sũ in L2(Ω) as h ↓ 0. Consequently, it is immediate that jh(ūh)→ j(ū)
and that jh(ũh) → j(ũ) as h ↓ 0. In view of (5.17), we thus conclude that ū is a
global solution to (4.2)–(4.3). This concludes the proof.

In the result that follows, we prove that every strict local minimum of the con-
tinuous optimal control problem (4.2)–(4.3) can be approximated by local minima of
the discrete optimal control problems (5.9)–(5.10).

Theorem 5.6 (convergence of discretizations). Let Ω be an open, bounded, and
convex polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function
that satisfies (A.1) and (A.2). Assume, in addition, that (3.3) holds. If ū denotes
a strict local minimum of problem (4.2)–(4.3), then there exists a sequence {ūh}h>0,
of local minima of the discrete optimal control problems, such that ūh → ū in R` as
h ↓ 0. In addition, we have limh↓0 j(ūh) = j(ū).

Proof. Since ū denotes a strict local minimum of problem (4.2)–(4.3), there exists
ε > 0 such that ū is the unique solution to min{j(u) : u ∈ Uad ∩ Bε(ū)}, where
Bε(ū) := {u ∈ Uad : ‖u− ū‖R` ≤ ε}. Let us now consider the discrete problems:

(5.18) min{jh(u) : u ∈ Uad ∩Bε(ū)}.

In view of the fact that Uad ∩Bε(ū) 6= ∅, problem (5.18) admits at least one solution.
Let ūh ∈ Uad, for h > 0, be a solution to (5.18). The arguments elaborated in the
proof of Theorem 5.5 reveal the existence of nonrelabeled subsequences {ūh}h>0 that
converge to solutions to min{j(u) : u ∈ Uad ∩ Bε(ū)}. Since the latter minimization
problems admits a unique solution, we must have that ūh → ū, for the whole sequence,
as h ↓ 0. Observe that the constraint ūh ∈ Bε(ū) is thus not active for h sufficiently
small. Consequently, ūh is a solution to the discrete optimal control problem (5.9)–
(5.10). This concludes the proof.

5.7. Error estimates for the discrete optimal control problem. Let ū
be a local minimum of the continuous optimal control problem and let {ūh}h>0 be
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a sequence of local minima of the discrete optimal control problems such that ‖ū −
ūh‖R` → 0 as h ↓ 0; see Theorems 5.5 and 5.6. In what follows, we derive an error
estimate for ū− ūh in R`. We begin our analysis with an instrumental error estimate.

Proposition 5.7 (instrumental error estimate). Let Ω be open, bounded, and
convex polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function
that satisfies (A.1), (A.3), (A.4), and (3.3). If ū ∈ Uad is a local minimum of the
optimal control problem (4.2)–(4.3) that satisfies the second order optimality condition
(4.27), or equivalently (4.28), then there exists h0 > 0 such that

(5.19)
κ

2
‖ūh − ū‖2R` ≤ (j′(ūh)− j′(ū)) (ūh − ū)

for every h < h0.

Proof. We proceed on the basis of two steps.
Step 1. We first prove that, for h > 0 sufficiently small, the term ūh − ū belongs

to Cτ
ū for some τ > 0. Since ūh ∈ Uad, it is immediate that ūh − ū satisfies the

sign condition (4.20). It thus suffices to verify the remaining condition in (4.26). To
accomplish this task, we introduce the discrete variable Ψh as follows:

Ψh := {ψz,h}z∈D ∈ R`, ψz,h := p̄h(z) + αūz,h.

Since ūh → ū in R`, the results of Theorem 5.1 guarantee that ȳh → ȳ in L2(Ω),
which in turns implies that p̄h → p̄ in C(Ω̄). We can thus conclude the existence of
h† > 0 such that

(5.20) ‖Ψh −Ψ‖R` < τ ∀h ≤ h†,

where, we recall that, Ψz is defined in (4.18). Let z ∈ D be arbitrary but fixed and
assume that ψz > τ > 0. In view of the projection formula (4.15), we immediately
conclude that ūz = az. On the other hand, from estimate (5.20) we can obtain that
ψz,h > 0 and thus that ūz,h > −α−1p̄h(z). This, on the basis of the projection formula
(5.12), yields ūz,h = az. Consequently, ūz = ūz,h = az. Similar arguments allow us to
obtain that, if ψz < −τ < 0, then ūz = ūz,h = bz. Since z ∈ D is arbitrary, we can
finally conclude that ūh − ū ∈ Cτ

ū.
Step 2. Since ūh − ū ∈ Cτ

ū, with Cτ
ū defined in (4.26), and ū satisfies (4.27), we

are allowed to set v = ūh − ū in (4.28) to arrive at

(5.21) κ‖ūh − ū‖2R` ≤ j′′(ū)(ūh − ū)2.

On the other hand, in view of the mean value theorem we obtain, for some θh ∈ (0, 1),

(j′(ūh)− j′(ū))(ūh − ū) = j′′(û)(ūh − ū)2,

where û = ū + θh(ūh − ū). With (5.21) at hand, we can thus arrive at

κ‖ūh − ū‖2R` ≤ (j′(ūh)− j′(ū))(ūh − ū) + (j′′(ū)− j′′(û))(ūh − ū)2.(5.22)

Invoke the fact that j′′ is continuous in R`, θh ∈ (0, 1), and ūh → ū in R`, to deduce
the existence of h‡ > 0 such that∣∣(j′′(ū)− j′′(û))(ūh − ū)2

∣∣ ≤ κ

2
‖ūh − ū‖2R` ∀h ≤ h‡.

Replacing this inequality into (5.22) yields the desired inequality (5.19). This con-
cludes the proof.
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We conclude by presenting the following a priori error estimate for the approxi-
mation of the optimal control variable.

Theorem 5.8 (a priori error estimate). Let Ω be an open, bounded, and convex
polytopal domain. Let a = a(x, y) : Ω × R → R be a Carathéodory function that
satisfies (A.1), (A.3), (A.4), and (5.4). Assume, in addition, that ∂a/∂y is locally
Lipschitz in y a.e. in Ω and that a satisfies a(·, 0) ∈ L2(Ω) and (3.3) with ψ ∈ Ls(Ω),
s > 2 if d = 2, and s > 6 if d = 3. Let Ω0 and Ω1 be smooth subdomains such that
D ⊂ Ω1 b Ω0 b Ω. Let yd, ψ ∈ Lt(Ω0) and ∂a/∂y(·, y) ∈ Lt(Ω0), for every y ∈ R
and t < ∞. If ū ∈ Uad is a local minimum that satisfies the second order optimality
condition (4.27), or equivalently (4.28), then there exists h? > 0 such that

(5.23) ‖ū− ūh‖R` . h2| log h|3, ‖ū− ūh‖R` . h1−ε| log h|, ∀h < h?

for d = 2 and d = 3, respectively. Here, ε > 0 is arbitrarily small. The hidden
constant, in both inequalities, is independent of h.

Proof. Adding and subtracting the term j′h(ūh)(ū− ūh) in the right hand side of
(5.19) yields the basic error estimate

κ
2 ‖ū− ūh‖2R` ≤ (j′(ū)− j′h(ūh)) (ū− ūh) + (j′h(ūh)− j′(ūh)) (ū− ūh).

The continuous and discrete first order optimality conditions, (4.12) and (5.11), re-
spectively, yield j′(ū)(ū− ūh) ≤ 0 and −j′h(ūh)(ū− ūh) ≤ 0. We can thus obtain the
bound

κ
2 ‖ūh − ū‖2R` ≤ (j′h(ūh)− j′(ūh)) (ū− ūh).

Invoke the auxiliary error estimates of Theorem 5.4 to immediately arrive at the
desired error estimates in (5.23).

Remark 5.9 (optimality). In two dimensions, the error estimate of Theorem 5.8
is nearly–optimal in terms of approximation (nearly because of the presence of the
log–term). In three dimensions, the error estimate is suboptimal.
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